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1 INTRODUCTION

Let g be an integer with g > 2. Let S(n) = S,(n) be the sum of the base-g “digits”

of the natural number n. That is, if

J

(1.1) n=> ajg, 0<a;<g-—1,a;>1,
j=0
then
J
Se(n) = aj.
§=0

Also we let S,(0) = 0. The function Sy(n) evidently satisfies
(1.2) Sg(igh + 7) = Sgligh) + Sy(j) = Sg(i) + S4(j) for 0 <j < g%
the first equation representing a property called g-additivity.

Other than the familiar “rule of nines” in the case ¢ = 10, which generalizes to

the congruence
(1.3) n=9(n) (modg-—1),

it is natural to conjecture that n and S,(n) are in some sense independent events
as far as their distribution in residue classes. For example, Gelfond [7] has such a

result when the moduli are fixed.

For a number N > 1, and integers m, h with m > 1, let

Vi(N) = #{0<n < N:S(n) =k},
Vi(N;m,h) = #{0<n<N:S;(n)=k,n=h (modm)}.

In [9] the first and third authors, using the saddle point method, showed that uni-
formly in wide ranges, if (m,g(g — 1)) = 1, then Vi(N;m, h) ~ LVi(N). It is our
goal in this paper to study Vi(N;m,h) with no coprimality condition on the mod-
ulus m. We are able to give a result that is uniformly valid in wide ranges and we

use this result to solve some problems in elementary number theory.



In a popular lecture in 1977 at Miami University in Ohio, USA, Ivan Niven gave
an example of how an easy child’s puzzle might be thought of by a professional
mathematician. The puzzle: find a whole number larger than 10 and less than
20 which is a multiple of the sum of its (base-10) digits. Niven suggested that
a mathematician might ask instead for an asymptotic formula for the number of
integers n < N with Sip(n)|n, and to generalize to other bases. Thus was born the
concept of a “Niven number”. A base-g Niven number is a positive integer n with
Sy(n)|n. Let Ay(N) be the number of base-g Niven numbers n < N. In [2], Cooper
and Kennedy show that Ayo(N) = o(N). (Other, related papers are [3]-[6], [8].) It
is easy to see that

Ay(N) = > Vi(Nik,0),

k>1
so that it is clear that an understanding of the expressions Vi (N;m, h) could be of
help in the estimation of A,(N). In fact, our main theorem allows us to give an

asymptotic formula for A, (V).

In 1976, Olivier [10] gave an asymptotic formula for the distribution of integers
n with (n, S4(n)) = ¢, where ¢ is an arbitrary, but fixed positive integer. Our main
theorem allows us to extend his result to nearly a best-possible range for ¢ (namely,

beyond this range, the asymptotic formula of Olivier cannot hold).
We also discuss some other applications, and some open problems.

First in Section 2 we will recall the result from [9] dealing with Vi (N;m, h), and
we show how the condition (m,g(g — 1)) = 1 can be relaxed to (m,g) = 1 (with
now a different main term). In Section 3 we give some lemmas that will be useful in
relaxing the condition (m,g) = 1 to all m, and useful in some of the applications.
In Section 4 we prove our main result on the distribution in residue classes of the
numbers n with S,(n) = k. Applications to Niven numbers, the problem of Olivier

that we mentioned, and further applications and problems are discussed in Section 5.

Throughout this paper we we write e(a) = e*™*. We denote by R,Z and N the
sets of real numbers, integers, and positive integers. For x € R, we let |z] be the
greatest integer that does not exceed x, we let [x]| be the least integer which is not

less than z, and we let ||z|| be the distance of x from the nearest integer, that is



the minimum of [z] — 2z and = — [z]. All implicit constants, as well as the numbers
by, Uy, co, e, ..., depend at most on the choice of g. The integer g > 2 is arbitrary,
but considered as fixed throughout the paper. (It is probably not hard to cast our

results with an explicit dependence on g, but we have not done so here.)

2 EARLIER RESULTS AND THE CONDITION
(m,g—1)=1

For N a real number at least 1, define

(2.1) v = v(N) = [log, N] = VOgNJ |

log g
so that ¢ < N < ¢g“*!. Set

(2.2) p=pn(N) = 2

In [9] first V(N) was estimated under various conditions on k and N. In particular,

it was proved (Corollary 2 in [9]) that

LEMMA 1. For N — oo and

(2.3) A= |p—kl=o(v),
we have

v 1/2_—1/2(,2 ~1/2 v, —1/2 6 A? 3. 9 —1/2
Vi(g") =672 (9" = 1) Pg"v™ Fexp —ﬁ'jﬂLO(AV +v7 7))

One of the main results in [9] is that if (m, g(¢g—1)) = 1, £ := min(k, (¢9—1)v—k)

is large, and
(2.4) m < exp(col?),

then Vi () is well-distributed in the modulo m residue classes.



THEOREM A. There exist positive constants g, cq,co (all depending on g only)
such that if N, k,m € N, m > 2,

h€Z, >l and (2.4) holds, then

1 1 l
Vi(N;m, h) — EVk(N) < clEVk(N) exp <_6210gm) :

(Indeed, this is Theorem 2 in [9].) The proof uses the saddle point method, and the

following lemma (Lemma 2 in [9]) plays a crucial role in the proof:
LEMMA 2. Ifg,m,0€ N, m,g> 2,

(2.6) (m,(g—1)g) =1,

1
1<j<m-—1, QZZIOgm—i-E% and (€ R,
0g g

then

o—1 .
; Hﬁ *9 EH - 128¢* logm’

Note that, as pointed out in the first paragraph in Section 5 of [9], the condition
(2.6) can be replaced by

(2.7) (m,g) =1 and (g— 1)% 7.

Using this idea, we now give a self-contained proof of the following strengthening of

Lemma 2:

LEMMA 2’. [f the hypotheses of Lemma 2 hold except with (2.7) replacing (2.6),

we have

o—1 .
WJpzo 91 o
uZ:O Hﬂ—i—g EH = 20g* logm’



PROOF. We first show that if & is an integer with (¢ — 1)k/m ¢ Z then there is an
integer n € [0, [log, m| — 1] with

g—1
(2.8) 19" (9 — Dk/m|| > ?
Let a = ||(g — 1)k/m]||, so that &« > 1/m. Let n; be the least integer with g™« > 1,
so that 1 < ny < [log,m]. We have g~' < g™ ~'a < 1. Say g™ ' < 1—g~". Then
we have [[g" (g — D)k/m| = |lg™tal| > g7', so that we may take n = n; — 1.
Thus, we may assume that 1 — g7 < g"~!la < 1. But 1 —g~! > 1/2, so we have
ni—1>1and g7'—¢72 < ¢™2a < g~'. Hence in this case we may take n = n; —2.
Thus, we have (2.8).

A consequence of (2.8) is that if k£ is an integer with (g — 1)k/m & Z, then

[log, m]

k2o (g—1)7
2.9 "> )
(2.9) PO e e
Indeed, (2.9) follows from (2.8) and the inequality
1
18+ g"k/ml* + 118+ ¢" "k /m|* = Sllg"(g = D /mlP*,

To complete the proof of Lemma 27, let b = [log, m] +1 and let ¢ = [(0—1)/b].
An elementary calculation, using the hypothesis ¢ > 2log, m + 8, shows that

1 4 4
- > .
2 [log,m]+1 " 10logm

q=

Thus,

o J 2 o= = jpew (@—1* (g—17* o
Sloredfzy ¥ Jpredfzgi 2o 0oir o
u=0 =1 u=(i—1)b

where the next-to-last inequality follows by applying (2.9) to the inner sum with
k = ¢g(=1%j. This completes the proof of Lemma 2’.

Replacing Lemma 2 in the proof of Theorem A in [9] by Lemma 2’, we can extend

Theorem A to the case when (m, g — 1) =1 is not assumed:



THEOREM B. There exist positive constants {1, cs,cs (all depending on g only)

such that if N > 1 is a real number, m is a positive integer with
(m,g) =1,

k,h,t are integers such that £ > {1 and (2.4) holds, then, writing

(2.10) d=(m,g—1),

we have

(2.11)

d 1 14
Vi(N;m, h) — EVk(N) < @,EVk(N) exp ( — C4logm)

for k=h (mod d)
and

(2.12) Vi(N;m,h) =0 for k#h (mod d).

PROOF. The theorem is trivial if m = 1, so assume m > 2. Note too that (2.12)
is trivial, since if S;(n) = k, (1.3) implies that n = k& (mod d). The non-trivial part
of Theorem B, i.e., (2.11), can be proved along the same lines as Theorem A in [9],
only the computation of the main term becomes slightly more complicated. Thus

we will present this computation here, and we will omit the rest of the proof.

As in [9], we may restrict ourselves to the case 0 < k < J v, and we use the
saddle point method, which leads to the definition of the parameter r as the unique

solution of the equation

r42r 4 (g -tk
I4+r+-- 4ol

with 0 < r < 1. Next we consider the generating function

Glz,7) =) 2 Me(ny)

n=1
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(where z € C,v € R) so that

Thus taking z = re(3) we have
1

Vo) = [e-kg) YD (re(a)*Pas

1<n<N
n=h (mod m)

(2.13) L Z / (—k:ﬁ _ %) G <r6(ﬁ), %) a5,

In [9], assuming (m,g — 1) = 1, there was a single main term: the one with j =

o

0. Now (m,g —1) = 1 is not assumed, and thus all the terms with j satisfying
(9 — 1)j/m € Z contribute to the main term. If (¢ — 1)j/m € Z, then L can be
m

written as g with 0 < a < d. Thus, the main term in (2.13) is

Q.

-1

1
’f/ e kB — h%) G (re(ﬁ), %) a3
0

Il
=)

a
1

L / e(—kB) irs(")e(S(n)ﬁ) e ((n—m5) s

n=1 a=0

d
(2.14) e(—kp) X;V r*®e(S(n)B3)df = —Vi(N)
n=h (mod d)

I
3=
ﬁ|
O\H

since now k£ = h (mod d) is assumed.

It follows from (2.13) and (2.14) that for £ = h (mod d),

VM) - S| < 1 /‘ (e, 2) |

m
0<j<m
(g—1)j/m¢gZ

This upper bound can be estimated further in exactly the same way as in [9] except
that now we use Lemma 2’ in place of Lemma 2, thus we leave the details to the

reader.



3 FURTHER LEMMAS

LEMMA 3. For each positive integer v, the sequence Vo(g”), Vi(g”), - -, Vig-1)»(9")
is unimodal, with peak value V|(g—1y,/2/(9")-

PROOF. We have V;(g") = Vig—1)»—&(g”), so that it suffices to prove that if 1 <k <
(g —1)v/2], then Vi(¢g”) < Viy1(g”). This assertion is obvious for v = 1 since each
Vi(g) = 1. Assume the lemma holds for v — 1. Clearly for i = 0,1,...,9 — 2, we
have Vi(9";9,1) = Vit1(g"; 9,1+ 1), since if n < ¢, n =i (mod g), S,(n) = k, then
n+l<g¢g’,n+1=i+1 (modg), Sy(n+1)=Fk+ 1. So, it suffices to prove that

(3.1) Vi(g”59,9 — 1) < Vita(g”; 9, 0),
where g — 1 < k < [(g — 1)v/2]. We have
Vk(gyu 9,9 — 1) = Vk—(g—l)(gy_l)a
Vis1(97:9,0) = Vi (6" 1) = Vigmnyw—1)—h+1) (6" 1)-

If k+1<(g—1)(v—1)/2, the induction hypothesis implies that Vj_,_1)(¢""") <
Vir1(g”™1), so that (3.1) holds. So assume &k +1 > (g — 1)(v — 1)/2. Then

k=g-D<@-Dv=-2)2<(g-Dv-1)-(k+1)<(9-Dr-1)/2,

so that the induction hypothesis implies that

Vieg-(9"") < Vig-nw-1-e+1) (9" 7),
and again (3.1) holds. This completes the proof of the lemma.

Remark. It is likely that some argument similar to the one just given can show

that for any IV, the sequence Vi (N) is unimodal in the variable k.

LEMMA 4. There are positive constants cs, cg, depending at most on g, such that
if N > No(g) and X\ > 0, then, with p,v as in (2.1), (2.2),

Z Vk(N) < max {C5N6Xp <— 26 1>\2) ’ C5N1—06/10g10gN} '
g

[k—p|> /2




PROOF. Clearly Vi (N) is increasing in N, so that we have Vj,(N) < Vi(g” ™). If
|k — (9 —1)(v +1)] = o(v), Lemma 1 implies that (for a number ¢ depending at

most on g)

6 (k—5g—-D+ 1))2>
g2 —1 v

N2
SQCNV_I/zexp(— 6 (& M))

g?-1 v

(3.2)

If |k — p| > v/(logv)'/?, then (3.2) and Lemma 3 imply that
Vk(gu—i—l) < 65N1—07/10g10gN.
Thus,

(33) Z Vi (gV+1) < CSNl—ce/log logN’

lk—u|>v/(logr)!/?
where 0 < ¢g < ¢7. Using

2w <_926— 1 . ;#)2) =¢ (VW =P <_926— 1A2)) ’

lo—pl > A1/

the lemma now follows from (3.2) and (3.3).

Remark. By using Bernstein’s inequality (see, e.g., [11, Ch. 7]) it is possible to

obtain an upper bound of the form N exp(—cA?) in essentially the entire range.

LEMMA 5. For each real number N > 1 and integer g > 2, let v be as in (2.1).
For each integer k satisfying

(3.4) A= ‘gg

we have

2
(35)  Vi(N) =6"2n"12(g* = )" PNy 2 exp <‘ - A—+o<u—1/8>).

10



PROOF. Write

lo
(3.6) H= b - ,,1/4} = O ((log N)'/*),
and let
(3.7) vy =v(N/g") =v - H.

Set () = | N/g*|. Then clearly we have

o
-

(3.8) Vi(N) = (Vi((i +1)g™°) = Vi(ig™)) + Vi(N) — Vi(Qg™).

7

Il
=)

For ig" < n < (i + 1)g*°, write n in the form

n=19"" 475 with 0 < j < ¢g"°.
By the g-additivity (1.2), for this n we have

Sg(n) = Sy(i) +S,(7)-

Since 1 < Q — 1 < g, we have
(3.9) Se(i) < (g —1)H = O ((log N)'/*).
Thus the general term in the sum in (3.8) can be rewritten as
(3.10) Vi((i +1)g") — Vi(ig™) = Vis (g™°)

with
ki=k— Sy(1).

Further, by (3.9) we have
(3.11) k— k=0 ((log N)"*).

Now we will use Lemma 1 with &/, vy, and Ay = |4 vy — kf| in place of k, v and A,
respectively. Note then by (3.6) and (3.11) we have

(3.12) Ay — Al < %Hw—k; — 0 ((log N)/*) = 0 (V§/4)

11



so that (2.3) holds and thus, indeed, Lemma 1 can be applied. Since (3.4), (3.6),
(3.7) and (3.12) imply that A3us2 = O(r; '/®), we obtain

A2 _
(3.13) Viu(g"™) =627 /2(g* = 1)72g"u ™ exp <_ 2 . 1 —+0 (Vo 1/8)) .
Z g —1

By (3.4), (3.6), (3.7) and (3.12), here we have

1/0_1/2 = y1/2 (1 + O(U_3/4))

vyt =vt (1 + O(V_3/4))

A=A +0 WA+ =N+ 0 (V)
so that (3.13) implies that

6 A2
(3.14) Viglg") = 622 2(g? — 1) V2" exp (‘ T —+o(u—1/8>).
K g _ I/

By (3.8), (3.10), (3.14) and the definition of @), we have

A2
Vi) =|Ng0 6212 (g2 — 1) 12 exp (‘926_ 1" 0<v-1/8>)

+ Vi(N) = Vi(Qg™)

A2
6127 12(g? — 1) V2N 12 exp (_ : 6 A7 + O(V—l/S))
g°—1 v

+0(g" + N —Qg™).
(3.15)

The expression in the last O-term in (3.15) is at most

1
g+ N —Qg”™ < 2¢" < 2N/g" < 2N exp (—92 — 1V1/4) ,

using (3.6). Thus, (3.5) follows by putting this estimate into (3.15) and using (3.4).
This completes the proof of Lemma 5.

LEMMA 6. Forintegers k, ky satisfying the hypotheses of Lemma 5, with |k—k;| <
(log N)'*, we have

Via (N) = Vi(N)(1+ O ((log N)71/%)) .

PROOF. If A corresponds to k in (3.4) and A, corresponds to &y, then |A —A;| <
(log N)Y4. Then, by (3.4), A?/v = A?/v + O(v~*/®). Thus, Lemma 6 follows from
(3.5).

12



4 RELAXATION OF (m,qg)=1

We now prove the following extension of Theorem B to the general case. Unfortu-
nately, the error estimate and the range are not as good; this appears to be more

an artifact of the proof than the truth.

THEOREM C There is a positive constant cg (depending on g only) such that if
NeR, N>1,kmeN, (34) holds, h € Z, m < 20N 4nd d is as in (2.10),
then

(4.1)
Veim, ) — V()| < ey V(N (log M)
for k=h (mod d)
and
(4.2) Vi(N;m,h) =0 for k#h (mod d).

PROOEF. Clearly (4.2) holds if k£ # h (mod d), so henceforth we shall assume that
k=h (mod d).

Write m = myms where each prime factor of m; divides g and no prime factor
of my divides g. Let x be the least integer with m4|g®. Clearly z is at most the

largest exponent in the canonical factorization of m; into powers of primes, so that
z <logmy/log?2 < logm/log?2 < (log N)'4,
by our hypothesis. If n is an integer in [1, V), write

n =nq9g” + nq,

where n; is a nonnegative integer smaller than ¢®. Further, by (1.2), Sy(n) = k if
and only if
Sg(ng) = k,(’fh) =k — Sg(nl).

13



By the bound on = we have

Sy(n1) < (g — 1)z < (g —1)(log N)'*.

We have that n = h (mod m) if and only if
n=h (modm;) and n=h (mod my)
if and only if

ni=h (mod my) and ny =h'(ny) (mod my),

—T

where h'(ny) is the least nonnegative residue of (h — ny)g™* (mod my), with g=*

being the multiplicative inverse of g* modulo ms. Thus,
(4.3) Vie(N;m, h) = > Vi) (N = n1) /g7 ma, W (n1))
0<n1<g®,n1=h (modm1)

Let ' (ny1) = v((N —n1)/g"). Then v'(ny) =v —x + O(1).

We now apply Theorem B to the individual terms on the right side of (4.3).
By construction, we have (g,my) = 1, so that the only hypothesis that needs to
be checked is that (2.4) holds. Since my < m < 208" "it suffices to show that
¢ = min(k'(n1), (g — 1)/ (n1) — k' (n1)) > c5*(log 2)?(log N)*/2. However |¢' — (| =
O((log N)¥/*), where ¢ = min(k, (g — 1)v — k), since v — v/(n;) = x + O(1) with
0 <z < (log N)¥* and since k — k'(ny) = S,(n;) < (g — 1)(log N)*/4. Hence (3.4)
implies we have (2.4). Thus, we may apply Theorem B.

Since we are assuming that £ = h (mod d), and since
K(ni) =k—5S,(n1)=k—ny (modg-—1),
h'(ni))=(h—ny)g*=h—ny (mod (g—1,ms)),

we have that k'(ny) = h'(n1) (mod (g — 1,m32)). So, from (4.3) and Theorem B, we

have

(g - 17m2) z
2 0<ni1<g®,n1=h (modmq)

1
+0 p— Z Vir(ni) (N/g") exp(—cglog N/ logm)

0<ni1<g®,n1=h (modm1)

14



We have, by Lemmas 5 and 6,
> Vir () (N —1n1)/g%)

0<ni1<g®,n1=h (modmq)

- > Vi (N/g") + O(g*/ma1)
0<n1<g*, n1=h (modm)
- > Vie() (V) (1 + O ((log N)~7%))

0<n1<g®,n1=h (modm1)

> Vi(N) (14 O((log N)~/%))

0<ni1<g®,n1=h (modmq)

- milvkm (1+0((log N)~)).

S S

Using this calculation in the prior one, we obtain

- 17 m2)

Vi(Nim, ) = Vi(N) (1+ O(exp(—cslog N/ logm) + (log N)~'/%)) ,

mims

and since (g — 1,ms) = (g — 1,m) and mymy = m, we have the theorem.

5 APPLICATIONS AND PROBLEMS

In this section we give several applications of Theorem C, as well as some additional

problems.

Let

D(g) = Q;iglg I G+a-p™).
p*llg—1

for each integer g > 2. We shall prove the following result, which gives an asymptotic

formula for the distribution of the g-Niven numbers defined in Section 1.

THEOREM D. If g is an integer at least 2, then for each number N > 1,

A)(N) = #{0<n < N:S,n)n} = D(g)% +0 (ﬁ) |

PROOF. Recall the notation from (2.1), (2.2) and let

Z =15,

15



We have

(g-1v
A (N) = 1= 1
n<N, Sg(n)| k=1 n<N,Sy(n)=k, kln
(g—L)v
= > Vi(N;k,0)
=1

(5.1) = Y ViN:iE0) + > Vi(Nik,0).

lk—p|<Z \k—p|>Z
It follows from Lemma 4 that
(5.2) Z Vi(N; k,0) Z Vi(N) = O (N exp(— 604 /(g% — 1)).

|k—p|>Z \k wl>z

Using Theorem C we have that

Y WVik0) = Y WV,C(N) +0( Y %Vk(N)(logN)_lw

lk—p|<Z |k—p|<Z lk—pl<Z

For |k — p| < Z, we have 1/k = 1/p+ O(Z/u?) = 1/ + O((log N)~1/8), so that

(5.3) > Gk == Y (kg DU(N) + 0(@)'

|k—pl<Z |k—pl<Z
(A better error estimate may be had at this point, but it will later be swamped, so we
have used the trivial estimate Vi (V) < N.) Further, the function f(k) = (k,g — 1)
is periodic with period g — 1, and, as a simple calculation shows, the average value
of f(k) is

C(g) = H (I+a(l=p™).
pellg—1

Thus, by Lemma 6, we have
(5.4) > (kg —DV(N)=C(g) Y Vi(N) (1+0((logN)™"/%)).

|k—pl<Z |k—pl<Z

Further,



so that using (5.2), we have

> (kg = DVi(N) = C(g9)N (1+O((logN)™'/%)).

|k—pl<Z

Using this in (5.3), we have

N N

lk—pl<Z
N N
= D)iew * O((logm%)‘

With (5.1) and (5.2), this calculation completes the proof of Theorem D.

Now we consider a problem of Olivier [10]. He showed that for each fixed positive

integer ¢,
#{0<n < N: (n,Sy(n))=q} = a;N+ O(N/(log N)s+e)y,

where
a,=6r(q.g-1g* J[  (+p"),

pl(g—1)/(q,9—1)
the letter p in the product running over primes. Using Theorem C, the lemmas, and

#n<N:(nSn)=qt = Y > p)Ving(N;ql,0),

m>1 im

(here, p is the Mobius function), it is routine to show that uniformly for ¢ <

V2 /(log v)?,
#{n < N: (n,S(n)) =q} ~ a;N,

as N — oo (and explicit error estimates may be worked out as well). We have not
optimized the exponent on log v in the range for ¢, but it is fairly easy to see that
the range ¢ < v/2/(logv)? is close to best possible. For example, if ¢ ~ cv/'/? where
¢ is a large constant (depending at most on g), then a value of ¢ with a multiple
quite close to p will give quite different behavior from a value of ¢ whose multiple

closest to i is about ¢/2 away from p.

In [3] Cooper and Kennedy generalized the problem of the Niven numbers by

considering arithmetic functions f: N — N, and then estimating the number of
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integers n with n < N, f(n)|n. Later Erdés and Pomerance [4] extended and
sharpened their results. There are various other digital-sum problems that our
methods in this paper can handle. E.g., it follows easily from Theorem C, in the
same way that Theorem D is proved, that for any fixed positive integers g,t with

g > 2, an asymptotic formula for the number of integers n with
(5.5) (Sy(m) |n,  n<N,
is attainable.

One might like to extend the problem by studying numbers n which are Niven

numbers simultaneously with respect to several distinct bases g1, g, ..., g

(5.6) Sgi(n) | n, Sg(n) [ n,.... S (n) [ n.

It is easy to see that for any ¢t € N, (5.6) has infinitely many solutions in gy, . .., i, n.
n

Indeed, consider a number n € N with (¢t + 1)! | n, and for 1 <1 <t set g; =

i+ 1
Then the representation of n in the number system to base g; is

n=(+1)g+0

so that
Se(n)=0G+1) |+ |n fori=1,2,...,1.

To exclude this trivial example, one might like to add the restriction

(5.7) 91, G2, -+, Gt < nl/2,

Still further simple constructions can be given:
PROPOSITION. Let g, t,k €N, g > 2,

(5.8) (k,g)=1
and let hy < hy < --- < hy be positive integers with

(5.9) g =1 (mod k) (for j=1,2,...,k).
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(By (5.8), there are infinitely many h; € N with this property.) Set

k

'h.

n— Z gtths
Jj=1

and

gi = ¢ fori=1,2,... ¢t

Then the number n is a Niven number with respect to each of the bases g1, ga, ..., g:
(and fort >3 (5.7) also holds).

PROOF. For each of i = 1,2,...,t, the number n is the sum of k£ distinct powers

of g; = ¢, and thus we have
Sy (n) =k (fori=1,2,...,1).

Moreover, it follows from (5.9) that we have

k
'h .
" — th.hj
j=1

so that, indeed, Sy, (n) | n for each of i =1,2,... 1.

1=0 (mod k)

Jj=1

Note that each of the constructions above gives only a few simultaneous Niven
numbers. It seems to be a much more difficult problem to give asymptotics for the
number of solutions up to N. Two further problems that we have not been able to
settle:

PROBLEM 1. Isit true that for any ¢ € N there are infinitely many g1, go, . . ., gs,
n satisfying (5.6), (5.7) and

(gi,9;) =1  for1<i<j<t?

PROBLEM 2. Is it true that if g1, g2 € N and g1, g2 > 2 then there are infinitely

many positive integers n which are Niven numbers simultaneously to both bases
log g1

log g2
then by the proposition above, the answer is affirmative.) In particular, are there

91,927 (Note that if g;, go are multiplicatively dependent, i.e., is rational,
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infinitely many numbers which are Niven numbers simultaneously to both bases

g1 =2 and g, = 37

More fundamentally, we may consider possible generalizations of Theorems A,
B, and C to simultaneous bases. The papers [1], [12], [13], and [14] are perhaps

relevant here.

ADDED IN PROQOF. It has recently come to our attention that J.-M. De Kon-
inck, N. Doyon, and I. Katai, in “On the counting function for the Niven numbers,”
Acta Arith. 106 (2003), 265-275, have achieved results very similar to ours. In
particular, their Theorem 2 is similar to our Theorem C, and their Theorem 1 is

similar to our Theorem D, but with a weaker error estimate.
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