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Abstract We study the local behavior of the composition of the aliquot function
s(n) = o(n) —n and the co-totient function s¢(n) = n— @(n), where o is the sum-
of-divisors function and ¢ is the Euler function. In particular, we show that so s,
and s o s are independent in the sense of Erdds, Gydry, and Papp.

1 Introduction

In [5], two arithmetic functions f(n) and g(n) are called independent if for all k > 2
and permutations iy,...,i and ji,..., jr of {1,2,...,k}, there exist infinitely many
n such that

fln+ir) < f(n+ix) <--- < f(n+ix),
gn+j1) < gln+j2) < <gln+ji). ey

In [5], it was shown that the number-of-prime-divisors function, denoted ®, and the
number-of-divisors function, denoted 7, are independent. They also showed that o,
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the sum-of-divisors function, and ¢, Euler’s function, are not independent (when
k > 5). In [2], it was shown that ¢ and the Carmichael function A are independent.
In [8], it was shown that the compositions ¢ ¢ ¢ and ¢ o ¢ are independent.

Here, we put

s(n)=0(n)—n and sy(n) =n—(n).

These functions are well-known in the literature, and the first has an ancient history,
dating to Pythagoras. It is not known if the sets of values of these functions has
an asymptotic density, though recent progress was made in [7]. Due to the result
in [5] that ¢ and ¢ are not independent, it seems likely that s and s, are also not
independent. Our principal result is the following theorem.

Theorem 1 The functions sosq and s¢ © s are independent.
We also show the following result, by somewhat different methods.

Theorem 2 The closure of the set of rationals

e "}

is the interval [1,00). The closure of the set of rationals

{ (s°5¢)(n)

(spo8)(n

in composite}

is [0,00). The same is true for the rationals (s°s)(n)/(se ©s¢)(n) with n composite.

Note that 5(1) = s¢(1) =0 and (scs¢)(p) = (sp°s)(p) = 0 for p prime, and this is
why there are certain values of n excluded in the sets in Theorem 2.
One can also ask about typical behavior; we find it to be markedly different.

Theorem 3 There is a set o/ of asymptotic density 1 such that

(so59)(n) _ s(m)sp(n) _ (spes)(n)

n n? n

asn— oo, n € of. In particular,

L (ses)n)
n—eo,ned/ (8¢ o5)(n)

In addition, asn — oo, n € &,

(ses)(m) | (())2 (sp°5p)(n) _ (sq)(n))?

n n
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That s(s(n))/n is normally asymptotic to (s(n)/n)? is essentially [4, Theorem 5.1
and (5.1)]. Probably s(n)/s¢(n) has a continuous and strictly increasing distribution
function on [1,0), but we haven’t been able to show this. The existence of a dis-
tribution function may follow from the methods of [13, Section 3] and [11, Section
3].

Throughout this paper, we use the Vinogradov symbols O, o and the Landau
symbols >, < with their usual meaning. The constants implied by them might
depend on the fixed parameter k. For a set .o/ of integers and a real number ¢ > 1,
let o7 (1) = o/ N[1,t]. The letters p, g run over primes.

2 The proof of Theorem 1

Leti > 1 be an integer and

0= (Z2-1) (1-22) o 121

1 l

Clearly,
o o) o)
fl(l‘)—T—lt72>0 fOI' l‘>17
so f;(¢) isincreasing fort > 1. Let k > 2, G ;== max{2, f;(2) : 1 <i <k} and consider
two permutations iy, ...,i and ji,..., jr of {1,...,k}. Choose real numbers

G <o < <y,
and solve the equations
filw)=0o; for w;>2 and ie{l,....k}.
This is possible because ¢; > C; > f;(2). Now choose real numbers
0<By <B,<--<B, <1

and put
_ e0)/i
1= Bi/ o+ (Bi/ o) (@ (i) /(iui)

Since B;/0; < % and 0 < @(i)/(iu;) < 1, we have

Vi

®(i) p(i)/i ¢(i)
O<T<vi<m§2732’

so that fori =1,...,k, we have 0 < v; < u;. Further, the way we have chosen v; and
u; gives
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()5

(#01) (-22) -,
forallie {1,...,k}.

Let 2 be the set of odd primes 3 = g; < g2 < --- such that for all £ > 2, g, is the
smallest odd prime with g¢ # 1 (mod ¢;) forany j=1,...,¢— 1. The first elements
of 2 are 3,5,17,.... Erd6s [3] showed that

t

#2(r)=(1 1)) ————— for —oco. 4
() = (1+of ))logtloglogt o @
In particular, by Abel summation,
1
Z — =logloglogb —loglogloga+o(1) ©)
a<q<b
qe2

uniformly in b > a and a — co. We now let x be large, and put

1

loglog")l/z, €:= (loglogx)~".

y = (loglogx)*, z:=e!

By (5), it follows easily that

1 1 loglogl
0 <H> _ <+O(1)> _logloglogx ., ©)
y24<z q 2 loglogloglogx
qe2

We choose pairwise disjoint sets of primes
2;C2N(y,z) forall ie{l,... k}, @)

such that

H<1+;>€(“i_8’”i+8) forall ie{l,...,k}. @)

q€2;
We select subsets %; C 2; such that
1 .
H (l-i—)e(v,-—e,v,-—i—e) forall ie{l,...,k}. 9)
qEX; q

All this is possible because of (6) and because v; < u; foralli € {1,... k}. Put

Qi=]]q and Ri=]]q forall ie{l,... Kk}

= qEX;
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We now choose for each i € {1,...,k}, U; to be the smallest prime such that

Uj= —14+R;+2R? (mod R})
Ui =242(Qi/R;)* (mod (Qi/R:)?) (10)
Ui=2+20; (mod Q}) forall je{l,....k}\{i}.

Note that Uy ..., Uy are distinct and {Uy,...,U;} is disjoint from (J*_, 2; because
any prime among the U’s is larger than any member of Uf‘zl 2;. The congruences
(10) put U; in a certain arithmetic progression modulo ( fle Q,~)3. By a result of

Xylouris [14], we have
‘ 5 15
Ui < (HQ?) < <Hp> : (11)
i=1

p<z

Finally, let
P= I1 P
2k< p<3z2
pU, 2iU{UL,- Ui}

Consider the Chinese Remainder Theorem system of congruences:

n=0 (mod (2k)!P)
n=—i+Q; (mod QXU?) forall i=1,....k (12)

Congruences (12) put n into an arithmetic progression of modulus

k
M := (2k)IPT](Q}U}). (13)
i=1

Recalling that implied constants depend on the choice of k, note that from (11),

X 3 X 2 X 3+30k
M <P (H Q,-) (HU,-) <P (HQ,-)
j=1 i=1 i=1
3+30k
< ( [1 p) (Hp) X (14)

p<3z? P<z
so that M < e(log)‘)”“) as x — oo, Write
n=MA —‘—]V()7

where 0 < Ny < M is the smallest positive integer in the progression. Then
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n+i = MA+(i+No) = iQ*U;(MiA +N;),
M

here M; .= —— 15
|+ N,

and N; = 00 forall ie{l,...,k}.
ZQ,'Ui

Fix i € {1,...,k}. We start by noting that M; is divisible by all primes p < 32,
while the numbers N; are coprime to all primes p < 3z fori € {1,...,k}. To justify
this claim, first of all let us note that for large x, we have y > 2k, so all primes in 2;,
all primes dividing P, and all the primes Uy, ..., Uy are larger than 2k. Then:

(i) Since i <k, we geti® | (k!)? | (2k)! | M, soi|M;.
(ii) If p € (k,2k), then p | (2k)! and p1ifor any € {1,...,k}, so p | M;.
(iii) Since, QF | M, we have Q; | M;.
(iv) IfU; < 37% for some i € {1,...,k}, then U? | M, so U; | M;.
(v) If p € (2k,3z% and p ¢ U, 2,U{Uy,...,U;}, then p | P | M.

From (i)—(v) above, we get that p | M; for all p < 322

Similar observations show that ; is not a multiple of any prime p < 3z>. Indeed,
if p | i, then p? | i% | (2k)! | No, so p does not divide (i +Ny)/i. If p < k does not
divide i, then p divides Ny but not Ng +1i, so pt N;. If p € (k,2k), then p | Ny and p 11,
so p does not divide i 4+ Np, and in particular p { N;. If p € 2;, then p? ||i + Ny, so
ptN;. Similar arguments show that p does not divide N; if p is either in {Uy, ..., Uy},
or if it divides P.

So, N; is coprime to all primes p < 3z% as well as with the primes in {Uy, ..., Ui}.
In particular,

ged(M;,N;) = 1.

Further, M;A + N; is neither a multiple of any prime p < 3z> nor a multiple of any
of the primes in {U},...,U}. Then we have fori = 1,... )k,

sp(n+i) = (n+i)—@(n+i)
= iQ;Ui(M;A +N;) — @(i)Qi(U; — 1)o(MA +N;) T] (g—1)

q€2;
=iQ;T;, (16)
where
T; == QiUi(MA + N;) — (i) (Ui = 1) (@(Mid +Ny) /i) [ (g —1)-
q€2;
Also,

s(n+i) = o(n+i)— (n+i)
o()(Ui+ )o(Mid+N;) ] (¢ +q+1) —iQiUi(M;A +N;)
q9€2;
= iRiS;, (17)
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where

Si = o()((Ui+1)/R)(c(MA+N) /i) [ (¢® +q+1) = Qi(Qi/R)U(MiA + Ny).
q9€Z;

Now we start sieving. Note that if A < x/M, then M;A + N; < n < 2x. Let us
throw away some values of A < x/M in such a way that at each step we only throw
an amount of A of order of magnitude

() = -
o\ — as X oo,
M

There exists an absolute constant ¢ such that for every i € {1,...,k}, the set A,
of A < x/M such that ¢(M;A + N;) or 6(M;A + N;) is not divisible by all numbers
m < cologlogx/logloglogx is of cardinality < x/(Mloglogx). For ¢ and without
the arithmetic progression, this follows from Lemma 2 in [6]. The proof of that
lemma can be adapted in a straightforward way to yield the current result. So, we
ignore A € Aj, and assume from now on that

loglogx

O(M;A +N;),0(M;A +N;) are multiples of all numbers m < com.

In particular, this implies that 7;, S; are integers.

We eliminate A € A;, where this set is such that for some i € {1,...,k} we have
that M;A + N; is a multiple of a prime p > x/M. Assume A € A,. Then for some
i €{l,...,k} we have that M;A + N; = pm, where m < 2M. Fixing m, this puts
A < x/M into a certain progression modulo m, such that M;A +N; =0 (mod m)
and (M;A + N;)/m = p is prime. Thus, the number of A < x/M satisfying these
conditions is

M;m x/Mm xloglogx
o(M;m) log(x/Mm) — Mmlogx’
using the minimal order of ¢ and (14). Summingonm <2M andoni=1,... ,k and
again using (14), we have
#A, < xlogMloglogx  xz*loglogx X _, (ﬁ)
Mlogx Mlogx M+/logx M
as x — oo,

We eliminate A € Az such that M;A + N; is not squarefree. So, assume that i €
{1,...,k} and M;A + N; is not squarefree. Thus, some p? | M;A + N;. Assume first
that p? < x/M. Then the number of such A < x/M is < x/(Mp?). Summing over
alli€ {1,...,k} and p > 372, we get a bound of

X X 1 X X
<Y <t ¥ o<as=o(3) as xoe (8)
p>372 Mp M p>372 p Mz M
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Assume now that p> > x/M. Since M;A + N; < 2x, we have p < v/2x. Moreover,
each such p gives rise to at most one value of A < x/M. Thus, the number of choices
of A in this case is at most 7(v/2x) < \/x = o(x/M) as x — oo, by (14). We deduce

from (18) that
#A3:0(£) as x —» oo,
M

We eliminate A € A4 such that for some i € {1,...,k},
o(M;A +N;) > 10loglog x.

For this, write M;A + N; = m'm where the least prime factor of m’ exceeds the
greatest prime factor of m and m is maximal with m < x/M. Since VM;A + N; <
V2x < x/M and since M;A + N; is squarefree (using A ¢ As), it follows that
w(m) > 5o(M;A +N;). Thus, summing over i = 1,... k,

J
X X 1 1 X
e ¥ ogmen ¥ T ) e
m<x/M Mm szSloglong! pgx/Mp M(lng)3

m squarefree

o(m)>5loglogx

since the inner sum on p is loglogx + O(1). Thus, #A4 = o(x/M) as x — co.

We now eliminate those A € As where for some i = 1,...,k, we have a prime p |
M;A + N; with o(p — 1) > Sloglogx. Since A & Ay, we may assume that p < x/M.
For a given p with @(p — 1) > 5loglogx and a given i € {1,...,k}, the number of
A <x/M with M;A + N; divisible by pis < x/Mp <x/M(p—1). Writingp—1=m
and ignoring that p is prime, we have

|-

J
X X 1 1
#s<— Y <= Y Sl X =
M m<x/M M Jj>5loglogx ]! q“<x/M q“
w(m)>5loglogx

where ¢ runs over prime powers. Since the inner sum is loglogx+ O(1), we have,
as with the calculation for A4, that #As = o(x/M) as x — eo.
We eliminate A € Ag such that for some i € {1,...,k}, we have that

ged((MiA +N)Ui, @ MiA +N;)) > 1.

Since A € A3, we have that M;A + N; is squarefree. Thus, if for some i € {1,...,k},
the number M;A + N; and its Euler function are not coprime, then there are primes
p and g with pg | M;A + N; and p | ¢ — 1. There are two cases here to consider.
If pg < x/M, then we fix i, p, q and we get that the number of such A < x/M is
< x/Mpq. Summing up this inequality overallg =1 (mod p) with ¢ <x/M (using
[12, Theorem 1, Remark 1]), then over all p € (3z%,x/M), then overalli € {1,...,k},

we get a bound of
jrloglogx —o(2) for xven
Mz M
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The other case to consider is when pg > x/M. We then write M;A + N; = pgm, where
m < 2M and fix m. Since g > p, we get that p < 2x'/2. So, pm < 4x'2M < x/M
for large x. Fixing also p, we get that A < x/M is in a certain arithmetic progression
modulo pm such that pm | M;A + N; and (M;A + N;)/pm is prime. The number of
such A is, using the minimal order of ¢,

Mim X xloglogx
©(M;m) Mpmlogx — Mpmlogx’

<

12

Summing over p < 2x'/%, m < 2M, i < k, we get an estimate that is

< x(loglogx)?logM _, (1) 7
Mlogx M

as x — oo, using (14). Finally consider the case that U; | ¢(M;A + N;). Then there is a

prime ¢ =1 (mod U;) with g | M;A + N;. Again using [12], ¥ 1/¢g < (loglogx)/U;,

so the number of such A <x/M is o(x/M) as x — co. Thus, #A¢ = 0(x/M) as x — oo.
We eliminate A € A7 such that for some i € {1,...,k} we have

ng(Mi)V + N;,U; — 1) > 1.

Assume thati € {1,...,k} and that there is a prime p | gcd(M;A + N;,U; — 1). Then
p > 3z Fixing p, we have p < x/M because A ¢ A, therefore the number of such
A <x/Mis <1+x/Mp <2x/Mp. Summing this over all the prime divisors p > 372
of U; — 1, we get a bound of

» xo(U;—1) xlogU; xlogM X
Mz Mz*loglogU; —~ Mz*loglogM — MloglogM

where we used the maximal order of w(m) together with (14). Summing this up
overi € {1,... ,k}, we get

X

X
#hg < ot o (2
7<<MloglogM \m

) as X — oo,

Now let us look at
T; = QiUi(MiA + Ni) — ¢ (i) (Ui — 1) (9(MiA +N;) /) 9( Q).
Note that

ged(QiUi(MiA +N;), @(i) (Ui — 1)9(Q:)) = 1;
ged(Ui(MiA + N;), o(MiA +N;)) = 1.

Indeed, Q; is coprime to @(Q;) due to the definition of the set 2. The other relations
follow from the sizes of the primes involved, the definition of U;, and since A ¢
Ag UA7. So, it follows that
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gcd(QiUi(MiA +N;), (i) (U; — 1) (@ (M;A +N;) /1) 9(Qi)) = Wi,

where
W; := ged(Qi, (MiA +N;)).
We may write
=W,
where W/ is a multiple of W; and is the largest divisor of 7; supported on the prime

factors of W;, and where 7} is coprime to W; and its least prime factor exceeds

cologlogx/logloglogx (because A & Ay).
We continue with the sieving. We put
Y = exp (logxlogloglogx) ,
loglogx

and eliminate A € Ag such that for some i € {1,...,k} we have that the largest
prime factor P of M;A + N; satisfies P < Y. Since the conditions (1.10) for the main
theorem in [1] are fulfilled, we get that

47 X e
8 < Mexp(ulogu+uloglogu) © (M) as X
where u = log(xM;/M)/logY = (1 +0(1))loglogx/logloglogx as x — eo.

We eliminate A € Ag such that @(7/) > 100loglogx. Fix i € {1,...,k} and as-
sume that @(7/) > 100loglogx. Write M;A + N; = Pm, where Y < P < x/M and
m < 2x/Y. This is possible because A ¢ A, U Ag. Further, P and m are coprime, and
m is squarefree because A ¢ Ajz. Substituting M;A + N; = Pm into

iT; = iQiU;(MiA +Ni) — (1) (Ui — 1) (Mi2. + Ny 9(Qi) = iW/ T},
we get
AP+ B; =iW/T/,

where

A =iQUm—@(i)(Ui—1)o(m)o(Q:), Bi=@({)(Ui—1)p(m)e(Q:).

It follows from the definition of 7/ that 7} is coprime to gcd(A;, B;), and so Q;,m, T}
are pairwise coprime. We consider the prime factors of 7/ in three ranges:

(i) Atleast x!/(200glogy) (the number of such is at most 20loglogx);
(i) At most x!/(loglogx)?,
(iii) In the interval I = [xl/ (loglogx)z’ xl/ (2010glogX)]_

Suppose that 7} has at least 5loglogx prime divisors in the range (ii) above and let
7 be the product of [5loglogx] of them. Then 7 < x%/1°21°g¥ < /¥ The relation
T | A;P + B; with T coprime to gcd(A;, B;) puts P in a certain arithmetic progression
modulo 7, which for a fixed value of m, puts A in a particular arithmetic progression
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modulo m7. Ignoring that P is prime and since mt < 2x/+/Y < x/M, the number of
such A <x/M is

< Mmt’
We now sum over all possible m < 2x/Y and all possible 7, a number which is at
most x/M but has [5loglogx]| distinct prime factors. We get

Z Z 1 < xlogx Z 1 << by ( by )

— ) — - - L —— =0,

M =m o T M cim M (logx)? M
o(t)>5loglogx w(r)leoglogx

as x — oo, where the last bound follows from the argument above for A4 or As.
Assume now that 7} has at least K := |5logloglogx| prime divisors in / and let
7’ be a product of K of them. Then

’L'/ <x510gloglogx/2010glogx < \/?

Thus, for fixed 7/,m, we have the number of A < x/M with A in the particular
class mod mt’ and (M;A + N;)/m = p prime, is at most the number of primes p <
2M;x/(Mm) which are in a fixed congruence class modulo M;7’, and this is

M7’ x xloglogx

S oM7) Mmt log((2x)] Mm©)) S Mmt'log¥’

using m?’ < x/ VY and (14). (We have also used the minimal order of ¢.) Thus, by
an argument similar to the preceding one we get that the number of such numbers
A <x/Mis

K
x(loglo 1 loglogx)? 1 1
< Mgl ol Z L 7<<X( gng) K'<Z>
08Y  m=x my squarefreeT ’ Pelp
o(t)=K
p|t'=pel

The inner sum is logloglogx + O(1), and since 5(log5 — 1) > 3, the estimate is
o(x/M) as x — oo. Thus, we get that the number of A for which there are at least K
prime factors of 7/ in I is o(x/M) as x — co. To summarize, except for a set of A
of cardinality o(x/M), the number 7/ has at most 25loglogx + 5logloglogx prime
factors. Thus, Ag has cardinality o(x/M) as x — o and we may assume therefore
that o(7;) < 100loglog.x.

Now we have

(s059)(n+1i) = o(sp(n+1i)) —se(n+i)
= o(iQW/T}) —iQW/T}

—sp(n-+i) (EL GBI ).

1
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Thus,
(sosp)(n+i)  (sosg)(n+i)sop(n+i)
n+i  se(n+i) n+i
 (coctemem )
i QiW/ Til
¢(i) 1) 0(Q) ¢(Mid +N)
X<1_i<l_Ui) Qi MA+N; )

So, let us see what we have. Since all primes dividing W/ are in 2;, it follows that

o(Qi) _o(QW)) o(Q;) 1 _ o(Qi)
O = oW/ = O eXp<0<qu2>>_(l+o(l)) 0’

for x — co. Further, since primes dividing 7} exceed cologlogx/logloglogx and the
number of them is < 100loglogx, we get that for large x,

o(r)

]

77 =1+0(l) as x—>oo.

Since A & A4, M;A + N; has O(loglogx) prime factors all larger than 3z*> >y =
(loglogx)*, so

M;A +N;

%:14‘0(1) as X —» oo,

Finally,

CT(Q%?(Q;‘) :qle:I@i (1;2> = exp (0 (g;)) e <0 <i>>7

which is 14 0(1) as x — co. Summarizing all these observations, we get that
(sosg)(n+i) _ o(i)o(Q) o) O
n+i - (H_O(l))( i Qi 1) (1 i G(Qi))
= (1+o(1)) fi(ur) = (1+o(1))0s;,

as x — oo,
Now we deal with s(rn+ i) given by formula (17). Here, much like in the case of
Sp(n+1), we have

ged(QiUi(MA +N;), 6 () (Ui + 1) /R (QF)) = 1;
ged(Ui(MiA +N;), 0 (MiA +N;)) = 1.

Indeed, because the primes in Q;U;(M;A + N;) are all large, they do not divide o (i).
Similarly, M;A + N; is coprime to 6(Q?). We have U; coprime to 6(Q?) by (10). The
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fact that all prime factors in .2; are congruent to 2 modulo 3, implies they cannot
divide 6(¢%) = ¢> + g+ 1 for any prime g, so Q; is coprime to 6(Q?). Also, the fact
that gcd(M;A + N;,U; 4+ 1) = 1 can be achieved by removing a set of values of A
similar to A7 whose cardinality is o(x/M) for x — co. As for the second line above,
this is certainly true if we exclude a set of A similar to Ag, namely the set of A € Ajg
such that for some i € {1,...,k} we have gcd((M;A + N;))U;, 6 (M;A +N;)) > 1, a
set which by the arguments used to deal with Ag can be proved to have cardinality
o(x/M) as x — oo. It then follows that

ged(o(i)((Ui+1)/R;) (0 (MiA +N;) /1)6(Q7F), QiUi(Qi/R:i) (MiA + N;))
= ng(Ql-z/RhG(M,'l +N;)) =:Z,

say. Writing
S; =78,

where Z; | Z!, Z| is the largest divisor of S; supported on the primes from Z;, we have
that S/ is coprime to Z] and all its prime factors exceed ¢ loglogx/logloglogx. This
last condition holds since A & A;. Since M;A + N; is squarefree (using A ¢ Az), we
have 0(Z]) <Y, m2+n, @(p+1). Eliminating a set of A’s similar to As, let’s call it
Ay, but for which there exists i € {1,...,k} and a prime factor p of M;A + N; with
o(p+1) > 10loglogx, a set whose cardinality is o(x/M) for x — oo, we get that Z]
has O((loglogx)?) distinct prime factors all of which exceed y = (loglogx)*, so

¢(Z) _ !
Z =1+0 loglogx ) (19

Finally, eliminating a subset of A denoted Aj, similar to Ag and of cardinality
o(x/M) as x — oo, we can assume that @(S;) < 100loglogx. As in the previous
case, this implies that

<p$§) = 1+0(1),
as x — oo, Thus, using (19),
(spes)(nti) _ @URS) _ o) ¢(RZ) ¢(S})
S(I’l+i) iR;S; i R,’Zl{ ;
— (1+0(1)) (1 J”E’”’g”) ,
— (1+0(1)) (1 _E")Ggﬂ

as x — oo, while
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stn+i) _ @(1+1> o(MiA +Ny) 1 <1+;+q12>1

n+i i Ui) MiA+Ni 3,
= (1+40(1)) <0'51)6(QQI,) — 1) :

Thus,

(go8)(n+1) _ (1+o(1)) (GEi)G(QQI.i)l) (l(pgi)fffléi))
(

n+i
(1+0(1)) (Gii)ui—1> (1— ‘CE?)
= (I+o(1))B;
forie {1,...,k}. Since n+i= (1+o0(1))n, we get that

(sosp)(n+i) = (a;+o(1))n while (sgos)(n)=(Bi+o(l))n

as x — oo, This certainly implies that inequalities (1) hold for (f,g) = (s°s¢,5¢°5)
and for our large n as x — oo, which finishes the proof of the theorem.

3 The proof of Theorem 2

For n > 1, let f(n) = s(n)/sy(n). Simple arguments show that for a prime p, we
have f(np) > f(n) (one considers the two cases: p | n, p {n). Further f(p) = 1.
Thus, f(n) > 1 forall n > 1.

Let ¢ > 1 be arbitrary. Assume # is squarefree. Then

o (n)o(n) =n2H(1—pl2),

so if n runs over any sequence of squarefree numbers with least prime tending to
infinity, we have 6 (n)/n ~ n/@(n). Since the reciprocal sum of the primes is diver-
gent, it follows that there is a sequence of squarefree integers n; < np < ... such
that the least prime factor of »; tends to infinity as i — oo, and at the same time,
o(n;)/n; — a. Then

G(ni)/ni—l a—1 _
l—om)/n  1-1/a
This proves the first assertion of the theorem.

We now turn to the second assertion in Theorem 2. If p,q are different primes,
note that

fn) =

o, asi— oo,

(s°89)(Pq) _ s(p+gq—1)
(spos)(pa)  sp(p+q+1)
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Thus it suffices to show that the set of limit points of the rationals of the form s(m —
1)/s¢(m+ 1), where m runs over those numbers that are the sum of two distinct
primes, is [0,00). If we knew the slightly stronger form of Goldbach’s conjecture
which asserts that all even numbers at least 8 are the sum of two distinct primes, we
could assume that m runs over all even numbers at least 8. It turns out this slightly
stronger form of Goldbach’s conjecture is “almost” true.

Theorem 4 There is a positive constant ¢ such that if x is sufficiently large, the

number of even numbers in [1,x] which are not the sum of two distinct primes is at
1—c

most x' €.

This result is due to Montgomery and Vaughan [9], with later improvements due to
Pintz and others, see [10].

Let & > 0 be an arbitrary real number. Let x be large, let m; = m;(x) be the
product of all of the odd primes to y := (loglogx)l/ 2, and let my = my(x) < z:= e
be an integer not divisible by any prime p <y and such that o(my)/my — a+1 as
x — oo, Now let m < x run over even integers with

m=—1 (mod m;), m=1 (mod my). (20)

Note that the number of solutions m to x of this system is of magnitude x/mm;, >
x/7%, which is huge compared with the exceptional set in Theorem 4. Thus, most of
these numbers m are of the form p + g where p, g are distinct primes. We now show
that most of these m also satisfy s(m — 1) /sp(m+1) — o as x — oo

It is clear that @(m+ 1) = o(m) as x — co. Write m — 1 = mpm3 = m)ym’;, where
m), is the largest divisor of m — 1 supported on the primes dividing m,. Since the
primes in m — 1 all exceed y, it is clear that

G(nflz) =(1+0(1)) 6(m2)7 as x — oo.
m, my

Further, 1 < o(m})/m} < o(m3)/m3. For mi,m, fixed, m3 < (x — 1)/my runs
through an arithmetic progression with modulus m;. Let g(m) =¥, 1/p. Since
no integer < x is divisible by two primes p > 1/x,

1 1
Yegm)<)}y —=+ ) - ) L
m3 my VX y<p§\/)fpm3§(x*1)/m2

plms3

The inner sum is < x/pmimy. Thus,

X

Y g(m3) <

- mimay’

We conclude that the number of choices for m3 with g(m3) > 1/y'/2 is o(x/mym;)
as x — oo. Hence there are > x/mimy choices of m < x where g(ms3) < 1/y'/2.
Applying Theorem 4, we may also assume that these numbers m are the sum of two
distinct primes. But
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G(m3) < eg(mS)’
ms

so we may assume that ¢ (m3)/ms — 1 as x — oo. Putting the above observations
together, we have for our numbers m that
s(m—1)  (I4+o(l))(x+1)m—m

se(m+1) m—o(1)m =(1+o(1))et, asx—oo.

This completes the proof of the second assertion in Theorem 2.
For the last assertion of Theorem 2, we again assume 7 is of the form pg where
P, q are distinct primes. Then

(sos)(m) _ s(m+1)

(sposg)(n)  sp(m—1)

where m = p + ¢g. By interchanging “—1” and “1” in the system (20), the above
argument allows us to complete the proof of the theorem.

4 The proof of Theorem 3

For an integer n > 20, let a(n) denote the largest divisor of n supported on the
primes to y(n) := loglogn/logloglogn. It follows from [7, Lemma 2.1] that on a
set of asymptotic density 1 we have a(n) = a(s(n)) = gcd(n,s(n)). Moreover, the
same proof shows that on a set of asymptotic density 1, we have a(n) = a(sy(n)) =
ged(n,s¢(n)). Let

1

h(n) = Z —.

plastny P
¥(n)<p<(logn)*

We will show that there is a set .7 of asymptotic density 1 such that

Hy(x):= Z h(n) =o0(x) asx— oo,
ne(x,2x]Na/

It will follow that there is a subset 27’ of o/ of asymptotic density 1 on which
h(n) =o0(1) as n — co.
Let y = y(x), so that

Hyao< Y + ¥ 1
y<p<(log(2x))? pne()lc,Z)Z]f)Lo/
plns(n

The contribution to H,,(x) from the case p | n is
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X X
< Y — K -=o(x) asx— oo,
y<p<(logp P~ Y

Thus, we may concentrate on the case p | s(n). Write n = Pm, where P is the largest
prime factor of n. By a well-known result of de Bruijn, the number of n € (x, 2x] with
P < z:= x!/loglogx jg « x/logx, so we may assume that .o captures the condition
P > z. Fixing a value of m < 2x/z and a prime p € (y, (log(2x))?), we consider those
primes P < x/m with p | s(Pm). Discarding the case where P? | n as negligible, we
have

s(Pm) = Ps(m) + o (m).

Since a(n) = a(s(n)) = ged(n, s(n)) may be assumed to hold for members of <7, we
have P{ o (n), so in particular P{ o (m). Thus, having p | s(Pm) puts P in a residue
class mod p. So, ignoring the condition that P is prime, the number of choices for
P <2x/mis < x/mp. Hence

X X X
He ¥ Y Le y iet
y<p<(ogx2me(x/P2e/P) "P" ycpllognp PT Y

which is o(x) as x — eo.
By an analogous argument, the same holds if we change s to s,. Note also that
for any n € (x,2x], we have

1
Z ;(@:0(1) as x — oo,
p>(logn)?

plns(n)sg(n)

1

Thus, there is a set o of asymptotic density 1 such that for n € &7, we have a(n) =
a(s(n)) = a(se(n)) and

y 1
p>yiny P
plns(n)sg(n)

=o0(l) asn— co.

For each fixed € > 0, let <7, denote the subset of .« consisting of those numbers
n where € < s(n)/n < 1/¢. By the continuity of the distribution function for s(n)/n,
the density of &/ \ o tends to 0 as € — 0. On 7 each of s(n)/n, (sos)(n)/s(n),
and (sos¢)(n)/se(n) is asymptotically equal to s(a(n)) /a(n). And, each of s¢(n) /n,
(sp°5¢)(n)/se(n), and (s¢ o s)(n)/s(n) is asymptotically equal to s¢(a(n))/a(n).
The various assertions in Theorem 3 now follow.
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