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1. Introduction. Let g be a fixed integer with |g| > 2. Following
E. Bach, R. Lukes, J. Shallit and H. C. Williams [1], we say that an in-
teger n > 0 is an z-pseudopower to base g if n is not a power of g over the
integers but is a power of g modulo all primes p < x, that is, if for all primes
p < z there exists an integer e, > 0 such that n = ¢°» (mod p).

Denote by gq4(z) the least z-pseudopower to base g.

A well-known result of A. Schinzel [8] asserts that if f and g > 0 are
integers such that f # ¢* for all integers k > 0, then for infinitely many
primes p the congruence ¢* = f (mod p) does not have solutions in nonneg-
ative integers k. Therefore,

gg(x) — 00 asx — oo.

E. Bach, R. Lukes, J. Shallit and H. C. Williams [1] have shown that if
the Riemann Hypothesis holds for Dedekind zeta functions, then there is a
constant A, > 0 such that

g9(2) > exp(Agv/z/(log z)?).
On the other hand, if
(1) M, = Hp

p<x
is the product of all primes p < x, then g4(z) < 2M, + 1 when = > 2. Since,
by the prime number theorem, M, = exp(x + o(z)), we have

(2) gg(x) <exp((1+o0(1))xz) asax — oo.

Supported by numerical data, a heuristic argument is given in [1] sug-
gesting that gq(x) for fixed g is about exp(cyz/log x), where ¢4 > 0. In [7],
towards this conjecture, the upper bound
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gq(x) < exp (cg xl(;i;i“)
is proved conditionally under the Extended Riemann Hypothesis.

In [5], combining some bounds of exponential sums with new results
about the average behaviour of the multiplicative order of ¢ modulo prime

numbers, the bound (2) has been improved as
gq(x) < exp(0.88715x)
for x sufficiently large and |g| < z. Here we obtain a further improvement.

THEOREM 1. For all sufficiently large numbers x and all integers g with
1< |g] < x, we have
gg(z) < exp(0.86092z).

The result is based on a combination of the approach of [5] with some new
estimates on the distribution of multiplicative subgroups in residue rings,
which in turn are based on the results and ideas from [2].

We remark that [5] and [7] give some results showing some level of uni-
form distribution for z-pseudopowers to base g, unconditionally and under
the Extended Riemann Hypothesis, respectively. Unfortunately, it seems
that our approach here does not imply results on uniform distribution; it
remains an open problem to improve the estimates of [5] and [7].

2. Preliminaries. For an integer m we use Z,, to denote the residue
ring modulo m and we also use Z;, to denote the group of units of Z,,.
Let G be a multiplicative subgroup of Z7, of order ¢. We denote by H,,(G)
the largest gap between the elements of G, that is,
Hp,(G) =max{H : Ju € Zy, such that u+;5¢ G, j=1,...,H}.
For a prime p with ged(g,p) = 1, we denote by G, the subgroup of Z;
generated by powers of g modulo p, that is,
Gyp =1{n € Zy:n=g" (mod p) for some nonnegative k € Z}.

Clearly, if ged(g,p) = 1 then G, is a subgroup of Zj. Finally, if p[g, then
we define Gy, = {1}.

We consider the subgroup of Zj, defined by
(3) Gy(z) ={n € [0, M) : n € Gy, for all primes p < z}.

Since we are assuming that |g| < z, we note that G,(z) consists of both
the z-pseudopowers to base g in [0, M) that are coprime to M, and the
number 1. Thus, the interval [2, Hyz, (Gg(x)) + 2] contains at least one z-
pseudopower to the base g and we deduce that

(4) qg() < Hpr, (Gy()) + 2.

Therefore we concentrate on getting an upper bound on Hyy, (G4(z)).
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3. Gaps between elements of multiplicative subgroups of residue
rings and exponential sums. We need an analogue of [6, Lemma 7.1]
which relates H,,(G) with certain exponential sums.

Given a subgroup G of Z* , we denote by My(m,G;h) the number of
solutions to the congruence

A=aw (mod m), 1<la|<h,wegq.

Essentially, My(m,G;h) is the number of nonzero elements of the set AG
that lie in the interval [—h, h]. (Note that A need not be coprime to m, so
that the translated subgroup AG need not be a coset in Z,.)

Also, we put
en(z) = exp(2miz/m)
and define exponential sums
Sa(m, G) =) " em(Xv).
veEG

LEMMA 2. Assume that G is of order t and that for some positive integer
h <m/2 we have

> My(m,G;h)[Sx(m, G)| < 0.5¢%,
AEZm,
Then, as m — o0,
Hm(g) < m1+0(1)h_1.
Proof. Let us fix some € > 0. We put
s=[05(1+cY)], Z=[m'"n "]
Obviously, it is enough to show that for a sufficiently large m and any integer

U the congruence

6) v=U+z1+--+zs—y1 — - —Yys (mod m),

v € g7 0< T Yl Ty Ys < Za
is solvable. Indeed, in this case we have H,,(G) < 2s(Z — 1) and since € > 0
is arbitrary the result follows.

For the number @ of solutions to the congruence (5) one easily sees from
the identity

1 Z em(az):{l if z=0 (mod m),

m (m—1)/2%a<m/2 0 otherwise,
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which holds for any z € Z, that
1
-y v &
VEG 0<T1,Y1 ey Ts,Ys <Z

X Z en(a(v—U—-az1— - —zs+y1+---+ys))
—(m—1)/2<a<m/2

— % Z en(—al) Zem(av)

—(m—1)/2<a<m/2 veg

X Z en(—a(ry+- +xs—y1— - —Ys))

0<z1,Y15--,Ts,Ys <Z
2s
E en(av).

:% S ew(-al)| Y enfan)

—(m—1)/2<a<m/2 0<z<Z veG
Therefore
(6) Q>tZ*m ™ —oym™! —oom™,
where

2s

o1 = Z ‘ Z en(ax) Zem(av)

1<|a|<h 0<z<Z veEG

o9 = Z ‘ Z en(ax) - Zem(av)‘.

h<la|<m/2 0<z<Z veg

)

For 1 < |a| < h we use the trivial estimate
Z em(aaz)‘ <Z
0<z<Z
and derive

o1 < 7% Z )Zem(av)‘:iz Z Z‘Zem(awv)‘

1<]a|<h vEG 1<]a|<h weG veG

" My(m, G 1) Sy(m, G)].

AEZm

228
T #G

Therefore, by the conditions of the lemma, we have

(7) o1 < 0.5t2%.

If h < ]a] < m/2 then we use the bound

Z em(ax)‘ < %

0<z<Z [al
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(see [4, bound (8.6)]). From the trivial bound

) Zem(av)’ <t,

veG
recalling the choice of Z, we obtain

m\ % m* _ Z%h _ Z%h
o2 K Z m t<t h2s—1 — t m2se <t mlte
h<l|a|<m/2

as 2se > 1 + ¢ for the above choice of s. In particular,
(8) o9 L tZ*m
Substituting (7) and (8) in (6), we obtain
Q> 0.5tZ%m™ + O(tZ*m™17°).
Thus @ > 0 provided that m is large enough, and the result follows. m

4. Further preparations. Now, for each d|m, we collect together the
terms in the sum in Lemma 2 with ged(A,m) = d.
In particular, let G4 be the homomorphic image of G in Z7 Jd° It is easy
to verify that every element of G is mapped to
#weG:w=1 (modm/d)}:ﬂ
#Ga

elements of G4. Thus,

9) D My(m,G;h)|Sa(m,G) =Y > Mx(m,G;h)|S\(m,G)]

NEZo, dm  AEZm
ged(A,m)=d

—Z<#gd> S Ma(m/d, Gash/d)|Sx(m/d, Go)|.

NEZE,

We remark that by the Holder inequality
> My(m/d,Gg; h/d)|Sx(m/d, Gq)l
)\EZ;L/d

= Y Ma(m/d,Ga; h/d)"/*(Mx(m/d, Ga; h/d)*)/*(|Sx(m/d, Ga)|*)"/*

AEZ*/
> My(m/d, gd,h/d> ( > My(m/d,Gq; h/d) ) v
NEZE, ALy /a
1/4
(X 1am/d.Galt)
AEZ*

m/d
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Clearly,
S My(m/d,Gash/d) < S My(m/d, Ga: h/d) < 2h#Ga/d.
)\EZ;‘n/d AEZn /q

Given a multiplicative subgroup H C Z; in the residue ring modulo a
positive integer n, and a positive integer h, we define

(10) V(n7H7 h) = #{(Ul,ﬂ?,’l}) UL, U2 S [_h) h]’ ng(Ul’U,Q,TL) = 17
v € H, uv = ug (mod n)}.

We have
S My(m/d,Gu h/d)?
ez,
< Y #{ur,ug € [~h/d, h/d] : ui,up € AGa}
NELE,
= #{(u1,u2,v1,v2) : wr,u2 € [=h/d, h/d], ged(urug, m/d) = 1,
v1,v2 € Gg, u1vy = ugvy (mod m/d)}
= G4V (m/d, Gg: h/d).
Therefore,
(11) > Mx(m/d,Gg; h/d)|Sx(m/d, Ga)]
AEZ,
< 2V2R12d 2 (4GP (m )/ d, Gas hfd) ! Wa(m/d, Ga)'
where

Wi(m/d,Ga) = Y [Sx(m/d,Ga)l*.

NEZE, 4

For V(m/d, Gg; h/d) we use the bound which is readily available from [2].

For the fourth moment Wy(m/d, G;) such general purpose bounds are not
available. However, in the case of our interest, that is, for the modulus m =
M, (given by (1)) and the subgroup G,(z) (given by (3)), we obtain such
a bound using some results from [3] and [5]. Substituting these estimates
in (11) enables us to show that the condition of Lemma 2 is satisfied for a
sufficiently large h, which in turn leads to the desired estimate on H,,(G).

5. Bound on V(n,G;h). We recall the following result of [2, Lemma 4],
which gives the desired estimate on V(n,H; h), defined by (10) for an arbi-
trary modulus n > 1 and a subgroup ‘H C Z;..

LEMMA 3. Let v > 1 be a fixed integer and let n — co. Assume that H
is a multiplicative subgroup of Z7 . Then for any positive number h < n, we
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have
V(n,H, h) < hT®6m 2o o) | 21 /vy, =1/v+o(1)

as n — 0o, where

T = max{#H,n'/?}.

6. Bounds on the fourth moment of exponential sums. For d|M,,
we consider the homomorphic image of G4(x) in Ly, Jd which we denote by

Gy(d; z) (this slightly deviates from our previous notation G,(z)q, which for
typographical reasons, we prefer to avoid).
As in [5] we remark that by the Chinese remainder theorem we have

(12)  Sy(M/d,Gy(d;x)) = D en(Mo)= [[ D ex(Mv),
vEGy(d;x) p<z  vEGgp
ged(p,d)=1

where )\, € Z,, is determined by the condition
Ap(Mz/p) = A (mod M,,).

We also remark that when A runs through Z,s, /4, the corresponding
vector (Ap)p<z, pta Tuns through the Cartesian product

u.dy= 1] 7z,
p<z
ged(p,d)=1

Thus, using (12), we obtain
Wi(My/d, Gy(d;2) = Y [Sx(Mz/d, Gy(ds x)]"

)\EZ}‘V[I/CI
4
- Z H ) Z epO‘p“)‘
Op)p<o, sedpdym1€Us (@) P<T €y,
p)p<z, gcd(p,d)=1 T gcd(p7d):1 g9,p

Therefore

(13)  WiL/dGd) = T S| Y ey
pr APEZ; ’Uegg,p
ged(p,d)=1

‘ 4

We now recall the bound of [3, Lemma 3] on the fourth moment of
exponential sums over multiplicative subgroups in a residue ring modulo a
prime (see also [6, Lemma 3.3]).

LEMMA 4. For any prime p and subgroup G of Z,, of order #G =1 <
p2/3, the following bound holds:

Z ‘ Zep()\v)‘4 < pt®/2,

AEZE  veEG
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Proof. It is enough to note that by the orthogonality of exponential
functions

Z ’Zep(/\v)r < Z ‘Zep()\v)
AELy vEG \EZ, vEG

= p#{v1 +v2 = v3 + v4 1 V1, v2,v3,04 € G},

‘ 4

and then apply the bound of [3, Lemma 3|. =

For groups of order #G =t > p*/? we use a different bound which relies
on some classical estimates.

LEMMA 5. For any prime p and subgroup G of Z, of order #G =1 >
p?/3 the following bound holds:

4 2
5 [ S et <
AEZY veG
Proof. We recall the well-known estimate

‘ 3 ep(Mo)

veg
for any ¢ and A € Z;, (see [6, Theorem 3.4]). Therefore

> ‘Zep(kv)r <p) ’Zep()\”)rzp Yo D e m—w)) =9,

AEZYS vEG AEZL, vEG AEZyp v1,v2€G

< p1/2

as after the change of the order of summation, the sum over A vanishes if
v1 # v and is equal to p otherwise. m

For a prime p { g we denote by t,, = #G,, the multiplicative order of g
modulo p. We also put t,, =1 for p|g. In particular,

#gg(d;m) = | | lg,p-
p<z
ged(p,d)=1

We also put
Qq(d; ) = H (tg7pp72/3)-

p<z
ged(p,d)=1
tgp>p?/3
We are now ready to obtain the desired estimate of Wy (M, Gy(x)).

LEMMA 6. We have

WMo /d, Gy ) < 2 (44 (d: 2))7 Qs )2
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Proof. Substituting the bound of Lemmas 4 and 5 in (13), we see that
Wi(Mz/d,Gy(d;z)) < H (ptg,/pQ) H (thg,p)

p<zx p<zx

ged(p,d)=1 ged(p,d)=1
tgp <p*/3 tg,p2p2/3
_ 5/2 —3/2
- H (p tg,/p ) H (p tgvp/ ) )
p<z p<z
ged(p,d)=1 ged(p,d)=1
tg,pZPQ/ 3

which implies the desired estimate. m

7. Bounds on multiplicative orders. We recall the following two
estimates, which are [5, Theorem 1] and [5, Lemma 9], respectively.

LEMMA 7. For x sufficiently large, we have
#Gg(x) > exp(0.58045x)
uniformly for 1 <|g| < z.

Let
Qq(x) = H (tg,pp_Q/g)-

p<z
tgp>p?/3

LEMMA 8. For x sufficiently large, we have
Qq(x) > exp(0.000217z)

uniformly for 1 < |g| < x.

8. Concluding the proof of Theorem 1. We now define
Ty(d; ) = max{#G,(d; x), (Ma/d)'/?}.
Using Lemmas 3 and 6 together with (11), we obtain
> My(M,/d,Gg; h/d)|S\(M,/d,Ga)|

ALy 1y

< WAV (G, (ds )P

1
_2v41 M$ 20w 1)+0(1) ]\4$ —1/v+o(1)\ 1/4
X (th(d;:U)sz@Tl) <d> ' + 2T, (d; x)l/u( ; > )

M 1/4
x (d‘”’” (#G (d; )72 Qq (d; x>—3/2>
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< hl/z(#gg(d, x))11/8M1/4d_3/4Q (d 37)_3/8

y — +o(1) 1/v+o(1)\ 1/4
x (th(d; x) B <A§) A T, (d; ) <J\§ ) > -

Recalling (9), we now derive

Y MMy, G:h)[S\(M, )| < (#Gy(2))* Y (y(ds ) + Jy(d; 2)),

AEZL My d| M,
where
Iy(ds ) = ¥/ (G, (ds2))~>/5Qy (ds ) /T, (ds 2) 7D
2v+1 +o ( )

sy e 8@“)7

Tylds ) = h(#G,(ds ) ~/3Qq (d: ) /5T, (ds ) My Va5
Therefore, using Ty(d; z) < #G,(d; x) + (M, /d)'/?, we have
(15)  I4(dyx) < Ag(d;x) + By(d;z), Jg(dyx) < Cy(d; ) + Dy(d; ),
where

+3v—1 6v+5

_5v? 2vdlio1) _
Ay(d:z) = WY HG,(d; ) D Q (d'xr?’/gM”*” d S0,

))+o( ) 1202412041

By(d; x) = h¥/* (#G,(d; 2))~>/2Q,(d; z)~ 3/8M16”<”“ 4~ i
Cylds ) = h(#Gy(d: )57 Qq(d: x)_3/8M W 0%—%,

Dy(ds v) = h(#, (d; ) ~7/5Q, (ds )51, 5 Vg%

We note that

#gg(d; 1‘) > #gg(x)/da
and also that
(16) Qq(d;z) = Qq(x) H (tg,pp_2/3)_1 > Qg(x)/dl/g'

pld

2/3
lg,p>p /

Therefore,

v2 430 2v4l o
Ag(ds 2) < W (G ()™ ST Q) M a0 g,

(2v+1)2 +o(1) L
Bg(d ) h3/4(#gg(x))_5/8Qg( ) 3/8M16v(u+1) d*m7

Cy(dsz) < h(#G,(x)) 252 Q (x) M T,
Dy(ds ) < h(#G,(x))"/3Qq(x) 3/ M, & o(l)ds%.
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Notice that all exponents of d in the above estimates on Ay(d; z), By(d; )
and Cy(d; x) are nonpositive. Thus, since

Z 1=27@ = pro),
d| M,

in the summation over d in these three expressions, the term with d = 1
dominates. We obtain

24 2v+41

S Ay(ds ) < WG () ST Qg ) S/ ME .
d| M,

. _ vr? o)
Z By(d;z) < h3/4(#gg(a:)) 5/8Qg(a€) 3/8 p g 1674 T) 7
d| M,

v—1

S Cylds) < hHG, ()5 Qyw) ¥oa,™ T,
d|M;

Unfortunately, the exponent of d in Dgy(d;x) is negative. However, if
instead of (16) we use the trivial bound

Qg(d,x) =1

we derive the alternative estimate

2v=1, S—
Dy(d;x) < h(#Gy(d; 2))~>/3M, > Vg%
—1

2v—1, v
< h(#gg(x))fB/SMx s T (l)dfW

which we use for large values of d (namely for d > Q4(z)3). Thus,

Y Dy(d;z)= Y Dy(dix)+ > Dyl(d;x)

d|M, M, M,
d<Qg(1')3 dZQg(z)B
w1,
<Y G ) Q@) ass
d[M,
d<Qg(73)3
w1, o
+ Z h(#gg(x))_5/8Mg; s T (1)d— —!
d[M,
dZQg(x)S

3w—1) 2v=14 (1)

= h(#G(2) "5 Qq(x) "5 My™

‘We now choose
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Then, using Lemmas 7 and 8, one verifies that

Z Ay(d;z) =0(1) for h < M£~140283’
d|Me
Z By(d;r) = o(1) for h < M£-146316’
d| Mz
Z Cy(d;z) =0(1) for h < M£~139084’
d|M,
Z Dy(d;x) =o(1) for h < M£'144092.
d| M,

We now select

h = LM0.139084J

(that is, the largest admissible value for which all of the above hold). Using
Lemma 2, we see from the bounds (14) and (15) that the result of Theorem 1
follows. m
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