INFINITUDE OF ELLIPTIC CARMICHAEL NUMBERS

AARON EKSTROM, CARL POMERANCE AND DINESH S. THAKUR

ABSTRACT. We prove existence of infinitely many composite numbers passing
all elliptic curve primality tests (i.e., elliptic analog of Carmichael numbers),
assuming a weak form of standard conjecture on the bound on the least prime
in (special) arithmetic progressions. We also discuss various several related
developments. The main result mentioned above is from the PhD thesis [Eks99]
of the first author done under the direction of the third author and based on
ideas of the joint work [AGP1] of the second author proving the infinitude of
Carmichael numbers.

1. INTRODUCTION

The problem of efficiently distinguishing the prime numbers from the composites
has been a fundamental problem in number theory for long, and its practical signif-
icance has increased a lot since number theory applications in cryptology became
pervasive in modern technology and communications industry due to computers
and internet. By Fermat’s little theorem, "™ = a mod n for a prime number n.
By repeated squaring and reductions the congruence can be tested fast for a given
numbers a and n, and thus if it fails we know that n is not a prime. A num-
ber n is called base a probable prime, if the congruence is satisfied (Lucas’s test
[Wil98] around 1876). But n = 314 = 11 % 31 is a composite number satisfying this
congruence for a = 2, thus it is a base 2 pseudo prime.

Unfortunately for such tests, there are [AGP1] infinitely many composite num-
bers such that for any a,

(0.1) o =a (mod N).

These are called Carmichael ( [Carl0], [Carl2]) numbers. The smallest is 561.
Elliptic curves have been used to factor numbers (see [Len86] and [Len87]) and
prove the primality of numbers (see [GK86] and [AM93]). In [Gor87], Daniel Gordon
developed compositeness tests using elliptic curves. Some elliptic curves possess a
property which allows for a practical compositeness test that is very similar to,
and just a constant factor slower than, the Lucas-Fermat test described above.
If an elliptic curve E defined over Q has complex multiplication by an order in
Q(v/—d), then the order of E(F,) is p + 1 for any prime p with gcd{3Ag,p} = 1
and (—d|p) = —1 . Let F be such an elliptic curve, and @ € F be a rational point
of infinite order. If N is an odd integer with (—d|N) = —1 and gcd{3Ag, N} =1,
we can test N using @ € E. If [N 4+ 1]- @ # O (mod N) (where O denotes the
point at infinity and calculations are done using the addition law of E) then N is
a composite number. If [N +1]-Q = O (mod N) then N is an “elliptic probable
prime for Q € E”. Any composite number which is an elliptic probable prime for
Q € E is called an elliptic pseudoprime for @ € E. Gordon [Gor89] defined an
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elliptic Carmichael number to be an elliptic pseudoprime for all rational points of
infinite order on a given elliptic curve E. We will call such a number an “elliptic
Carmichael number for E” and use the term “elliptic Carmichael number” to denote
an odd composite number N which passes

(0.2) (—dN)=—1 and [N+1]-Q=0 (mod N)

for every rational point of infinite order on every CM elliptic curve E/Q with
discriminant prime to N. The smallest elliptic Carmichael number we have found
thus far is

90778775248094371954661554595508722399.

Let T (z) denote the number of elliptic Carmichael numbers up to 2. We modify
the methods of [AGPI] to give a conditional lower bound for the number of elliptic
Carmichael numbers. The major modification occurs in the group theory argument
of [AGPI]. We also force an additional congruence condition. The result, under
a suitable hypothesis and large enough z, is 7 (z) > 2*/7. This theorem implies
there are infinitely many elliptic Carmichael numbers, assuming the smallest prime
congruent to —1 modulo ¢ is at most gexp[(logq)!~¢]. Note this assumption is
much weaker than conjectured bounds, recalled below.

2. PRELIMINARIES

2.1. Carmichael numbers. In 1899, Korselt [Kor99] noted the following prop-
erty:

Theorem 1 (Korselt’s Criterion). N divides a™ — a for all integers a if and only
if N is squarefree and p — 1 divides N — 1 for all primes p dividing N.

Let C(z) denote the number of Carmichael numbers up to z. In [AGPI] the
authors use Korselt’s Criterion to prove C(z) > /7 for x large enough. In[PSWg0],
the authors show that

C(CE) < $17{1+0(1)}logloglogm/loglogm for T — 00.

It is conjectured that this upper bound gives the true size of C(z) (see [Pom8&I]
and [PSWE&0]).

2.2. Elliptic Curves. See [Sil86, [Len86] for more details. For this section, R will
either be a field with char(R) # 2,3, or the ring Z/NZ where N is coprime to 6. A
triple (x,y,2) € R® will be called primitive if there exists ay, as, a3 € R such that
a1z + asy + azz = 1. The group of units R* acts on the set of primitive triples
(z,y,2) € R® by u(x,y,z) = (uz,uy,uz). The set of orbits under this action is
denoted by P%(R), and called the projective plane over R. An orbit of (x,y,z2) is
denoted by (z :y: 2).

An elliptic curve over R is a pair of elements A, B € R for which A := —16(4A3+
27B?) € R*. These elements are to be thought of as the coefficients in the homo-
geneous Weierstrass equation

(1.1) yiz = 23 4+ Axz® + B2,
We denote the elliptic curve (A4, B) by Ea,p or simply by E. The j-invariant of

E is 6912A3/(4A3 + 27B?). If we multiply equation (L) by u®, for some u € R*,
and replace u2x by = and u3y by v then we obtain the equation for E;V)B, cy?y =
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23+ A'xz? + B'23, where A’ = u*A and B’ = uSB. Two such curves have the same
j-invariant and are said to be isomorphic over R.

Let E be an elliptic curve over R. The set of points E(R) of E over R is defined
by

ER)={(z:y:2) € PX(R):y?z =2 + Azz* + B2%}.

The point (0 : 1 : 0) € E(R) is called the zero point of the curve, and denoted
by O. Notice that if R is a field then this is the only element of E(R) whose
z-coordinate is zero. The set E(R) forms a group with O acting as the identity
element (see [Len86]).

If R is a field, then

B(R) = {(z,y) € B : y* = 2* + Av + B} U {O}.
We will often call the points {(z,y) € R? : y* = 2® + Az + B} the finite points,
and O the point at infinity. If R = Z/NZ, then
E(Z/NZ) = {(z,y) € (Z/NZ)* : y* = 2® + Az + B}U
{(x:y:2) €PXZ/NZ): 2z ¢ (Z/NZ)* and y*z = 2 + Axz* + B2*}.

Let E4,p be an elliptic curve defined over Q. We wish to consider the reduction
of F4,p modulo a prime number. The elliptic curve E4 p is represented in such
a way that the set of points of E4 p reduced modulo 2 or 3 does not have the
structure we would like. However, our ultimate goal is a compositeness test, so
in practice, it will not be necessary to reduce by 2 or 3. Let p be a prime that
does not divide 3 - Ag. By abuse of notation, we will let E(F,) be the set of
points of the elliptic curve E4 (mod p),B (mod p) defined over ;. There is a natural
homomorphism 7, : E(Q) — E(F,) given by

771)(0) = 0
0] if p divides denominator of x or y,

np((z,y) (z (mod p),y (mod p)) otherwise.

Proposition 2 (Group Law Algorithm). Let E be an elliptic curve given by an
equation
E:y? =23+ Az + B.
Let Py = (xo,y0) € E. Then
—Fo = (z0, o).

Now let Py + P> = P3 with P; = (z;,y;) € E.

(a): If x1 = 2 and y1 = —yo, then

P+ P, =0.
(b): Otherwise, let

N = Y2 —y1 v = Y12 — Y21 ifa:l 7£:1:2
T2 — T1 T2 — T1
322 4+ A —z3 4+ A 2B
=2t A T An if v1 = w9
2 2y

Py =P, + P is given by

r3 = )\2—111—1,'2

Y3 ATz — v
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When adding points on E(Z/NZ) for composite N, one has to be aware the
point at infinity is not the only point with z ¢ (Z/NZ)*. Lenstra [Len86] gives a
method that correctly adds points on E(Z/NZ).

An endomorphism of E is a rational map ¢ : E — E such that ¢(O) = O. The
set of endomorphisms of an elliptic curve E, denoted by End(FE), forms a ring with
the group law of E as addition and the composition of maps as multiplication.

An important example of an endomorphism of F is the multiplication by m map,
(meZ)m]: E— E.

The ring of endomorphisms of E(Q) is either Z or an order in an imaginary
quadratic field Q(v/—d) where d € {1,2,3,7,11,19,43,67,163}. In the latter case,
E is said to have complex multiplication by Q(v/—d), or that E is a CM curve.

For the compositeness test we are going to discuss, it will be important to know
how many points there are in E(F,). A celebrated theorem of Hasse showed that
#E(F,) = p+ 1 — ap, where |a,| < 2,/p. We can do even better when E has
complex multiplication.

Theorem 3. (Deuring [Deud7]) Let E be an elliptic curve defined over Q with
complex multiplication by Q(v/—d).

p+1 p is inert in Q(v/—d)
p+1—tr(ur) p=n7 splits in Q(/—d)

where u is some unit in Q(v/—d) and tr denotes the trace.

#5(F,) = {

The structure of E(F,) is also well known (see [Len86]).

Proposition 4.
EF,) 2 Z/mZ ® Z/mnZ
where m divides ged{p — 1, #E(F,)}.

2.3. Elliptic Curve Compositeness Test. Let £ be an elliptic curve defined
over Q with complex multiplication by Q(v/—d). If p is a prime that does not
divide 3- A and (—d|p) = —1, then we can predict the order of the curve reduced
modulo p; Theorem [3 states that #E(F,) = p + 1. Gordon [Gor87] used this
property to define a compositeness test: Start with E an elliptic curve with complex
multiplication by Q(v/—d); a point Q € E(Q) of infinite order. Let N > 163 denote
the odd number prime to 3 to be tested. We Compute (_—) If it is 1, we can not
test, if it is 0, N is composite. If it is —1, we compute [N + 1] - Q (mod N): If it
is 0, N is Probable Prime, otherwise Composite.

A number which is declared a “probable prime” by the elliptic curve compos-
iteness test for Q € E is called an elliptic probable prime for Q € E; a composite
elliptic probable prime for ) € FE is an elliptic pseudoprime for Q € E. Let N (x)
denote the number of elliptic pseudoprimes up to x.

Gordon [Gor89] showed N (z) is O(xloglog x/log® ) assuming the Generalized
Riemann Hypothesis. In [MMS9], I. Miyamoto and Ram Murty proved uncondi-
tionally that

N(z) < z(loglogz)™/?/(log x)3/2.

This was improved to

N(z) < zexp{—cy/logzloglogx}



INFINITUDE OF ELLIPTIC CARMICHAEL NUMBERS 5

for some constant ¢ > 0, by R. Balasubramanian and Ram Murty [BM90]. Gordon
and Pomerance [GP91] showed

N(z) < z(exp(log(z) log loglog(x)/ loglog(z))~Y/3.

For some special curves, Gordon [Gor89 showed the number of elliptic pseudo-
primes for P € F is at least v/log z/ loglog x.

Elliptic Carmichael Numbers. If N is an elliptic pseudoprime for each rational
point of infinite order of F, then N is an elliptic Carmichael number for E. An
elliptic Carmichael number for Q(v/—d) is an elliptic Carmichael number for all
elliptic curves E/Q with complex multiplication by Q(v/—d) whose discriminant
is prime to N. If N is an elliptic Carmichael number for each Q(v/—d), d €
{1,2,3,7,11,19,43,67, 163} then we call N an elliptic Carmichael number.

The authors of [AGP1] use Korselt’s criterion to prove there are infinitely many
Carmichael numbers. We have a similar criterion for elliptic Carmichael numbers.

Let E/Q be an elliptic curve with complex multiplication by Q(yv/—d), and
let N be the product of an odd number of distinct primes pi,...,px. Suppose
ged{N,3Ag} =1 and (—d|p;) = —1 for each i , 1 <i < k. For any rational point
Q@ € E of infinite order, [p; + 1] - @ = O (mod p;) for each i. If we insist that for
each ¢, p; + 1|N + 1, then we will have [N + 1] - @ = O (mod p;) for each i, which
implies [N + 1] - @ = O (mod N).
Elliptic Carmichael Criterion for Q(v/—d): Suppose the composite number
N = py---pg is a product of an odd number of distinct primes. If (—d|p;) = —1
and (p; +1)|(N +1) for all i, then N is an elliptic Carmichael number for Q(v/—d).

Consider the condition (—d|N) = —1. If d = 1 or 2 then N = —1 (mod 8)
satisfies this condition. For d = 3,7,11,19,43,67,163, we have (—d|N) = (N|d)
and since these d’s are all 3 modulo 4, (N|d) = —1 when N = —1 (mod d). Let
a=8-3-7-11-19-43-67-163. If N = —1 (mod «), then N satisfies the condition
(—=d|N) = —1 for all d listed above.

Elliptic Carmichael Criterion: Let the composite number N = p;y ---py, be a
product of an odd number of distinct primes, and

o =16,488,700,536 =3 -7-8-11-19-43-67 - 163.

If p; = =1 (mod «) and (p; + 1)|(N + 1) for all i, then N is an elliptic Carmichael
number.

Remark. To ensure (—d|p) = —1 for all d € {1,2,3,7,11,19,43,67,163}, we
require p = —1 (mod «). The class —1 (mod «) is not the only congruence class
with this property; p could be congruent to any one of 3-5-9-21-33-81 = 7,577,955
classes modulo « and have (—d|p) = —1 for all d € {1,2,3,7,11,19,43,67,163}.
We restrict the primes to the class —1 (mod «) in the above criterion because it
is the most convenient congruence class to deal with. We should note that this
restriction will not have detrimental effect on our main result.

3. INFINITUDE OF ELLIPTIC CARMICHAEL NUMBERS

In [AGPI], the authors prove there are infinitely many Carmichael numbers by
constructing infinitely many squarefree composite numbers n such that p — 1jn — 1
for all primes p dividing n. They also mention that being able to construct infinitely
many squarefree composite numbers n such that p+1|n+1 for all primes p dividing
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n would have significance for the elliptic curve compositeness test. This problem is
mentioned again in [AGP2].

Recently Banks and Pomerance [BP], under an unproved hypothesis concerning
the size of the least prime in a coprime residue class, showed that for any positive
integer m and any integer a coprime to m, there are infinitely many Carmichael
numbers n = a (mod m). Actually the main idea in [BP] had appeared earlier in
Ekstrom [Eks99] and was rediscovered in the later paper.

In this section we modify the methods of [BP] and of [Eks99] to prove somewhat
more general results. Our theorems are conditional, with a weaker version requiring
a weaker unproved hypothesis, and a stronger version requiring a stronger one. For
a positive integer m and an integer a coprime to m, let p(m,a) denote the least
prime p = a (mod m), and let p(m) denote the maximum of p(m, a) over all choices
of a.

Conjecture 5. There is a positive number & such that
p(m) < ml+€/loglogm
for all integers m > 3.

Conjecture 6. There is a positive number k < 1 such that

plm) < mt+0osm !

for all integers m > 3.

We note that if Conjecture [6] holds for some value of k < 1, then Conjecture
holds for each value of £ > 0. A conjecture of Heath-Brown that p(m) < m(logm)?
implies Conjecture [6] for each value of k > 0, so both Conjectures [ and [l may be
viewed as somewhat weaker forms of Heath-Brown’s conjecture. The best that
is known unconditionally is that there is a constant C' such that p(m) < m®, a
result of Linnik [Lin44]. The smallest value of C' for which this is known to hold is
C = 5.2, an arxiv result of Xylouris.

Definition 7. For integers m,a,b with m > 0, (m,a) = 1, and b = +1, let
C(z;m, a,b) denote the number of composite squarefree integers n < x such that
n = a (mod m) and for each prime factor p of n we have p = a (mod m) and
p+b|n+b.

The case of b = —1 in Definition [[l namely the case when the numbers n that are
counted are Carmichael numbers, was dealt with in [BP], while the case of b = 1,
m = «, and a = —1 is of interest for elliptic Carmichael numbers.

In this section we shall prove the following two theorems.

Theorem 8. If Conjecture[d holds with € = 1/100, then for all choices of integers
m,a,b withm >0, (m,a) =1, and b = £1,

C(,T; m,a, b) > xl/(3010gloglogw)
for all sufficiently large numbers x depending on the choice of m and a.

In particular, if Conjecture Bl holds for the value of ¢ identified in the proof
of Theorem [8] then there are infinitely many integers that are elliptic Carmichael
numbers for every imaginary quadratic number field of class number 1.
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Theorem 9. Suppose that the real number E in (0,1) has the property that the
number of primes | < x with P(1—1) < 2 F 4s 2'7°W) as 2 — oco. If Conjecture[@
holds with k = 1 — E, then for each fized choice of integers m,a,b with m > 0,
(m,a) =1, and b = £1,

C(x;m,a,b) > x%Efo(l), T — o0.

Note that the expression o(1) in Theorem [@l may depend on the choices of m
and a. We remark that the largest real number E known to have the property in
the theorem is 0.7039, a result of Baker and Harman. It is likely the number “5/12”
in this theorem can be slightly increased by the method of [Hax].

3.1. Some tools. We begin with a result that shows the existence of numbers with
many divisors that are shifted primes.

Proposition 10. Let m,a,b be integers with m > 0, (m,a) =1, and b # 0. Let

B be a positive number with B < 5/12. There are positive number cg, Tp m with

the following property. If x > xp m and if L is a squarefree integer coprime to mb

with at most x'/* prime factors whose reciprocal sum is at most 1/60, then there is
a positive integer k < x'=B that is coprime to L such that

#{p prime : p = dk + b for some d | L with d < 2%, p=a (mod m)}

CB B

> ——H#{d|L:d< .

- w(m)logw#{ | <o)

Proof. This result is almost identical to Proposition 1.5 in [AGP2], but we give the
details for convenience. Let B’ be the average of B and 5/12. According to [AGPT],
there is a set Sp(x) of integers all greater than logz with the cardinality of the set
at most a constant Sp, depending only on B, such that if ¢, u are integers with
1<q<zP, (¢,u) =1, and ¢ not divisible by any member of Sg(z), then

(10.1) m(y;q,u) > y

—_— Bl'
~ 2¢(q)logy

for all y > qz'~
We may take zp , > €™, so that no member of Sg(z) divides m. For each member
of Sp(z) that divides L, remove one prime factor of L so that this divisibility no
longer holds. This creates a new number L’ where L' | L, L/L’' has at most Sp
prime factors, and no member of Sp(z) divides L’. Since m and L are coprime, we
thus have that no member of Sg(z) divides mL’.

For a number d coprime to m, let ¢4 be the solution to the Chinese remainder
problem

¢g =a (mod m), ¢g = —b (mod d).
We now count positive-integer pairs d, k where d | L', d < 2B, k < 2178 and
p = dk — b is a prime with p = a (mod m). Note that for zp ., large enough, we
have dm < zB’. The count of d, k pairs is precisely

1-B dzt—B dzt—B
de ~":d > > &
C; mlde s dm, ca) 2 C; 2p(dm) log(dz1—8)~ C% 2¢(dm) log x

d<z®B d<z®B d<z®

using (I0.1).
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We wish to show that the number of such pairs d, k where (L, k) > 1 is small.
For each prime [ | L consider pairs d, k as above where [ | k. The number of these

pairs is given by
g g m(dz' =B dml, cqr).
I prime d|L
' d<z®

For those values of | > 22/7, we upper-bound the summand by
dxl—B 9p5/7—B
<

1
+dml - m

Multiplying by the number of primes [ | L, which is assumed to be at most z'/4,
our bound in this case is at most 2227/2*~5/m. We use the Brun-Titchmarsh
inequality (see [MV73]) when | < x?/7 getting the majorization

2dxt—B dzt=B
Z Z (I = D)¢p(dm) log(z'=B /(ml)) Z 5¢(dm)log x’

l prlme d\L’ d|L
UL q<a® d<az®
1<a2?/7

using for the last estimate the assumption about the reciprocal sum of the primes
| L, that m < logx, and that B < 5/12.

Putting these estimates together, we have that the number of pairs d, k with
d| L, d< 2B k < 2B k coprime to L, and p = dk + b prime with p = a
(mod m) is at least

del—B 927/28—B del—B 1-B
_ _ > .z
ng (2@(dm) log = m 5p(dm) loga:) - ng 4p(m)logx
djL’ d|L’

for large z. There is thus at least one value of k < 2'~F coprime to L with at least

Z 4<p log x

d|L’
appearances in pairs d,k. Since the mapping that sends d | L to the divisor
d/(d,L/L') of L' is at most 2°% : 1, we have
1
#{dng:d|L’}22TB#{d§xB:d|L}.
Our result now follows with cg = 1/258%2 O

For a finite abelian group G, let D(G) denote the Davenport constant for G
defined as the least positive integer D such that for any length-D sequence of group
elements, there is a non-null subsequence with product the identity (we assume G
has “product” as the group operation). Let A(G) denote the universal exponent for
G, equivalently, the order of the largest cyclic subgroup. The following result is a
slightly weakened form of [AGP1l Theorem 2.

Proposition 11. For any finite abelian group G,
D(G) < AG)(1 + log |G]).
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Let R denote a sequence of length r consisting of elements of G, where r is
significantly larger than D(G). By the definition of D(G), we know there exists at
least one non-null subsequence of R that has product the identity. In fact there
are many such subsequences. We will use the following result which is [AGPI]
Proposition 1.2].

Proposition 12. Let G be a finite abelian group and let r >t > D = D(G) be

integers. Any length-r sequence of elements of G contains at least ( Z )/( Z) )

distinct subsequences of length at most t and at least t — D, whose product is the

identity.

3.2. Proof of Theorem [8l Fix integers m,a,b with m > 0, (m,a) = 1, and
b = £1. Fix some real number B with 1/3 < B < 5/12. Let y be a large real
parameter and let
L=L(y)={l prime:y*/logy <1 <y* PI—-1) <y}
Let L = L(y) denote the product of the primes in £. We assume that y is so large
that L is coprime to m. It follows from [Pom80, Theorem 2] that
#L > (1 4log(5/4) + o(1))y*/ log(y?) as y — o0,

and so we may assume that y is so large that

(12.1) #L >y /(201ogy).

Further, by the prime number theorem we have
L< e(Ho(l))yz, as y — 0o.

We would like to apply Proposition with = LYB. Since L has fewer than
log L < log x prime factors, we may assume that y is so large that L has fewer than
x'/* prime factors. Further, the reciprocal sum of these primes is < loglogy/logy,
so we may assume y is so large that this reciprocal sum is smaller than 1/60. Thus,
by Proposition [0, there is an integer k¥ < 2'~F coprime to L such that with

P =Py, k) ={p prime: p=dk —bforsome d | L, p=a (mod m)},
we have by (I[21))
cp2!Fl

CB 2
12.2 > 7(L) = ——— > 2V /(20108Y) /2
(12.2) [Pl = p(m) log:z:T( ) w(m)logx > /v
(Note that PropsitionMrequires d < zP, but 2 = L, so there is no extra condition
on d other than d | L.) The expression 7(L) denotes the number of positive divisors
of L, which in this case is 2/4!.

Since P is nonempty and (m, L) = 1, it follows that there is an integer o’ coprime
to M :=lem[kL, m] with a’ =b (mod kL) and ¢’ = a (mod m). Assume now that
Conjecture [l holds with £ = 1/100 and let pg be the least prime with pg = d’
(mod M). Thus,

po < M1+1/(100 log log M)

Write pg = —b + ukL, so that

u < e(Ho(D)y?/(200B10gY) 5oy o

using that m is fixed and kL < LY/E < e(IHo())y*/B
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Remove from P any member which divides uLpg, denoting the resulting set P’.
Since uLpo has O(y?) prime factors, estimate (I2Z.2) implies that for all large y,

(12.3) |P!| > v’/ (201o8v)

We view the set P’ in its natural order as a sequence in the subgroup G of
(Z/ukLmZ)* consisting of residues g = +1 (mod k). Since (k, L) = 1, we have

MG) <2umA((Z/LZ)") =2um -lem{l —1:1 € L}.

Since | € £ implies P(I — 1) < y and | < y?, the prime number theorem implies
that the lem of these numbers [ — 1 is at most e2+°(1)¥ a5 y — co. Thus, with the
above estimate on u and using that m is fixed, we have

ANG) < e(1+0(1)y?/(200Blogy) ¢ y — 00.
Since |G| < 2uLm < e(H"(l))yz, it follows from Proposition [I1] that
D(G) < e(1+0(1))y?/ (2008 logy) , ¢ Yy — 0.

Suppose S is a nonempty subsequence of P’ with product ns equal to the identity
in G. Then ng is squarefree, ng = 1 (mod ukLm), and for each prime p | ng we
have p = a (mod m). Now let Ns = pgns. Then Ng is squarefree and composite,
Ns = —b (mod ukL), Ns = a (mod m), for each prime p | Ns/py we have p+b |
kL | Ns+b, and also pg + b = ukL | Ns + b.

Let € = 1/30 and let y be so large that

D(G) < D(G) := {e<1+e>y2/<2008 1ogy>J _

Let t = 2D(G) and let X = X(y) = e1+9%* /B We have logloglog X = (2 +
o(1))logy as y — oco. Further, if N is the product of py and at most ¢ primes from
P’, then N < ztt1+e(1) 5o that for large values of y, we have N < X. (Here we
have used z < e(1/B+e()v* )

We now produce a lower bound for C(X;m, a,b). Using the above construction
of numbers Ns and Proposition 12, we have

C(X;m,a,b) > ('?') / (gzy))) > (|7j|>t|7>'|—5<6’> — [P|P©@(2D(@)) 2P @,

Using our lower bound (IZ3)) for |P’|, together with B > 1/3, we have

2

C(X;m,a,b) > exp (E(G) (2931/0gy —2(log 2 + 1og5(c))>>

> exp <(1 +0(1))D(G) 59 logy>

as y — oo. Thus, C(X;m,a,b) > X(1+0(1)/(2(+€)2910gy) ~ We conclude that for
sufficiently large y we have C(X;m,a,b) > X1/(30logloglos X) " Gince X = X(y) is
a continuous increasing function, we may choose X first and then determine the
value of y which allows the argument to work. This completes the proof.

Next we will consider integers that are v-power free, divisible by «, and prime to
L. In Section [3.5] we demonstrate that at least one of these integers, which we will
call k£, has the additional property that there are many primes of the form Ik — 1,
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where [ divides L. A key concept that allows us to find such an integer k& will be
introduced in Section B4l We will set

P’ ={lk —1:1divides L,lk — 1 a prime not in Q}.

Let o denote the least prime in the arithmetic progression —1 modulo Lk and
set Ly =nL(ged{n,k})". We want n = (p+1)/(Lk) to be very small compared to
Lk, and will use a hypothesis offered in Section

Finally, we will find a large number of nonempty subsets S C P’ with #S even
and [[,cgs = 1 (mod L1); each such subset S will yield an elliptic Carmichael
number N = PHse s 5. Exactly how many such subsets S we can find will be
discussed in Section

3.3. Group theory lemma. We will use the next proposition to prove the main
theorem.

Proposition 13. Let G be a finite abelian group and let t > n =n(G), r >t+n
be integers. Any sequence of v elements of G contains at least ( " ; " )/( " 7_1 " )
distinct subsequences of even length at most t +n and at least t — n, whose product
is the identity.

Proof. Let R denote a sequence of r elements of G. By the above proposition, there
are at least ( Z )/( 77; ) distinct subsequences of length at most ¢ and at least t —n

whose product is the identity. Suppose all these subsequences are of even length.

r—mn)! r—n-—mn)! — _

We have ((T_t;! > ((T_t_n))!,hence( AV G = G VG

Now consider the case that some of the above subsequences whose product is the
identity are of odd length. Let V' denote the smallest such sequence of odd length.
Note that the length of V' is at most n; for if the length of V' was more than n, we
could find some proper subsequence V' of V' whose product would be the identity,
hence V\V’ would also have product the identity. Either V'’ or V\V’ must have an
odd number of elements, contradicting the minimality of V.

Let R’ denote the subsequence of R obtained by removing V' from R. There are
at least 7 — n elements in this subsequence, and by the above proposition, there are

at least ( r;n )/( "

" ) subsequences of R’ of length at most ¢ and at least t—n

whose product is the identity. If there are any such sequences of odd length, adjust
them by V to obtain a subsequence of R whose product is the identity. Thus there
n r—

Y

at least t — n whose product is the identity. ([

are at least ( " " ) subsequences of R of even length at most ¢t +n and

3.4. Preliminaries regarding the distribution of primes. Define 7(x) to be
the number of primes p < z, and 7(x,y) to be the number of primes p < z for
which p — 1 is free of prime factors exceeding y. We would like to bound 7 (z,y)
from below for at least some values of y. In particular, we would like to bound
m(x, 217 F) when 0 < E < 1. Let £ C (0,1) denote the set of numbers E for which
there exist numbers z1 (F),v1(E) > 0 such that

(13.1) m(z, '™ F) > 3 (B)7(2)
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for all x > x;(FE). Erdés [Erd35] proved that £ is nonempty and conjectured
that & is the open interval (0,1). Currently the best result known [EFri89| is that
(0,1-(2ye)™) C&.

Let 7(y;d,a) be the number of primes up to y that belong to the arithmetic
progression ¢ mod d. The prime number theorem for arithmetic progressions states
that whenever ged{a,d} =1,

(13.2) m(y; d, a) ~ w(y)/¢(d) for y — oo,

where ¢ is Euler’s totient function. We are interested in establishing a bound of
the form

oS W)
(13.3) m(y;d,a) > 20(d)
for d in a wide range, such as 1 < d < y/c. The bound ([I33]) will be easier
to establish if we can disregard some set of ‘exceptional’ d in the range. For our
purposes, the set of exceptional d must not depend on y. We do this by selecting
the range for which (I33) is to hold to be of the form

[1, min{z?, y/z'~P}]

for some 0 < B < 1 with the exception of some d in a set Dp(x). Further we need
a limit on the size of Dp(z). In [AGPI], we see how this can be done.

Theorem 14. Let B be the set of numbers 0 < B < 1 for which there are bounds

x2(B) and D(B) such that: if x > x2(B), ged{a,d} =1,
and 1 < d < min{z?,y/2' =B}, then

m(y)
m(y;d;a) >
i) 2 200a)
for all d not divisible by elements in a set Dp(x); the set D (x) has at most D(B)
elements and all the elements of Dp(z) exceed logx. We have (0,5/12) C B.

3.5. Prachar’s theorem revisited. Prachar [Pra55] showed that there are infin-
itely many integers m with more than 2¢1°g™/leglog™ {ivisors of the form p — 1,
p prime. In [AGPI], the authors modify Prachar’s argument. The following is a
slight modification of the result in [AGP1].

Theorem 14. Suppose that B is in the set B above, and « is the number defined
in the criterion for elliptic Carmichael numbers. There exists a number x3(B) such
that if © > x3(B) and L is a squarefree integer relatively prime to «, not divisible

1 1-B
by any prime exceeding x'~B)/2 and for which Z - < 33 then there is
mmmsﬂLq
a positive integer k < ax'~B, alk, with gcd{k, L} =1, such that

27D372 $B
#{L:lk—1<uazlk—11is prime} > #{Z|L:1§l§—}.
log x «
Proof. For each d € Dp(x) which divides L, we divide some prime factor of d out
from L, so as to obtain a number L’ which is not divisible by any number in Dp(z).
Thus w(L') > w(L) — Dp, where w(m) is the number of distinct prime factors of
m, and

(14.1) #IUL :1<1<y}>27PP4{IIL: 1 <1<y}
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for any y > 1. To see this, think of a divisor I’ of L’ as corresponding to a divisor [ of
L if and only if I divides I and I /I’ divides L/L’. So if | < y then the corresponding
" is < y. Moreover, for any divisor I’ of L', the number of divisors [ of L which
correspond to I’ is at most the number of divisors of L/L’, which is at most 2P%.
(From ([I33)) we see that, for each divisor [ of L’ with 1 <[ < %, we have

m(alx!=P) alzl=B alzl=B

>
20(al) T 2p(ad)log(adz'=B) = 2p(ad)logz’
since w(y) > y/logy for all y > 17 (see [RS62]). Furthermore, since any prime

factor g of L is at most z(1=5)/2 (by hypothesis), we can use Montgomery and
Vaughan’s explicit version of the Brun-Titchmarsh theorem [MV73|, to get

(14.2)  nw(alz'~P;al, —1) >

(al 1-B. 1) < 20zt~ B < 4 alzi—B
m(clx sadg, — < <
p(alg)log(x=B /q) ¢(q)(1 — B) p(al) log z
8 alz!—8B

q(1 — B) p(ad)logz’

Therefore, by (IZ42), the number of primes p < alz!~# with p = —1 (mod 1),
ged{(p+1)/I,L} =1 and o|(p+ 1)/l is at least

mlalzt =B al, —1) — Z m(adzt =B alg, —1) >

primes gq|L
1 8 Z alz!—8 S xl—B
2 1-B q | plad)logz ~ 4logx’

primes q|L
Thus we have at least
1-B B
T ulri<i<
4logx @

pairs (p,1) where p < alz!=8 is prime, p = —1 (mod ), ged{(p + 1)/I,L} = 1,
alp+ 1)/, I|L',and 1 <1 < % Each such pair (p,l) corresponds to an integer
(p+ 1)/l < az'~B that is divisible by a and coprime to L. Thus there is at least
one integer k < ax'~B with a|k and gcd{k, L} = 1 such that k has at least

B

1
#r1<1<
4logx «@

representations as (p + 1)/l with (p,1) as above. Thus for this integer k& we have

1 B
#lir1<i<
4logx «

and the theorem now follows from (I4.1). O

#{|L:1k—1<ux,lk—1is prime} >

Theorem 15. Let B be in the set B above, E be in the set £ above, L as in
Theorem above, a the number defined in the criterion for elliptic Carmichael
numbers, and e > 0. Set§ = ¢/(4B(1—FE)), and x = exp(y' 7). Fory large enough,
there is a positive y*/*th power free integer k < ax'~B, alk, with (k,L) = 1, such

that

—Dp—3 =B
#{Z|L:1§l§—}.
o

#{L:1k—-1<ux,lk—1 is prime} >

log x
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Proof. Let L’ be as in the proof of Theorem [I4l From the proof of Theorem [I4] we

have at least
B

1-B
* #{Z|L’:1§l§$—}
4logx @
pairs (p,1) where p < alz'=% is prime, p = —1 (mod 1), ged{(p + 1)/I,L} = 1,
alp+ 1)/, 1L, and 1 <1 < % Each such pair (p,l) corresponds to an integer
(p+ 1)/l < az'~B that is divisible by a and coprime to L.

Next we will estimate the number of multiples of « less than ax

1=B which are

not y%/*th power free. If py6/4 divides « - r, then py6/4_3 divides r. There are
azl_B/pyéM_3 numbers less than 2!~ that are divisible by py6/4_3. Thus there are

at most
1-B [e%s)
z 1-B 1 1
Z 5/4_3 =z [2@/‘”43 +/2 Zy‘s/‘*fsdz

Y
primcspp
1 1
< 1-B
< 2 g+ )
r1—B r1—B r1—B
< < =
= ov¥t—4 — 16ytd  16logax
1-B

multiples of « less than ax which are not y%/%th power free. Each of these

multiples of « corresponds to at most #{I|L': 1 <1 < %} pairs (p, 1), so there are

1-B 1-B B
r 7 4L 1<1<
4logx 16logx «@

pairs (p, 1) such that p < alaz!=5 is prime, p = —1 (mod 1), ged{(p + 1)/I, L} = 1,
al(p+ 1)/1, (p+1)/Lis y*/*th power free, [|I/, and 1 <1 < £

Thus there is at least one y%/4th power free integer k¥ < az'~F with alk,
ged{k, L} = 1, such that k has at least

1 B
#L1<i<
8logx @

representations as (p + 1)/l with (p,1) as above. Thus for this integer k& we have

1 B
#lir1<1<
8logx «

and the theorem now follows from ([I4.1]). O

#{|L:1k—1<ux,lk—1is prime} >

3.6. Least prime in an arithmetic progression. For coprime integers a and g,
q > 0, we define p(q, a) to be the least prime p that is greater than ¢ and congruent
to @ mod q. Let

p(q) = max{p(q,a): 1 <a<qg—1, ged{a,q} =1}.

Linnik [Lin44] showed that there exists an absolute constant ¢ for which p(q) <
¢°, and Heath-Brown [HB92] demonstrated that the ¢ is at most 11/2. Titch-
marsh [Tit30] showed, under the assumption of the Extended Riemann hypothesis,
that p(q) < ¢*(logq)*. Uchiyama [Uch72] proved that if A > 3 is a real number
and 0 < ¢ < A — 3, then for almost all positive integers ¢

p(q,a) < ¢(q)log” (q)
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except for possibly ¢(q)-(log ¢) ¢ values of a with (a,¢) = 1,1 < a < ¢q. Erdos [Erd49)
proved that if ¢; > 0 is any constant, then there exists a constant co depending on
¢1 such that for cap(q) values of a

p(g,a) < c1p(q)logg.
Granville [Gra89] showed that the density of integers ¢ > 0 for which p(q, a) < ¢f(q)
is one provided f(q) > ¢*~°M).
Heath-Brown [HB78] conjectured that p(q) < g(logq)?, and Wagstaff [Wag79)
gave heuristic arguments which support this; more precisely, McCurley noted that
an adaptation of his heuristic arguments in [McC86] suggests that

Tm p(Q)2 _
7= ¢(q)log” q
(see also [MSCO5], pages 278-280] and [BS96]).
We will use the following hypothesis, which is much weaker than the above

conjecture.
Hypothesis 3.6g. For g large enough

p(g, —1) < glexp{(log q)' "},
where E € £ and £ was defined in Section [34)

4. LOWER BOUND FOR ELLIPTIC CARMICHAEL NUMBERS

Let T (x) denote the number of elliptic Carmichael numbers up to .

Theorem 17. If Hypothesis 3.6 holds, then for each B € B and n > 0, there is a
number x4(E, B,n), such that whenever x > z4(E, B,n), we have T (x) > xEB-".

Remark. It is known that £ contains (0,1 — (2y/e)~!). Taking E close to 1 —
(2/e)~! gives a large lower bound, 7 () > x7, for large enough z. However, any
value of E € (0,1 — (24/€)!) is enough to give infinitely many elliptic Carmichael
numbers. In particular, there exist infinitely many elliptic Carmichael numbers
under the condition that p(q, —1) < glexp{(log ¢)'~¢}].

Proof. Let E € £, B € B, ¢ > 0. We may assume ¢ < EB. Set § = (1 — E)~! and
let y > 2 be a parameter to be made sufficiently large eventually. Denote by Q the
set of primes ¢ € (y?/logy, y?] for which ¢ — 1 is free of prime factors exceeding y.
By (I31) and the Prime Number Theorem,

Q> wB) L - ke
log(y”)  log(1%5)
0 0

W1 y 49
= m(E - sn(E '
M(E)iogym ~ 3 Eiog e <71(E)(910gy—10g10gy))

Since 460[y1(E)(flogy — loglogy)]~! < 1 for large enough y, we have

y9

log(y

(17.1) |Q > %%(E) 7

~—

for all sufficiently large y.
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Let L be the product of the primes ¢ € Q. Then

DY ég log log(y) — log log (=) + O(L/ [log(2)])

) q
rimes q|L o
p ql lgﬂ<q<ye

loglogy < 1-B
flogy — 32

(17.2) < tog (gher ) + 0 /lon()) < 2
Blogy

Y
for sufficiently large y.

Let 6 = e0/(4B) and let z = V'™’ By ([I72) we may apply Theorem [I5] with
B,E,z,L,6. Thus for all sufficiently large values of y, there is a y®/*th powerfree
positive integer k < ax'™P coprime to L, divisible by o = 16,488, 700,536 =
3-7-8-11-19-43-67-163, for which the set P of primes p < x with p =1k —1 for

some divisor [ of L, satisfies
—Dp-3 =B
#{Z|L:1§l§—}.

(17.3) 1P| >

log x @

Since the prime factors of L are all less than 3%, the product of any

e e ()] ()

distinct prime factors of L, is a divisor [ of L with [ < % Thus
B L u

(17.4) #{1|L:1gzgx—}z(w@) )2(M>
«@ u u

where w(L) denotes the number of distinct prime factors of L. By (IZ.I]) we get

which with (I73) and (I74) gives
Blog z—log(a)
[Pl > E Vl(E)ye—l—(s [Fte]
o logz 2B
105:—103((11/3) (97175)[3/9]
N N ENT =]
— logx ( 2B ) Y
9—-Dp—3 T 1—¢/27 (0—1-6)B/6
D —
o log x {(al/B) } )

for large enough y. Note that (§ — 1 —6)B/6 = EB —€/4, so

2-Ps—3 (IH/M

EB—e/4 —Dp—3
(175  |P|> ) > 2 7 BBt s BEe/s,

log x log x

for all sufficiently large values of y.

By Hypothesis 3.6z, there exists n < exp[(log(kL))!~¥] such that p = nLk — 1
is prime. By the Prime Number Theorem
(17.6) log L < [Q]log(y’) < m(y”)log(y”) < 2y°,

for all large 3. Since k < az'~5,

logk <loga + (1 — B)logz <loga+ (1 — B)y'™ <4°.
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Thus
(17.7) n < exp[(3y”) P < €™

for large enough y. Now A(L) is the least common multiple of the numbers ¢—1 for
those primes ¢ that divide L. Since each such ¢—1 is free of prime factors exceeding
y, we know that if the prime power p® divides A(L) then p < y and p® < y? (since
p?® divides one of ¢ — 1 < y?). Thus if we let p? be the largest power of p with
p% < 9% then by the Prime Number Theorem

(17.8) ML) < T < [T 0" < 09)*ms9 < e
p<y <y

for all large y.
Let Ly = nL - (gcd{n,k})y6/4 and let G be the group (Z/L1Z)*. We conclude
from Theorem ??, (IZ6), (IT1), and (L8] that

n(G) < ¥ FINL)(1 +logp(Ly))
(17.9) < WD 201 4 gy 404 | gy 4 00f) < BY

145/4

for all large y.
Set P’ = P\(QU {prime factors of n}). Since |Q| < y?, and n < e*¥ we have by

(IZH) that
(17.10) |P!| > 2BB—e/2

for all sufficiently large values of y.

We may view P’ as a subset of the group G = (Z/L1Z)* by considering the
residue class of each p € P’ modulo L;. If S is a nonempty subset of P’, denote
the product of the elements of & by II(S). We claim that if S contains an even
number of elements and if II(S) is congruent to 1 modulo L; then pII(S) satisfies
the elliptic Carmichael criterion, making it an elliptic Carmichael number.

Every member of P’ is congruent to —1 modulo k, so II(S) = 1 (mod k). The
product II(S) is also congruent to 1 modulo L;, where L1 = nL(ged{n, k})y6/4.
Since k is y*/*th power-free, TI(S) = 1 (mod nLk). The prime g is equal to nLk — 1
which implies both

(17.11) N =pII(S) = -1 (mod nLk),

and o+ 1|N +1. All primes p € P’ have the form p = [k — 1 for some [|L; therefore
p+ 1lkL, and by (ITII), p + 1|N + 1. Thus N = pII(S) is a squarefree number
with p+ 1|N + 1 for all primes p that divide N. Since a|k, each prime that divides
N is congruent to —1 modulo «. As a result, the composite N satisfies the elliptic
Carmichael criterion.

Let t = ev' """, Then, by Proposition [[3] we see that the number of distinct
products II(S) =1 (mod L;), where S C P’ has an even number of elements, and
IS| <t +n(G), is at least

( L1 ) Lt]

R o ( LIP’IIJL(G)J )/( LIP’Lva”L)(G)J ) > [|7D/|—7H(G)]H(G)

> ([P = n(@)) @),
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By (I79) and (I7I0) we get

R> (xEB—36/4)t—n(G) |_tJ —|t] )
Note that for large enough y,

‘= €y1+6/2 < (ey1+5)(EB—35/4)e/8

and n(G) < (ey1+6/2) €/8 = te/8.
Thus

R> (zEBf3e/4)t7te/8($E373e/4)7t5/8 > ($E373e/4)t(175/4) > :Et(EBfe)7

for all sufficiently large values of y.
We know each p € P is less than or equal to z, and

0
o <nLk < e¥¥eX az'™F < zte/?

by (I76) and (I7.7). So each elliptic Carmichael number pII(S) so formed is such
that pII(S) < att™(@)+te/2 < gt(0+e)  Thus for X = 2!+9) we have T(X) >
X17e7¢ > XEB=n for all sufficiently large y. But X = exp((1+€)y'* exp(y+9/2)),
so that 7(X) > XFB="_ for all sufficiently large values of X. Since y can be
uniquely determined from X, this completes the proof. O

5. COMPLEMENTS

For many examples, numerical issues and tables, constructions of Elliptic Carmichael
numbers based on [Che39] in the case of Carmichael numbers, we refer to [Eks99)].
Some other results proved there are (1) The elliptic Carmichael numbers are square-
free, (2) For any € > 0, the number of elliptic Carmichael numbers up to = which
have exactly k distinct prime factors is at most x(2#=1/(k)+¢ for large enough .

The Lucas-Fermat compositeness test has a strong version: If aV—1/ 2 =
1 (mod N), but a¥=1/2""" £ 41 (mod N), then N cannot be prime. D. H.
Lehmer [Leh76] showed that every composite number is declared composite by at
least one strong Lucas-Fermat test. In other words, Lehmer showed that there are
no strong Carmichael numbers. Analogously, Gordon [Gor87] defined a strong ver-
sion of the elliptic curve compositeness test: If [(N + 1)/2¥]Q = O (mod N), but
[(N +1)/2¥+1)Q (mod N) # 2-division point or O, then N cannot be prime.

In [Eks99], it is also proved that there are no strong elliptic Carmichael numbers
in this sense.
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