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Abstract

In 1987, Gordon gave an integer primality condition similar to the familiar test based
on Fermat’s little theorem, but based instead on the arithmetic of elliptic curves with
complex multiplication. We prove the existence of infinitely many composite numbers
simultaneously passing all elliptic curve primality tests assuming a weak form of a standard
conjecture on the bound on the least prime in (special) arithmetic progressions. Our results
are somewhat more general than both the 1999 dissertation of the first author (written
under the direction of the third author) and a 2010 paper on Carmichael numbers in a
residue class written by Banks and the second author.

1. Introduction

The problem of efficiently distinguishing the prime numbers from the
composite numbers has been a fundamental problem for a long time. By
Fermat’s little theorem, an ≡ a mod n for a prime number n and all integers
a. By repeated squaring and reductions the congruence can be quickly tested
for given numbers a and n, and thus if it fails we know that n is not a prime.
If |a| > 1, a number n is called a base a probable prime if the congruence is
satisfied. Note that n = 341 = 11 · 31 is a composite number satisfying this
congruence for a = 2; it is called a base 2 pseudoprime. We refer to such
a procedure as a compositeness test, since it can definitely establish that a
number is composite, but only gives evidence towards a conjecture that a
number is prime. (In particular, when we say n is a “probable prime” we are
not referring to a random process. The language suggests that if this is all
we know about n then it is probably prime. Indeed, the base a pseudoprimes
have relative density zero [38] in their union with the primes.)
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Unfortunately for the Fermat tests, it is shown in [1] that there are
infinitely many composite numbers N such that for every integer a,

aN ≡ a (mod N). (1)

The first examples, like 561, 1105, and 1729, were found by Carmichael ([8],
[9]); they are now known as Carmichael numbers.

Elliptic curves have been used to factor numbers (see [28] and [29]) and
prove the primality of numbers (see [17] and [3]). In [18], Gordon developed
compositeness tests using elliptic curves.

We describe Gordon’s idea. Some elliptic curves possess a property which
allows for a practical compositeness test that is very similar to, and just a
constant factor slower than, the Fermat test described above. Consider
the points with coordinates in Q on an elliptic curve E defined over Q.
They form an abelian group under the familiar tangent/chord construction,
the operation denoted by plus. An endomorphism is a rational map which
is a homomorphism of this group to itself. Repeated addition m times
is an endomorphism, as is inverse. Since the endomorphisms form a ring
(with composition as the product and elliptic addition as the sum), we
see that this ring contains an isomorphic copy of Z. If E has a larger
endomorphism ring, then the ring is known to be isomorphic to an order in
an imaginary quadratic field Q(

√
−d) of class number 1, and E is said to

have complex multiplication (or “CM” for short). (For example, the elliptic
curve y2 = x3−x over Q has endomorphism ring Z[i] with the endomorphism
i taking (x, y) to (−x, iy).) In this case, #E(Fp) = p+1 for any prime p > 3
not dividing the discriminant of E and with (−d|p) = −1. (See section 2.2
below for more on CM curves, and also [41].)

Let E be such a CM elliptic curve, and suppose Q ∈ E is a rational point
of infinite order. If N is an integer coprime to 6 times the discriminant of
E and with Jacobi symbol (−d|N) = −1, we can test N for primality. If
[N + 1]Q 6≡ O (mod N), where O denotes the point at infinity and calcula-
tions are done using the addition law of E, then N is a composite number.
If [N + 1]Q ≡ O (mod N) then N is an elliptic probable prime for Q ∈ E.
Any composite number which is an elliptic probable prime for Q ∈ E is
called an elliptic pseudoprime for Q ∈ E. Gordon [18, 19] defined an ellip-
tic Carmichael number for E to be an elliptic pseudoprime for all rational
points of infinite order on a given CM elliptic curve E. We will use the
phrase elliptic Carmichael number for a composite number N coprime to
6 which is an elliptic Carmichael number for every CM elliptic curve E/Q
with discriminant coprime to N . (This concept is made more precise below.)
An example of an elliptic Carmichael number is

617,730,918,224,831,720,922,772,642,603,971,311 = p(2p + 1)(3p + 2),

where p = 468,686,771,783.
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We modify the methods of [1, 15, 7] to give a conditional lower bound
for the number of elliptic Carmichael numbers in [1, x]. The results say that,
under a suitable hypothesis and large enough x, the count exceeds x2/7, and
under a weaker hypothesis there are infinitely many elliptic Carmichael num-
bers. Both of these hypotheses are bounds on the least prime in arithmetic
progressions and are weaker than the conjectured bound, recalled below.
In addition, under the same hypotheses, we show more generally that any
given coprime residue class (compatible with a technical condition stated
below) contains infinitely many elliptic Carmichael numbers. We also show
a similar result for ordinary Carmichael numbers, slightly strengthening the
results of [7].

We mention that there have been some other notions of elliptic pseudo-
primes in the literature, see [25, 11, 13, 42] .

2. Preliminaries

2.1. Carmichael numbers In 1899, Korselt [26] noted the following
property.

Theorem 2.1 (Korselt’s criterion). A positive integer N divides aN − a
for all integers a if and only if N is squarefree and p− 1 divides N − 1 for

all primes p dividing N .

Let C(x) denote the number of Carmichael numbers in [1, x]. In [1] the
authors use Korselt’s criterion to prove C(x) ≥ x2/7 for x large enough.
In[39], the authors show that

C(x) ≤ x1−{1+o(1)} log log log x/ log log x for x → ∞.

It is conjectured that this upper bound gives the true size of C(x) (see [38]
and [39]).

2.2. Elliptic curves See [12, 28, 41] for more details. For this section,
R will either be a field with char(R) 6= 2, 3, or the ring Z/NZ where N is
coprime to 6. We use projective coordinates (x : y : z) for points in the
projective plane P2(R). In the case that R = Q, we assume as we may that
x, y, z ∈ Z are coprime as a triple.

An elliptic curve over R given by the Weierstrass equation

y2z = x3 +Axz2 +Bz3, (2)

where A,B ∈ R for which ∆ := −16(4A3 + 27B2) ∈ R∗ is denoted by EA,B

or simply by E. We write ∆ = ∆E for the discriminant of E. The set of

points E(R) of E over R is

E(R) = {(x : y : z) ∈ P2(R) : y2z = x3 +Axz2 +Bz3}.
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The point (0 : 1 : 0) ∈ E(R) is called the zero point or point at infinity of
the curve, and denoted by O. Notice that if R is a field then this is the only
element of E(R) whose z-coordinate is noninvertible. Using the familiar
tangent/chord construction (as algebraic formulae), the set E(R) forms an
abelian group with O acting as the identity element. We refer to [28, 41]
for explicit description of rational operations giving the group law in terms
of the coordinates.

Let E = EA,B be an elliptic curve defined over Q. We wish to consider
the reduction of EA,B modulo a prime number. The elliptic curve EA,B is
represented in such a way that the set of points of EA,B reduced modulo 2
or 3 does not have the structure we would like. However, our ultimate goal
is a compositeness test, so in practice it will not be necessary to reduce
modulo 2 or 3. Let p be a prime that does not divide 6∆E . (Since ∆E is
divisible by 16, we might have written 3∆E here.) By abuse of notation,
we will let E(Fp) be the set of points of the elliptic curve EA(mod p),B (mod p)

defined over Fp. For any point (x : y : z) ∈ E(Q), as mentioned, we may
assume that x, y, z are integers that are coprime as a triple. There is a
natural homomorphism ηp : E(Q) → E(Fp) given by

ηp((x : y : z)) 7→ (x (mod p) : y (mod p) : z (mod p)).

This definition makes perfect sense if p is replaced with any positive inte-
ger N coprime to 6∆E . Hence we have a homomorphism ηN : E(Q) →
E(Z/NZ) given by reduction modulo N .

An endomorphism of E is a rational map ϕ : E → E that is a group
homomorphism. The set of endomorphisms of an elliptic curve E, denoted
by End(E), forms a ring with the group law of E as addition and the com-
position of maps as multiplication.

An important example of an endomorphism of E is the multiplication by

m map, [m] : E → E, where m ∈ Z. (For m > 0, [m]P is P added to itself
m times and [−m]P = −[m]P . Further [0]P = O.)

The ring of endomorphisms of E is either (isomorphic to) Z or an order
in an imaginary quadratic field Q(

√
−d) of class number 1, so that d ∈

{1, 2, 3, 7, 11, 19, 43, 67, 163}. In the latter case, E is said to have complex
multiplication by Q(

√
−d), or that E is a CM curve.

For the compositeness test we are going to discuss, it will be important
to know how many points there are in E(Fp). A celebrated theorem of Hasse
gives that #E(Fp) = p+ 1− ap, where |ap| ≤ 2

√
p. We can say more when

E has complex multiplication.

Theorem 2.2 (Deuring [14]). Let E be an elliptic curve defined over Q

with complex multiplication by Q(
√
−d). If p is a prime not dividing 6∆E,

then

#E(Fp) =

{

p+ 1, p is inert in Q(
√
−d)

p+ 1− tr(uπ), p = ππ splits in Q(
√
−d)
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where u is some unit in Q(
√
−d) and tr denotes the trace.

2.3. Elliptic curve compositeness test Let E be an elliptic curve
defined over Q with complex multiplication by Q(

√
−d). If p is a prime

that does not divide 6∆E and (−d|p) = −1, then we can predict the order
of the curve reduced modulo p; Theorem 2.2 states that #E(Fp) = p + 1.
Gordon [18] used this property to define a compositeness test: Start with
E an elliptic curve with complex multiplication by Q(

√
−d) and a point

Q ∈ E(Q) of infinite order. Let N > 163 denote a number coprime to 6 to
be tested. We compute (−d|N). If it is 1, we do not test and if it is 0, N
is composite. If it is −1, we compute [N + 1]Q (mod N). If it is O, N is
declared a probable prime for Q ∈ E and if it is not O, N is composite.

A composite number which is declared a probable prime for Q ∈ E is
called an elliptic pseudoprime for Q ∈ E. Let N (x) = NE,Q(x) denote the
number of such elliptic pseudoprimes in [1, x].

Gordon [19] showed N (x) is O(x log log x/ log2 x) assuming the Gener-
alized Riemann Hypothesis. In [33], Miyamoto and Murty proved uncondi-
tionally that

N (x) ≪ x(log log x)7/2/(log x)3/2.

(Note that the notation A ≪ B is synonymous with A = O(B).) This was
improved to

N (x) ≪ x exp{−c
√

log x log log x}
for some constant c > 0, by Balasubramanian and Murty [5]. Gordon and
Pomerance [20] showed

N (x) ≤ x1−log log log x/(3 log log x)

for all sufficiently large numbers x, depending on E and Q. For some special
curves, Gordon [19] showed the number of elliptic pseudoprimes for Q ∈ E
is at least

√
log x/ log log x.

2.4. Elliptic Carmichael numbers If N is an elliptic pseudoprime
for each rational point of infinite order of a CM curve E, then N is an
elliptic Carmichael number for E. We say N is an elliptic Carmichael

number for Q(
√
−d) if it is an elliptic Carmichael number for all ellip-

tic curves E/Q with complex multiplication by Q(
√
−d) whose discriminant

is coprime to N . If N is an elliptic Carmichael number for each Q(
√
−d),

d ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163} then we call N an elliptic Carmichael num-

ber.
We have a condition similar to Korselt’s criterion that is applicable

to elliptic Carmichael numbers. In the following, we suppose that d ∈
{1, 2, 3, 7, 11, 19, 43, 67, 163}.

Theorem 2.3 (Elliptic Carmichael condition for Q(
√
−d)). A squarefree

composite number N coprime to 6 with an odd number of prime factors is
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an elliptic Carmichael number for Q(
√
−d) if for each prime p | N we have

(−d|p) = −1 and p+ 1 | N + 1.

Proof. Since (−d|N) is the product of (−d|p) for primes p | N and N has
an odd number of prime factors, we have (−d|N) = −1. Suppose E is an
elliptic curve over Q with CM by Q(

√
−d) such that the discriminant of E

is coprime to N and Q is a point of infinite order on E. The conditions
that (−d|p) = −1 for each prime p | N implies via Theorem 2.2 that in each
E(Fp) we have [p + 1]ηp(Q) = O. Since p + 1 | N + 1, it follows that each
[N +1]ηp(Q) = O. Thinking of these Fp-equations as congruences modulo p
and since N is squarefree, the Chinese remainder theorem then implies that
[N +1]ηN (Q) = O in E(Z/NZ). Thus, since N is composite, it is an elliptic
Carmichael number for Q(

√
−d).

Consider the condition (−d|N) = −1. If d = 1 or 2 then N ≡ −1
(mod 8) satisfies this condition. For d = 3, 7, 11, 19, 43, 67, 163, we have
(−d|N) = (N |d) and since these d’s are all 3 modulo 4, (N |d) = −1 when
N ≡ −1 (mod d). Let

α = 8 · 3 · 7 · 11 · 19 · 43 · 67 · 163 = 16,488,700,536.

Note that if N ≡ −1 (mod α), then N satisfies the condition (−d|N) = −1
for all d listed above.

Theorem 2.4 (Elliptic Carmichael condition). Let N be a squarefree,

composite positive integer, and with an odd number of prime factors. Then

N is an elliptic Carmichael number if for each prime p | N we have α | p+1
and p+ 1 | N + 1.

Remark 2.5. To ensure (−d|p) = −1 for all d ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163},
we require p ≡ −1 (mod α). The class −1 (mod α) is not the only con-
gruence class with this property; p could be congruent to any one of 3 ·
5 · 9 · 21 · 33 · 81 = 7,577,955 classes modulo α and have (−d|p) = −1 for
all d ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}. We restrict the primes to the class −1
(mod α) in the above condition because it is convenient; this restriction will
not have a detrimental effect on our main result.

3. Statement of hypotheses and results

In [1], the authors prove there are infinitely many Carmichael numbers
by constructing infinitely many squarefree composite numbers N such that
p − 1|N − 1 for all primes p dividing N . They also mention that being
able to construct infinitely many squarefree composite numbers N such that
p+1|N+1 for all primes p dividing N would have significance for the elliptic
curve compositeness test. This problem is mentioned again in [2].
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Recently Banks and Pomerance [7], under an unproved hypothesis con-
cerning the size of the least prime in a coprime residue class, showed that
for any positive integer m and any integer a coprime to m, there are in-
finitely many Carmichael numbers N ≡ a (mod m). Actually the main idea
in [7] had appeared earlier in Ekstrom [15] and was rediscovered in the later
paper.

In this section we modify the methods of [7] and of [15] to prove some-
what more general results. Our theorems are conditional, with a weaker
version requiring a weaker unproved hypothesis, and a stronger version re-
quiring a stronger one. The weaker hypothesis is qualitatively the weakest
we know that can prove an infinitude of elliptic Carmichael numbers. For
a positive integer m and an integer a coprime to m, let p(m,a) denote the
least prime p ≡ a (mod m), and let p(m) denote the maximum of p(m,a)
over all choices of a.

Conjecture 3.1. There is a positive number ξ such that

p(m) ≪ m1+ξ/ log logm

for all integers m ≥ 3.

Conjecture 3.2. There is a positive number κ < 1 such that

p(m) ≪ m1+(logm)κ−1

for all integers m ≥ 3.

We note that if Conjecture 3.2 holds for some value of κ < 1, then
Conjecture 3.1 holds for each value of ξ > 0. A conjecture of Heath-Brown
[23] that p(m) ≪ m(logm)2 implies Conjecture 3.2 for each value of κ > 0,
so both Conjectures 3.1 and 3.2 may be viewed as weaker forms of Heath-
Brown’s conjecture. For heuristic arguments supporting the Heath-Brown
conjecture and results on the question, see [4, 16, 21, 32, 37, 43, 44].

The best that is known unconditionally is that there is a constant C
such that p(m) ≪ mC , a result of Linnik [30]. Heath-Brown [24] showed
that C = 5.5 works and the smallest value of C for which this is known to
hold is C = 5.2, see [45].

Definition 3.3. For integers m,a, b withm > 0, gcd(m,a) = 1, and b = ±1,
let C(x;m,a, b) denote the number of composite squarefree integers N ≤ x
such that N ≡ a (mod m) and for each prime factor p of N we have p ≡ a
(mod m) and p+ b | N + b.

The case of b = −1 in Definition 3.3, namely the case when the numbers
N that are counted are Carmichael numbers, was dealt with in [7]. The case
of b = 1, m = α, and a = −1 is of interest for elliptic Carmichael numbers
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(or more generally any coprime choice for m,a such that α | m and a ≡ −1
(mod α)), by Theorem 2.4. Note that the requirement that there are an odd
number of prime factors is now automatically satisfied.

We shall prove the following two theorems.

Theorem 3.4. If Conjecture 3.1 holds with ξ = 1/7, then for all choices

of integers m,a, b with m > 0, gcd(m,a) = 1, and b = ±1,

C(x;m,a, b) > x1/(7 log log log x)

for all sufficiently large numbers x depending on the choice of m and a.

In particular, if Conjecture 3.1 holds for ξ = 1/7, then there are in-
finitely many integers that are elliptic Carmichael numbers for every imag-
inary quadratic number field of class number 1.

We will use the notation P (k) to denote the largest prime dividing an
integer k > 1 and π(x; a, b) to denote the number of primes in [1, x] of the
form an+ b.

Theorem 3.5. Suppose that the real number E in (0, 1) has the property

that the number of primes l ≤ x with P (l− 1) ≤ x1−E is x1−o(1) as x → ∞.

If Conjecture 3.2 holds with κ = 1−E, then for each fixed choice of integers

m,a, b with m > 0, gcd(m,a) = 1, and b = ±1,

C(x;m,a, b) ≥ x
5

12
E−o(1) as x → ∞.

Note that the expression o(1) in Theorem 3.5 may depend on the choices
of m and a. We remark that the largest real number E known to have the
property in the first sentence of the theorem is 0.7039, a result of Baker and
Harman [6]. This justifies the x2/7 lower bound mentioned for the number
of elliptic Carmichael numbers in [1, x]. It is likely the number “5/12” in
this theorem can be slightly increased by the method of [22].

Remark 3.6. We mention a new paper of Matomäki [31] where it is shown
unconditionally that C(x;m,a,−1) > x1/5 for all sufficiently large x in the
case that a is a square modulo m. It is not clear if the methods of this paper
can be applied to elliptic Carmichael numbers.

4. Proofs of the principal results

4.1. Some tools We begin with some tools, in particular a result that
shows the existence of numbers with many divisors that are shifted primes.

Proposition 4.1. Let m,a, b be integers with m > 0, gcd(m,a) = 1,
and b 6= 0. Let B be a positive number with B < 5/12. There are positive
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numbers cB, xB,m with the following property. If x ≥ xB,m and if L is

a squarefree integer coprime to mb with at most x1/4 prime factors whose

reciprocal sum is at most 1/60, then there is a positive integer k ≤ x1−B

that is coprime to L such that

#{p prime : p = dk + b for some d | L with d ≤ xB, p ≡ a (mod m)}
≥ cB

ϕ(m) log x
#{d | L : d ≤ xB}.

Proof. This result is almost identical to Proposition 1.5 in [2], but we give the
details for convenience. (We remark that the analogous result in [7], namely
Lemma 2, was incorrectly stated; it left out the important conclusion that
k is coprime to L.) Let B′ be the average of B and 5/12. According to [1],
there is a set SB(x) of integers all greater than log x with #SB(x) ≤ SB ,
where SB is a constant depending only on B, such that if q, u are integers
with 1 < q ≤ xB

′

, gcd(q, u) = 1, and q not divisible by any member of
SB(x), then

π(y; q, u) ≥ y

2ϕ(q) log y
for all y ≥ qx1−B′

. (3)

We may take xB,m > em, so that no member of SB(x) divides m. For each
member s of SB(x) for which gcd(s, L) > 1, remove one prime factor of
gcd(s, L) from L. This creates a new number L′ where L′ | L and L/L′ has
at most SB prime factors. Since m and L are coprime and L is squarefree,
we thus have no member of SB(x) dividing mL′.

For a number d coprime to m, let Cd be the solution to the Chinese
remainder problem

Cd ≡ a (mod m), Cd ≡ −b (mod d).

We now count positive-integer pairs (d, k) where d | L′, d ≤ xB , k ≤ x1−B ,
and p = dk − b is a prime with p ≡ a (mod m). Note that for xB,m large
enough, we have dm ≤ xB

′

. The count of pairs (d, k) is precisely

∑

d|L′

d≤xB

π(dx1−B ; dm,Cd) ≥
∑

d|L′

d≤xB

dx1−B

2ϕ(dm) log(dx1−B)
≥
∑

d|L′

d≤xB

dx1−B

2ϕ(dm) log x

using (3).

We wish to show that the number of such pairs (d, k) where gcd(L, k) > 1
is small. For each prime l | L consider pairs (d, k) as above where l | k. The
number of these pairs is given by

∑

l prime
l|L′

∑

d|L′

d≤xB

π(dx1−B ; dml,Cdl).
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For those values of l > x2/7, we upper-bound the summand by

1 +
dx1−B

dml
≤ 2x5/7−B

m
.

Multiplying by the number of primes l | L, which is assumed to be at most
x1/4, our bound in this case is at most 2x27/28−B/m. We use the Brun–
Titchmarsh inequality (see [34]) when l ≤ x2/7, getting the majorization

∑

l prime
l|L′

l≤x2/7

∑

d|L′

d≤xB

2dx1−B

(l − 1)φ(dm) log(x1−B/(ml))
<
∑

d|L′

d≤xB

dx1−B

5ϕ(dm) log x
,

using for the last estimate the assumption about the reciprocal sum of the
primes l | L, that m < log x, and that B < 5/12.

Putting these estimates together, we have that the number of pairs (d, k)
with d | L, d ≤ xB , k ≤ x1−B , k coprime to L, and p = dk + b prime with
p ≡ a (mod m) is at least

∑

d≤xB

d|L′

(

dx1−B

2ϕ(dm) log x
− 2x27/28−B

m
− dx1−B

5ϕ(dm) log x

)

≥ x1−B

4ϕ(m) log x

∑

d≤xB

d|L′

1

for large x. There is thus at least one value of k ≤ x1−B coprime to L with
at least

1

4ϕ(m) log x
#{d ≤ xB : d | L′}

appearances in pairs (d, k). Since the mapping that sends d | L to the divisor
d/(d, L/L′) of L′ is at most 2SB : 1, we have

#{d ≤ xB : d | L′} ≥ 1

2SB
#{d ≤ xB : d | L}.

Our result now follows with cB = 1/2SB+2.

For a finite abelian group G, let D(G) denote the Davenport constant for
G defined as the least positive integer D such that for any length-D sequence
of group elements, there is a non-null subsequence with product the identity
(we assume G has “product” as the group operation). Let λ(G) denote
the universal exponent for G, equivalently, the order of the largest cyclic
subgroup. The following result is a slightly weakened form of [1, Theorem
2].

Proposition 4.2. For any finite abelian group G,

D(G) ≤ λ(G)(1 + log(#G)).
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Let R denote a sequence of length r consisting of elements of G, where r
is significantly larger than D(G). By the definition of D(G), we know there
exists at least one non-null subsequence of R that has product the identity.
In fact there are many such subsequences. We will use the following result
which is [1, Proposition 1.2].

Proposition 4.3. Let G be a finite abelian group and let r > t > D =
D(G) be integers. Any length-r sequence of elements of G contains at least
(r
t

)

/
( r
D

)

distinct subsequences of length at most t and at least t−D, whose

product is the identity.

4.2. Proof of Theorem 3.4 Fix integers m,a, b withm > 0, gcd(m,a) =
1, and b = ±1. Fix some real number B with 0 < B < 5/12. Let y be a
large real parameter and let

L = L(y) := {l prime : y/ log y < l ≤ y, P (l − 1) ≤ y/(log y)2}.

We have

#L = (1 + o(1))y/ log y as y → ∞. (4)

To see this, note that the primes in (y/ log y, y] that are not in L are of the
form kq+1 with q prime and q > y/(log y)2. We conclude that k < (log y)2.
Sieve methods (see [35]) give that uniformly for k < (log y)2, the number
of primes q ≤ y/k with kq + 1 prime is O(y/(ϕ(k) log2 y)). Summing on k
gives a total of O(y log log y/ log2 y) primes in (y/ log y, y] that are not in L.
Thus, the prime number theorem implies that there are (1 + o(1))π(y) =
(1 + o(1))y/ log y primes in L, as y → ∞. This proves (4).

Let L = L(y) denote the product of the primes in L. We assume that y
is so large that L is coprime to m. Further, by (4) we have

L = e(1+o(1))y as y → ∞.

We would like to apply Proposition 4.1 with x = L1/B , but we must check
that the hypotheses hold. Since L has fewer than logL ≪ log x prime
factors, we may assume that y is so large that L has fewer than x1/4 prime
factors. Further, the reciprocal sum of these primes is ≪ log log y/ log y, so
we may assume y is so large that this reciprocal sum is smaller than 1/60.
Thus, by Proposition 4.1, there is an integer k ≤ x1−B coprime to L such
that with

P = P(y, k) := {p prime : p = dk − b for some d | L, p ≡ a (mod m)},

we have (by (4) and using that m is fixed)

#P ≥ cB
ϕ(m) log x

τ(L) =
cB2

#L

ϕ(m) log x
= 2(1+o(1))y/ log y as y → ∞. (5)
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(Note that Proposition 4.1 requires d ≤ xB, but xB = L, so there is no extra
condition on d other than d | L.) The expression τ(L) denotes the number
of positive divisors of L, which in this case is 2#L.

Since P is nonempty and gcd(m,L) = 1, it follows that there is an
integer a′ coprime to M := lcm[kL,m] with a′ ≡ −b (mod kL) and a′ ≡ a
(mod m). Assume now that Conjecture 3.1 holds with ξ = 1/7 and let p0
be the least prime with p0 ≡ a′ (mod M). Thus,

p0 ≪ M1+1/(7 log logM).

Write p0 = −b+ ukL, so that

u ≤ e(1+o(1))y/(7B log y) as y → ∞,

using that m is fixed and kL ≤ x1−B · xB = x = L1/B = e(1+o(1))y/B .
Remove from P any member which divides uLp0, denoting the resulting

set as P ′. Since uLp0 has O(y) prime factors, estimate (5) implies that for
all large y,

#P ′ ≥ e(log 2+o(1))y/ log y as y → ∞. (6)

We view the set P ′ in its natural order as a sequence in the subgroup G of
(Z/ukLmZ)∗ consisting of residues g ≡ ±1 (mod k). Since (k, L) = 1, we
have

λ(G) ≤ 2umλ ((Z/LZ)∗) = 2um · lcm{l − 1 : l ∈ L}.
If p divides this lcm, with pnp being the exact power of p appearing, then
pnp | l − 1 for some l ∈ L. Thus, pnp < y and also p ≤ y/(log y)2, so

lcm{l−1 : l ∈ L} ≤
∏

p≤y/(log y)2

pnp ≤
∏

p≤y/(log y)2

y ≤ y2y/(log y)
3

= e2y/(log y)
2

,

for y sufficiently large, by the prime number theorem. Thus, with the above
estimate on u and using that m is fixed, we have

λ(G) ≤ e(1+o(1))y/(7B log y) as y → ∞.

Since #G ≤ 2uLm ≤ e(1+o(1))y , it follows from Proposition 4.2 that

D(G) ≤ e(1+o(1))y/(7B log y) as y → ∞.

Suppose S is a nonempty subsequence of P ′ with product nS equal to
the identity in G. Then nS is squarefree, nS ≡ 1 (mod ukLm), and for each
prime p | nS we have p ≡ a (mod m). Now let NS = p0nS . Then NS is
squarefree and composite, NS ≡ −b (mod ukL), NS ≡ a (mod m), for each
prime p | NS/p0 we have p+ b | kL | NS + b, and also p0+ b = ukL | NS + b.

Let ǫ > 0 be arbitrarily small but fixed, and let y be so large that

D(G) ≤ D :=
⌈

e(1+ǫ)y/(7B log y)
⌉

.
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Let t = 100D and let

X = X(y) := exp
(

(1 + ǫ)(y/B)100e(1+ǫ)y/(7B log y)
)

.

Thus, X ≥ x(1+ǫ/2)t ≥ xt+2 for large y. We have

log log logX = (1 + o(1)) log y as y → ∞. (7)

Further, if N is the product of p0 and at most t primes from P ′, then
N ≤ xt+1+o(1) so that for large values of y, we have N ≤ X.

We now produce a lower bound for C(X;m,a, b). Using the above con-
struction of numbers NS and Proposition 4.3, we have

C(X;m,a, b) ≥
(

#P ′

t

)

/

(

#P ′

D

)

≥
(

#P ′

t

)t

#P ′−D

= #P ′99D(100D)−100D.

Using our estimate (6) for #P ′, we have

C(X;m,a, b) ≥ exp

(

D

(

(99 log 2− ǫ)
y

log y
− 100(log 100 + logD)

))

≥ exp

(

D
y

log y

(

(99 log 2− ǫ)− (1 + ǫ)2
100

7B

))

= X [99 log 2−ǫ−(1+ǫ)2100/(7B)]/[100(1+ǫ)(log y)/B]

for y large. Since (99 log 2 − 100/(7B))/(100/B) > 1/7 if B is sufficiently
close to 5/12, we may choose B and ǫ and use (7) to conclude that

C(X;m,a, b) ≥ X1/(7 log log logX)

for all large y. Since X = X(y) is a continuous increasing function, we may
choose X first and then determine the value of y which allows the argument
to work. This completes the proof.

4.3. Proof of Theorem 3.5 The proof follows the same general pattern
as the proof of Theorem 3.4 that was just completed. We assume E is as
given in the hypothesis, and we let ǫ > 0 be arbitrarily small, but fixed. Let
y be a large real parameter and let

L = {l prime : y1/(1−E)−ǫ < l ≤ y1/(1−E), P (l − 1) ≤ y}.

By our hypothesis, we have

#L = y1/(1−E)+o(1) as y → ∞.

Let L denote the product of the members of L so that L = exp(y1/(1−E)+o(1))
as y → ∞.
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Let x = exp(y1+ǫ) and apply Proposition 4.1 to L with parameters
m,a, b. We deduce that there is an integer k ≤ x1−B coprime to L such
that if P is the set of primes produced in Proposition 4.1, we have

#P ≫ 1

log x
#{d | L : d ≤ xB},

since m is assumed to be fixed. Let

s =

⌊

log(xB)

log(y1/(1−E))

⌋

= (1 + o(1))B(1 −E)
y1+ǫ

log y
as y → ∞,

and note that the product of any s primes from L is at most xB. Thus

#{d | L : d ≤ xB} ≥
(

#L
s

)

≥
(

#L
s

)s

= exp(s(log#L− log s)).

Since log#L = (1/(1 − E) + o(1)) log y and log s = (1 + ǫ + o(1)) log y, we
have

#{d | L : d ≤ xB} ≥ exp
(

(1 + o(1))B(1 − E)(1/(1 − E)− 1− ǫ)y1+ǫ
)

= exp
(

(EB − ǫB(1− E) + o(1))y1+ǫ
)

as y → ∞.

We conclude that #P ≥ exp
(

(EB − ǫB(1− E) + o(1))y1+ǫ
)

as y → ∞.
Define M , p0, and u as in the proof of Theorem 3.4. By hypothesis, we

have Conjecture 3.2 with κ = 1− E, so we have

u ≤ exp(y1+o(1)) as y → ∞.

We define the group G as in the proof of Theorem 3.4. Since λ((Z/LZ)∗) =
eO(y), we deduce as before, that

D(G) ≤ exp(y1+o(1)) as y → ∞.

Let
D =

⌈

exp
(

y1+ǫ/3
)⌉

so that D(G) ≤ D for y large. Let

t =
⌊

exp
(

y1+2ǫ/3
)⌋

and X = x3+exp(y1+2ǫ/3),

so that xt+2 ≤ X. Hence the product of p0 and any t primes from P is at
most X when y is large.

Removing those few primes from P which divide uLp0 to form P ′, as in
the proof of Theorem 3.4, we have

#P ′ ≥ exp
(

(EB − ǫB(1− E) + o(1))y1+ǫ
)

as y → ∞.
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We now apply Proposition 4.3 to get a lower bound for C(X;m,a, b) as in
the proof of Theorem 3.4:

C(X;m,a, b) ≥ #P ′t−Dt−t ≥ exp
(

(EB − ǫB(1− E) + o(1))y1+ǫt
)

= XEB−ǫB(1−E)+o(1) as y → ∞.

Since ǫ > 0 is arbitrary and B is arbitrarily close to 5/12, we have Theo-
rem 3.5.

5. Complements

For examples, numerical issues, tables and constructions of elliptic Car-
michael numbers based on [10] in the case of Carmichael numbers, we refer
to [15]. Some other results proved there are (1) Elliptic Carmichael numbers
are squarefree, (2) For any ǫ > 0, the number of elliptic Carmichael numbers
in [1, x] which have exactly k distinct prime factors is at most x(2k−1)/(2k)+ǫ

for large enough x, depending on k and ǫ.
The Fermat compositeness test has a strong version: If 2k+1 | N − 1 and

a(N−1)/2k ≡ 1 (mod N), but a(N−1)/2k+1 6≡ ±1 (mod N), then N cannot
be prime. Lehmer [27] showed that every composite number is declared
composite by at least one strong Fermat test. In other words, Lehmer showed
that there are no strong Carmichael numbers. Analogously, Gordon [18]
defined a strong version of the elliptic curve compositeness test: If 2k+1 |
N + 1 and [(N + 1)/2k]ηN (Q) = O, but [(N + 1)/2k+1]ηN (Q) is not a 2-
division point or O, then N cannot be prime. In [15], it is also proved that
there are no strong elliptic Carmichael numbers in this sense. On this general
subject, also see the new paper [36] of Müller. Finally we remark that it has
been unconditionally shown [40] that any given given coprime arithmetic
progression contains infinitely many (ordinary) strong pseudoprimes to any
fixed base.
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