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Abstract

A Fibonacci integer is an integer in the multiplicative group gen-
erated by the Fibonacci numbers. For example, 77 = 21 - 55/(3 - 5)
is a Fibonacci integer. Using some results about the structure of
this multiplicative group, we determine a near-asymptotic formula
for the counting function of the Fibonacci integers, showing that up
to = the number of them is between exp(c(logz)'/? — (logz)¢) and
exp (c(log z)'/2 4 (log 2)'/6%€), for an explicitly determined constant
c. The proof is based on both combinatorial and analytic arguments.



1 Introduction

Let (F,)p>1 be the Fibonacci sequence given by Fy = Fy = 1 and Fj, 49 =
Foi1+ F, for all n > 1 and let G be the set of integers in the multiplicative
group generated by (F,),>1 inside Q*. Hence, Gp consists of all integers
which can be represented as a ratio of products of Fibonacci numbers. We
call the members of Gr Fibonacci integers. The smallest positive integer n
that is not a Fibonacci integer is 37, and the number of Fibonacci integers
in [1,100] is 88. One might think then that most integers are Fibonacci
integers, but this is not the case. For a positive real number z let Gp(z) =
Gr N1, z] be the set of Fibonacci integers in [1,z]. In [5], it was shown that
the estimate

#Gr(r) <a holds for all x > 2

_r
(log )4

with any constant A, where the implied constant above depends on A. Ap-
plying this with any A > 1, it was deduced in [5] that

Z%<oo.

neGr

Here, we improve on this estimate.

Theorem 1. For each fized € > 0, the estimate

exp (C(log )!/? — (log w)ﬁ) < #Gr(x) < exp (c(log )% + (log x)1/6+6>

holds for all sufficiently large x, with
=5.15512...,
o

where C is the Riemann zeta-function and o = (1 + /5)/2 is the golden
mean.

Our method is general and can be applied to any Lucas sequence of
general term
a™ — b"

a—>

Uy = or v,=a"+b" forall n>1,

where a + b, ab are nonzero integers and a/b is not a root of 1. Write
G, and G, for the positive integers in the multiplicative groups generated



by {un}n>1 and {vp}n>1 inside Q*, respectively, and for a positive real
number z write G,(z) and G,(x) for the intersection with [1,z] of G, and
Gy, respectively. Then, at least assuming that a and b are real, both #G,,(x)
and #G,(x) obey estimates of the same shape as what is shown in Theorem 1,
where in the formula for the constant ¢ we need to replace (1 4 v/5)/2 by
max{|al,|b|}. Perhaps this is still true even when a and b are complex
conjugates but we have not worked out the details for this situation. To
simplify the presentation, we shall deal only with the Fibonacci sequence.

2 Arithmetic considerations
Let a = (1++/5)/2 and 8 = (1—+/5)/2 be the two roots of the characteristic
equation X2 — X — 1 = 0 of the Fibonacci sequence. Then it is well-known
that " gn
a f—
F,=2"7
n a_ ﬁ

For a positive integer m write

holds for all n > 1.

. (X)= [ (X —exp(2rik/m)) € Z[X]

1<k<m
(k,m)=1

for the m-cyclotomic polynomial and let

(X, Y)= [] (X - exp(2mik/m)Y) € Z|X,Y]

1<k<m
(k,m)=1

be its homogenization. Further, let ®,, stand for ®,,(a, 3). Note that for
m > 1, ®,, is an integer. We have

Fr =[] ®a (1)
dlm
d>1

and by Mobius inversion, we have, for m > 1,
d
B = [ PG, (2)
dlm

where p is the Mobius function. In particular, ®,, € G when m > 1.
Formula (1) shows that the numbers ®,, for m > 1 generate the same group



as the Fibonacci numbers. It turns out that this group is almost freely
generated by the numbers (®,,),,~1. This is not exactly so because of the
exceptions

Fg _ FiaFy
FyFy FsFy

The numbers ®,, capture the so-called primitive prime divisors of F,,
namely those primes p dividing F,, that do not divide F;, for any n < m.
It is known that each F},, when m # 1,2,6,12, has at least one primitive
prime factor. Let W,, be the product of the primitive prime factors of F,
with the corresponding exponents as they appear in F},,. For m > 1, we have
U,, | ®,,. To investigate the quotient ¢, = ®,,/¥,,, note that for every
positive integer k there exists some integer n such that k | F,. We write
z(k) for the smallest such n (the index of appearance of k in the Fibonacci
sequence). Thus, we can rephrase the condition that p is primitive for F,,
as z(p) = m and the definition of ¥, as

\I"m = H pap.

PP ||
z(p)=m

Further, 6,, = ®,,/¥,, = 1 except if

Py =1, &= 22 =02 Oy=

—6=>3-By.  (3)

m = pFz(p) for some k > 1 and prime p.

If m = pFz(p) and m # 12, then 6, = p.

All of the above properties can be found in either Section 2 of [1], or in
[6]. If p is prime and z(p) = m, then p = 0,£1 (mod m), and the sign in
fact equals the Legendre symbol (2—9) In particular, we see that if 6, = p

is an odd prime, then p = P(m), where we write P(m) for the largest prime
factor of m. Thus, if m (# 12) is of the form p¥z(p), then it is uniquely of
this form; that is, p and k are determined.

Let M = N\ {1,2,6,12}. The result that F,, has a primitive prime
factor for each m € M shows that the group generated by (F},),>1 is freely
generated by (®,,)mear. This group is also freely generated by (Fi)mem,
but the cyclotomic numbers ®,, almost freely generate the Fibonacci integers
as a mutiplicative semigroup. However, there are some Fibonacci integers
not of this form, for example

Doy Dos q ®37.19P113.19

, =, an
®3 " Py D9

The following lemma sheds some light on the structure of Gp.



Lemma 1. Assume that Z,J are finite multisets of indices with m;,n; €
M, n; #mj foralli€Z, jeJ and

n=[]®n [ ®m €N

i€l JjeT
There exists an injection f from the multiset of prime factors of

I %, =pip2- i
JET

into the multiset {n;},cz where f(p;) = pflz(pl) for some k; € N.

Proof. 1f p is a prime factor of [ [ ¥, then z(p) = m; for some j € J. Since
mj & {ni}icz, it follows that p = §,, for some i € 7 and n; = pkz(p) for
some positive integer k. In particular, if p®||[] ¥,,,, then there are at least
a values of i € T with n; of the form p*z(p) (perhaps with different values
of k), so that we may assign each factor of p to a different n;. Further, since
no n; has two different representations in the form pkz(p) with p prime and
k > 0, we may continue this mapping for each prime factor of || U, U

Remark 1. Lemma 1 does not tell the whole story. What is not being
accounted for in the result is the contribution of the primes in [];c 7 dm;
which also need to occur in the product [[;,c; ®n,. It turns out that these
primes are negligible in our counting problem.

Remark 2. We remark that a prime p is a Fibonacci integer if and only if
V() = p and 0,(,) is a Fibonacci integer. Since d(,) is either 1 or a prime
(much) smaller than p, we thus have a simple algorithm for determining if
a given prime is a Fibonacci integer. The first few primes which are not
Fibonacci integers are 37, 43, and 53. Since ¥,, is exponentially large in
n, it is easy to see that the number of prime Fibonacci integers in [1,z]
is O(logz). Probably there are infinitely many of them, but we do not
know how to prove this. It seems to be a slightly easier assertion than the
conjecture that there are infinitely many prime Fibonacci numbers, but that
doesn’t seem to be of much help.

Yuri Bilu asked us if, in general, it is decidable whether a given natural
number n is a Fibonacci integer. The arguments in the next section, and in
partiqular (10), show that this is indeed the case.

Remark 3. Say that a Fibonacci integer is an atom if it exceeds 1 and it
is not the product of two smaller Fibonacci integers. Let =, = V¥,, if 4, is



a Fibonacci integer, and otherwise, let =, = ®,, (cf. Remark 2). Using the
thoughts behind Lemma 1 it is possible to characterize the atoms as the
union of {Z,, : n € M} and
l
Hi:l (I)pfim '
Em

meM,E,=p1...p, 1 > 2, andplflm,...,pflmEM},

where pq, ..., p; denote primes. The Fibonacci integers do not enjoy unique
factorization into atoms. Here are three examples based on the fact that
$19 = 37-113: Let n(j,!) denote the atom Pz7;.19P1131.19/ P19, where 5,1 > 0,
and note that

P37.19 X Pr13.19 = P19 X (1, 1),
@372,19 X Tl(l, 1) = @37.19 X n(2, 1),
n(1,1) x n(2,2) =n(1,2) x n(2,1).

Such redundancies complicate the possible attainment of an asymptotic for-
mula for the distribution of Fibonacci integers.

Lemma 2. The inequality
a?m-1 < < oM+l (4)
holds for all integers m > 1.

Proof. The lemma holds with equality at the lower bound when m = 2, so
assume m > 3. From (2), we get

(d)
mid _ qm/a\" D _ o) _ (ﬁ)m/d '
o =TTz =TT (e ) o (1 (2 ,

dlm dlm dlm

so that since f/a = —a ™2,

= log <<I>m/oz¢(m)) = Z,u(d) log <1 - (—oz_Q)m/d) .
dm

It suffices to show that |L,,| < log . Note that if & € N,

Z ‘log (1 — (—oz_2)j)| < Z |log (1 — oz_2j)|

>k >k

= Z L ——— - ‘log (1 — a_%)‘ .

i>1



If m is not squarefree, we have
| Lo | < Z |log (1- (—of2)j)‘ < ‘log (1- a_2)| = log a.
j>1

Suppose m is squarefree and p is the smallest odd prime factor of m. Then
p+1tm. If mis odd,

[Lin| < [log (14 a7?%) ~log (1+a"#)[+ > [log (1~ (~a"?)/)]|
Jj>p+1

< [log (1+a~%) ~log (1 +a~)| + flog (1 - =)
=log (1+a?) —log (1 +a %) —log (1 —a ?7?)
<log (14+a7?) <loga.

If m is even,

| L | < |log (1+ ofz) —log (1 - a_4) —log (14 oz_2p)|

+ Z |log (1 — (—a™2)7)]

J>p+1
<|-log(1—a7?) —log (1+a )|+ |log (1 —a 22|
= —log (1 — a_2) — log (1 + a_2p) — log (1 — a_2p_2)
< —log (1 — oz_2) = log a.

This completes the proof. O

3 Combinatorial arguments

Let Gy be the multiplicative semigroup freely generated by {®,, }mer inside
the set N of natural numbers and for a positive real number z let Gi(x) =
G1 N [1,z]. In the next section, with tools specific to complex analysis, we
will prove the following theorem.

Theorem 2. For each fixed € > 0, the estimate
exp (c(log )% — (log a:)e> < #G1(z) < exp (c log x + (log x)E) (5)

holds for all sufficiently large x.

In this section, we shall show how to use this theorem and the results of
the previous section to complete the proof of our main result, Theorem 1.



It suffices to deal with the upper bound on #Gr(z), since the lower bound
is an immediate consequence of Theorem 2 and the fact that each ®,, for
m € M is a Fibonacci integer.

Let z be large and assume that

N=]]®. ] <=

i€z JjeTJ
is an integer. We need to bound from above the number of such possible
N’s. For each m € M, let [(m) = Q(¥,,) be the number of primitive prime

factors of ®,, counted with multiplicity. Let f be an injection from the
multiset of prime factors of
I,

JjeT
into the multiset {n;};c7 as guaranteed by Lemma 1. For j € 7, let p; 1 >
Pj2 =+ = Pji(m;) be the multiset of prime factors of ¥y, and for 1 <1 <

l(mj), let nj; = f(pj1), so that n;; = p?j’lmj for some positive integer k; ;.
Thus, by a change in notation, we wish to count the number of numbers of

the form
l(mj

)
1
N=|Ilg— II @ |[[®n <= (6)
jeg ™M =1 i€
(Note that numbers N in (6) are not necessarily integers since if some @,
has a non-primitive prime factor, we have not necessarily arranged for it to

be cancelled with some corresponding prime among the ®,,’s, see Remark 1.)
We thus have

#Gp(r) <D #Gi(x/w), (7)

where w ranges over rationals of the form of the parenthetical double product
in (6).

Fix some 7,1 and look at m := m; and n := n;; = pFm, where p = Dj1
is a primitive prime factor of ®,, and £ > 1. By Lemma 2, we have

% > qfm)—¢(m)-2 (8)
We claim that 1
H(n) — Blm) — 22 Zo(n). o)
Indeed, if p = 2, then m = 3 and k > 3, so that
1 1 1
d(n) — p(m) —2 = 3" 4> 6" = 5@(”)

8



If p =3, then m =4 and k£ > 2, so that
B(n) — Bm) ~ 2= 10— 4> 2 =6(n).

In the remaining cases, we have p > 5 and ¢(m) > 4, so that

H(n) — om) —2 2 6(pH)é(m) — Sp(m) >

In each case we have (9).
It follows from (6), (8), and (9) that

L(m;) 9
DD o) < o loga,

JjeJ =1

and so using the minimal order of ¢, we have

I(my

)
SO n <K, (10)

jeg I=1

where K = |klog zlogloglog x| and « is an absolute computable constant.

Since nj; = pjfl’lmj, we also have each p;1m; < K. So, the inequality

my

l(m;
< \I/mj < pj(l 7)
m; ’

and Lemma 2 imply that [(m;) > m;/(loglog x logloglog x). Thus,
I(mj) > ——

(loglog )2 (11)

for sufficiently large z, each j € J, and all J as above.

Let L = (log x)'/6. We say a multiset {n;,} is good if for each j there are
at most L distinct primes p;; with exponents k;; at least 2. We say {n;,} is
bad if for each j, there are more than L distinct primes p;; with exponents
kj;; at least 2. Each multiset in our problem can be partitioned into a good
multiset and a bad multiset. With T, U, M positive integers, let N be the
set of good multisets with 7" distinct m;’s and let Ny as be the set of bad
multisets with U distinct m;’s, where the sum of the distinct m;’s is M. Let
Wr denote the set of rationals w in [1,z] of the form

l(mj

)
1
w= H D H P s

jeg =™ =1



where the multiset {n;,;} is in N7 and let wr be the least member of Wr,
with wp = 1 if Wy is empty. Similarly define Wy ys and wy s for multisets
in Ny . We have from (7) that

#or@) < Y Y #G (=) < Y #4 (ﬁ) NNy,

TUM weWr T.UM
w' EWY M

(12)
where T, U, M run up to K, and Ny =1+ #Np, Nyy =1+ #Num.

We wish to count the number of multisets {n;;} arising with certain
constraints. Such a multiset uniquely determines the corresponding multiset
{m;}, and so we count by first choosing this simpler multiset and then
extending to {n;;}. The number of ways of choosing a multiset {m;} with
Som; < K and with T distinct m;’s is at most KT < exp(37T loglog x)
for « large. Given some my;, the number of corresponding multisets {n;;}
is at most (2log K)"™) < exp(2m;loglogz) for large x, since I(m;) <
m; and the number of choices for an exponent k;; for the prime p;; is at
most log K/log p;; < 2log K. In the case where we know that the number
of distinct primes p;; which have exponents at least 2 is at most L, the
number of ways of choosing these distinct primes is at most K. Fixing
one such prime p, the number of ways of choosing exponents for all of its
copies is at most K218 K for large x. Indeed, with Z = |2log K|, we are
counting integer vectors (v1,...,vz) where vg is the number of copies of p
with exponent k. If there are s copies of p in all, then each v < s. So, there
are at most (s + 1)Z choices, and it remains to note that since s < K/2, the
above quantity is smaller than K212 K for large values of x. So, the total
number of ways to choose these L distinct primes and exponents for them
and their copies is at most K2l K < exp(3L(loglog )?). We conclude
that

NrNum < exp (3(T + U + M + L)(loglog z)?) . (13)

Thus, to use (12), we wish to have upper bounds for T, U, M and lower
bounds for the numbers wr and wy,. We will see that these tasks are
related. Suppose wr arises from the multiset pair {m;}, {n;;}. Without
loss of generality, we may assume that m1,...,mp are distinct. Since each

10



pj1 > mj — 1 and m; > 3, we have by (11)

U(m;) T l(my) T
DDz > pumy = Y lmy)(my — m,
jeT 1=1 j=1 I=1 j=1
T+2
1 9, 14,
> -1) > —=T71".
~ (loglog )2 j:3‘7 U=-1= (log log x)?

We conclude from Lemma 2, (9), (10) and the minimal order of ¢ that

T4
> -
wr > exp <(10g Iog x)3> (14)

for all large x.

We achieve two lower bounds for wy s as follows. For {n;;} in Ny,
with corresponding multiset {m;}, we assume that m1, ..., my are distinct.
For each j < U there are more than L distinct primes p;; with exponent at
least 2 in n;;. Each of these primes satisfies p;; = 0, £1 (mod m;), so that
> pil > L?’m? and > > nj; > L3 ng’ As above, we deduce that

L om > (15)

WU,M = eXP ( log log x

for all large . In addition, the primes associated with m; are all different
from the primes associated with m; when m; # mj, so there are more than
UL distinct primes p;; with exponents at least 2 among the various n;;’s.
The sum of their squares is at least of order U?L3, and since each m; > L
(using I(m;) > L), we have > > n;; > U3L*. We thus deduce that

U3LA
wy,M = €Xp (@) (16)

for all large x. By Holder’s inequality, we have

U U 1/3
M:ijg Zmi’ U2/3,
j=1 j=1
so that from (16) and then (15), we obtain
(log wyr ar)'/3 (log wyr ar)>?

U<

< 713 (log log z)'/3, MSW(loglogzn)wg (17)

11



for all large x.
Note that for 1 < w < =z,

x\1/2 1/2 logw\ /2 1/2 log w
— — - = < —
(log w) (log ) <1 log < (log) ! 2logx

2 logw
2(log x)1/2"

Thus, from Theorem 2, we have

— (log )

clog(wrwy,ar)

x
T oo (eftog )2 CRoBTRUA)
#01 () < e (clog )2 = SELEE (g )
for all large . With (12) we thus get,

#Gp(x) < clog(wrwy M)>
< S8 ITMUM) ) Np Ny .
exp (elloz )+ (g )] = 2, "\ 2fiogayr ) NN

(18)
Since the sum in (18) has at most (K + 1) terms, it suffices to show that
each term is at most exp((log z)'/t¢/2). Suppose 2/3 < a < 1 and we have
shown that all of the terms in (18) with wywy s > exp((log z)%(log log )%)
are negligible. (We definitely have this for a = 1 since no term satisfies this
inequality.) Then (14) gives T' < (log z)**(loglog x)? and (17) gives both
U < (logz)¥3-2/%(loglog )2 and M < (log x)>*/9=17/54(loglog z)*. Note
that a/3 —2/9 < 5a/9 — 17/54 < a/4, so from (13),

NrNya < exp (4(log 2)%*(log log x)4> .

Since a/4+1/2 > 2/3, we thus may replace a with a/4+1/2 in the argument,
since those terms with wrwy s > exp((log x)¥/41/2(loglog )°) are now
seen to be negligible in (18) because a/4 < a — 1/2. In a finite number of
steps, we reach a value of a with 2/3 < a < 2/3 + ¢, and then all remaining
terms in (18) are smaller than exp((log z)/%+¢/2). This completes the proof
of Theorem 1. O

Remark 4. To improve on the exponent 1/6 in Theorem 1 it would seem
that a finer knowledge of the prime factors of the numbers ®,, would be
needed. It seems reasonable that for all large m there is a prime factor
of ®,, that is larger than any fixed power of m, and if this is the case,
the exponent 1/6 can be replaced with 0. Assuming a strong form of the
abc conjecture, it follows that for each fixed ¢ > 0 the number ®,, has a
squarefree divisor larger than ®1-¢ for all sufficiently large m (see [7]). Using
this, our argument would give exponent 1/8 in place of 1/6 in Theorem 1.

12



4 Analytic arguments

In the previous section, we reduced the problem to counting the number of
positive integers in [1,z] that belong to the semigroup G; freely generated
by {®;,}merm. We need to prove that this number satisfies the estimate
given by Theorem 2.

Note first that the Dirichlet series associated with Gy is given by

= Z n_%= H (1 — q);"bz)_l.

negy meM

In view of the exponential growth of ®,,, the series D(z) converges for
R(z) > 0. Now we apply the following well-known variant of Perron’s for-
mula (see, e.g., [4]):

Glz) =Y (1 - g) - 2% /Ho %dz (19)

n<w —i00
negy

for any r > 0. It will later turn out to be advantageous to work with this
variant rather than Perron’s formula itself. The integral in (19) is estimated
by means of the saddle-point method. In order to choose r appropriately,
we have to study the behavior of D(z) as z — 0. We have

log D(z Z log (1 — — Z log (1 — exp(—(log @,,,)2)) .
meM meM
(20)
Now we apply the Mellin transform to this harmonic sum; the Mellin trans-
form of —log(1—e™*) is given by I'(s)((s+1), which implies that the Mellin
transform of log D(z) is I'(s)((s 4+ 1)C(s), where

C(s) = Z (log @,,,)"°
meM

Next we need information on the analytic behavior of the Dirichlet series
C(s), which is provided in the following lemma:

Lemma 3. The Dirichlet series C(s) satisfies

C(s) = (loga)™ Z o(m A(s),

m>1

where A(s) is analytic on R(s) > 0 and satisfies A(s) = O(|s|) for e <
R(s) < e, where the implied constant only depends on e.

13



Proof. Write L, = log ®,, — ¢(m)log«a as in the proof of Lemma 2, and
recall that
| L | < log

for arbitrary m > 1. Thus, we have

A(s) =C(s) — (loga)~ Z d(m

m>1
= —(log)*(2+27°+47*) + > ((log @) * — (log @) "*¢(m)~*) .
meM

The first part is analytic and bounded in the indicated region, so it remains
to consider the sum over M, which we denote Ag(s). We have

oo Ey (i) )

meM
so that
- B _ |$ Ly |
Ag(s)| <« |(log ) ™? m)”°| + m)~*|-
Ao (s)] < |(log @)~ m% [¢(m) "] m% o)l S og a
d(m)<|s| B(m)=>]s|

<|loga)™|| D dlm)+ls| Y ¢m)""~

meM meM
d(m)<|s| d(m)>|s|

< |s.
This shows that the sum converges absolutely and uniformly on compact
subsets of the half-plane R(s) > 0, and so we have that Ay(s), and hence

A(s), is analytic on this half-plane. This completes the proof of the lemma.
O

The Dirichlet series ), -, ¢(m)~* was studied, for instance, in [2]. Since
¢(m) is multiplicative, we have the Euler product

-5 __ a\—s __ 1
Z QS(TTL) - HZQS(Z) ) - H <1+ (p_ 1)3(1 _p—s)>

m>1 p a>0 p
=[[a-p)" J[O0+-1)*-p)
=¢)- [+ @-1=p7).

14



The second factor converges for R(s) = o > € > 0, and it is easy to show
that it grows subexponentially as |[$(s)| — oo in this region. Indeed, noting
that (1 —1/p)~* =1+ O(|s|p™!) if p > |s|, we find

log[J1+@-1)—p~*) = Zlog (14— 1) — )
:Zlog(1+(p Zlog 1 p= (1— (1 1/p)™))

p<|s| p>|s|

=Y log (1+0(p™7)) + Y log (L+O(lslp™1))

p<|s| p>|s|
<Y p T+ sl Y < s T < s

p<|s] p>|s]

Since |I'(s)| decreases exponentially as |J(s)| — oo, this is therefore also
the case for I'(s){(s + 1)C(s), which allows us to apply the Mellin inversion
formula: we have

2+100
log D(r) = i/z T(s)C(s + 1)C(s)r" ds.

218 Jo_iso

If we shift the path of integration to ®(s) = € and pick up the residue at
s =1 (see [3] for details), we obtain

log D(r) = é +O(r™9),

where the constant A is given by

I'(1)¢(2) - p? —p+1
log '1;[(14_(]9_1) Lo logal;I p(p
p~° _C@%B)
logal;[ 1-p 1— =3) " ((6)loga’

By similar arguments, we find that

d log ®,,

L logD
7z 08 D) = oz 1

meM
has Mellin transform —I'(s){(s)C(s — 1), which yields

d A —1—¢
ElogD(z) = —T—2+O(7’ ),

15



and in the same manner

2

d
@ log D(Z)

Finally, we have, if z = r + it,

2A

== 7‘_3 + O(T‘_2_E).

Z=T

d3 (log ®,,)3®2, (92, + 1)
—log D(z)| = my_m
3 z _ 3
‘w ,g% (@, — 1)
3FHT r
< 3 (RSl - o),
meM ( m )

uniformly in ¢. Now we can expand log D(z) into the series:

log D(r) — it (% + O(r_1_6)> — g <i—? + 0(7‘_2_E)> +0 <t—‘43> .

If we restrict ourselves to the central part |t| < T = 77/5 then this gives us
iAt  At?
log D(z) = log D(r) — — — — + O(r'/?
08 D(=) =log D(r) ~ 5 ~ -+ 0(1),
when 0 < r < 1. Using
1 1 It| 1 1
L O(—), = —_(140(t])) =1+ 0(r),
= (1vo(M)). = a0t = 1+00)

we consequently have

D(z)a*  D(r)a" eXp< iAt At (T1/5)>‘

At AT 0
z(z+1) r2 rd totlog T+

Now choose r in such a way that the linear terms in the exponent cancel,
ie., r=+/A/logz. Then the central part in the integral in (19) is

r+iT z r T At2
1 D(z)a* _ D(r)a" 1 / exp <_7~—3> <1—|—O(r1/5)> &t

2mi J,_ip 2(z+1) r 2r ) o

Completing the integral on the right to the entire interval (—oo,00) only
yields an exponentially small error term, hence we have

— z = .
27t Jp_ir 2(z+1) r 2V A

L DOTVE (1 o).

r+iT z r
1 D(z)x g D(r)x 1 3/ (1 +O(T1/5)>
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It remains to estimate the part with [t| > 77/° in the integral in (19).
The part [t| > 7! can be trivially estimated, since |D(z)| < |D(r)|:

1 r+100 D z 1 r+100 1
—/ ﬂdz SD(T)%T'—/ ——dz
2718 Jpir—1 2(2 + 1) 21 Joir—1 |2(2 + 1)

<L rD(r)a",

and likewise for ¢t < —r~1.

Here it is essential that we were using the
modified version of Perron’s formula to obtain a convergent integral.

For the part 77/% < |t| < r~!, we need another estimate for D(z).

Lemma 4. Write z = r + it, and suppose that v7/°> < |t| < r~1.

have the estimate

Then we

log D(r) — R(log D(2)) > r— '/
uniformly for 0 <r <1/3.

Proof. First of all, we reduce the task to an estimate for certain exponential
sums. We have

05 D(z) = — 3 log (1-;7) = 3 D" L

meM meM k=1

=Y > %@;jﬂ” (cos(ktlog ®,,) — isin(ktlog D))
meM k=1

Hence,

log D(r) — R(log D(2)) = Z Z %@;fw (1 — cos(ktlog ®,,))
meM k=1

> Z O " (1 — cos(tlog ®,,)) .
meM

By Lemma 2, ®,, < a®M+L < o™ for m € M, which implies "> 1/«
for m <771, m € M. So we obtain the following estimate:

log D(r) = R(log D(2)) = o™ Y (1 — cos(tlog ®pn)),
m<r-—1
which allows us to restrict our attention to a somewhat simpler sum. We

distinguish several cases.

17



If |t| < r, we then have
|tlog @,,| < |[t/mloga < rmloga <loga < g
for m < r~! and thus 1 — cos(tlog ®,,,) > t*>(log ®,,)2. Hence, we obtain

log D(r) — R(log D(=)) > 3" (log ®)? > 3 o(m)*
m<r—1 m<r—1
Now an elementary argument shows that
> o(m)* =< M?,
m<M

/5. we have

so that using [t| > r
log D(r) — R(log D(2)) > t2r~3 > ¢r71/5,

If 7 < |t| < r'/5, we can apply the same argument to obtain

log D(r) — R(log D(z)) > a™* Z (1 — cos(tlog ®,,))

m<r—1
>at Z (1 — cos(tlog @,,))
m<|t !
> 17 ) (log @) > 2|t 72 > 0715,
m<|t]~!

For [t| > r'/5  we need different arguments. Write X = r~1. Clearly,

Z (1 — cos(tlog ®,,)) > Z (1 — cos(tlog ®,,))

m<X meN
for any set A of integers in [1, X]. We focus on the following two cases:
I. Take the set N7 that consists of all numbers p and 2p where p is a prime
in the interval [4, 5]. We have
aP — (3P

a—p

log(®,) = log F}, = log < > = ploga —log(a — ) + O (ofX/2> ,

2

using 3/a = —a~*, and

log(®o),) = log(F,/F),) = log (of + 7) = ploga + O (a_X/z) .
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Thus,

Z exp(it log )
meN
= (1 + exp(—itlog(a — (3))) Z exp(itplog a) + O <XofX/2> .
X/4<p<X/2

Since #N; is twice the number of primes in [X/4, X/2], we now have the
estimate

Z cos(tlog ®,,) =R Z exp(itlog ®,,) | < Z exp(itlog ®,,)

meNy meN meN
N .
< ? |1 4 exp(—itlog(a — B3)) | + o(1).
IT. Similarly, for an odd prime ¢ < log X, we consider the set N of all
integers of the form pq or 2pq, where p € [4%, g(—q] is prime. We have

o8 — o (2= e )

= (pq — p)log a + log(a — B) — log (a? — 39) + O (a_2p)

and

aPd 4 (3P
log(®2,,) = log <(oz1” B (ot + ﬁq)>
— (pg—p)loga —log (a + #) + O (a™%) .

Then the same reasoning as above shows that

Z cos(tlog ®,,)

meNy
1 +exp <itlog(a — ) +itlog <ZZ i_ gz>> ‘ +o(1).

#N,

< 77a
- 2

Now suppose that X is large enough that there exists a prime ¢ in the
interval

glogY logY
2log o’ 2log

19



for all Y > X119 which is guaranteed by the prime number theorem.
Choose ¢ in such a way that it lies inside this interval with Y = [t|X/3; by
our assumptions on ¢, we have Y > X~1/5. X1/3 ~ X1/10 Tt follows that

and thus

X—1/3 — ’t’Y_l < ’t’a—2q < ‘t‘Y—6/7 — ’t’1/7X_2/7 < X_1/7.

Using 3/a = —a~2, we thus have
a4 34
exp <it10g <aq+gq>> —1‘ > X3, (21)
a f—

Now consider the two expressions

1
A = 3 |1+ exp (itlog (o — 3))]

. ‘ ‘ al + 34
Ay = 3 ‘1 + exp <ztlog (= ) +itlog (oﬂ - 5‘1))

Trivially, Ay, A2 < 1, and the estimate (21) now shows that either A; <
1—C X723 or Ay < 1— C1X2/3 for some positive constant C;. In the
first case, we obtain the estimate

Z (1 — cos(tlog @) = #N1 — (1 — CLX 23 %N,

meN

and

X1/3
log X~

= C1 X 2BHN, >

In the second case we have, analogously,

X1/3

1-—- tlog ®p,)) > —5—.
3 (1 con(tlog @) > -y

mENq

In either case, the proof of the lemma is completed. O

Making use of this lemma, it is now easy to estimate the remaining part
of the integral:

1 r4ir—! D z r4ir—! 1
— / Diz)a” dz| < D(r)z" eXp(—C’gr_l/5)/ ——dz
210 Joyirs 2(2 4+ 1) rairt/s |2(z 4+ 1)

< |log r| exp(—Cor~?)D(r)a"

20



for some positive constant Cs.
Putting all three parts of the integral together, we obtain

= exp (2y/ATog 7 + O((log 2)/?))

for any fixed € > 0. The quantity #G;(z) that we are actually interested in
can be estimated in terms of G(x) as follows: trivially,

#G1(z) > G(x).

On the other hand, however, we have

#gl(x)S<1—IO;x>_l > ()

n<xlogx
negy

= (1 ! >_1 G(xzlogx) = exp (2\/Aloga: + O((logw)6/2)> )

B log x

which proves Theorem 2 and thus also completes the proof of Theorem 1.
We remark that it is possible to obtain an asymptotic formula for G(z) (and
also for #G;(z)) by further studying the behavior of C(s) (near s = 0).
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