Some Number Theoretic Matching Problems

Carl Pomerance

§1. INTRODUCTION.
Let & be a relation on the integers. Then we may
be able to define two number theoretic functions f? ' gg

as follows,

Definition 1. If n is a natural number, let

£ o(n) denote the least natural number such that for every

integer m, there is a one-to-one mapping

F: domk (N {1, ..., h} > m+ 1, Lo, ma fﬁ(n)}

such that for each i € domF, we have (i, 7 (1)) € &R

Definition 2. If n is a natural number, let

ge(n) denote the maximal integer such that there is a

one-to-one mapping

G: rng®R (1 {n + 1, .., n + gﬁ(n)} > 4

.such that for each i € domg@G, we have (G(i)}i)_é /.

Note that it is possible for a given relation &
for either_ fﬁ(n) or gg(n) not to exist._ However if &
is a natural relation and if fE(n) or gQ(ﬁ) happen to
exist, we then have the interesting s>roblem of finding exact
or approximate formulae for them. I1 this short survey
article we present some attractive p-oblems attached to

three natural relations #&.
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Let ¢ be the coprime relation where {a,b} € ¢

if and only if .(a,b) = 1. The problem of computing
fn(n) 1is due to D. J. Newman. It is clear go(n) does not
exist.

Le£ # be the prime factor relation where
(a,b) € € if and only if a is a positive prime and alb
The problem of computing fg(n) is due to P. Erdb6s and
J. L. Selfridge, while the problem of computing ,gg(n) is

due to C. A. Grimm.
Let 5 be the proper divisor relation where

(a,b) €5 if and only if alb and 1 < a < b. The
problems of computing £,(n) and g,(n) are due to P. Erd8s

and C. Pomerance.

§2., D. J. NEWMAN'S COPRIME MAPPING CONJECTURE.
About 20 years ago, D. J. Newman conjectured that
fcjn)=:n for all n. That is, for every pair of natural

numbers m, n, there is a one~to-one mapping
F: {1, ..., n} > {m+1, ..., m+ n}

such that (i,F(i)) = 1 for each i, 1 =41 = n, Daykin
and Baines [3] showed that a "coprime mapping" F always
exists in the special case m = n. Chv4tal {2] proved
Newman's conjecturé for all n =< 1002. Recently, Pomerance
and Selfridge [10] proved Newman's conjecture in complete
generality. This task was accomplished by producing an
algorithm for thé construction of a coprime mapping F .

We now describe this algorithm,
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Clearly it is a trivial matter to produce coprime
mappings in the cases n = 1, 2. So assume n = 3 and
assume we have given algorithms for the construction of
coprime mappings in every prior case., Let N = n - [n/2]
denote the number of odd numbers in {1, ..., n}. Then

N =2 2. Label these odd numbers k k where

1[0--,N
¢(ki)/ki = w(ki+l)/ki+l for 1 =1i < N, ¢ denoting
BEuler's function. If 1 =i < N~2, let F{ki) be the
least even number in {m+l, Ce ey m%n} that is coprime to
ki and not in {F(kl)’ ey F(ki_l)}. Thus F(ki) will
~exist if there are at least i even numbers in

{m+l, ..., min} that are coprime to k;. This condition

is in fact always satisfied and follows as any easy corol-

lary of the following result.

Theorem A. Let D{u,N) denote the number of posi-

tive odd a = 2N-1 with ¢{a)/a = u. For each integer k,

let E(k,N) denote the maximal number of integers coprime

to k that can be found among any set of ‘N consecutive

integers. Then if k is odd, 1 < k = 2N-1, and _k is not

the largest prime not exceeding 2N-1, then

D(¢(k)/k,N} < E(k,N).

If {m+l, ..., m+n} has N even numbers, then Ko1Ky

can be easily seen to be mapped in a coprime fashion to the
two remaining even numbers. If {mtl, ..., m+n} ‘has only
N~1 even numbers, then kN is sent to the last remaining

even number and kN— is sent to one of m+l, m+n, which

1
are both odd.
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In either case, we have exactly [n/2] remaining
numbers in {m+1, -+« Mtn}  which are all odd and consecu-
tive. We must map the even numbers {2, ..., 2[n/2]1} in a
one~to-one, coprime fashion to this string of consecutive
Qdd.nuﬁbers. Here we use our induction hypothesis for
[n/2]  to show We can complete this last step.

Thus a proof of Theorem A is all that remains to
Prove Newman'sg conjecture., Thisg task is not exactly easy.

It should be recognized that the function D(u,N) is related
to the distribution function Dm(u) of  @(n)/n:

D _(u) = 1im & . card{a < n , ¢(a)/a = ﬁ}.
¢ noe I

In the proof of Theorem A, an idea of Erdds [4] on estimating
D@(u) is used to estimate D(u,N}. But since an asymptotic
estimate is not of very much use in Theorem A, explicit
estimates on the pPrime counting function @{x) due to Rosser

and Schoenfeld I12] must pe used.

83, GRIMM'g PROBLEM,

Grimm [ 9] conjectured that if P < p' are consecutive
Primes, then 9o(P) = p"~p-1. rhat is, if n+l, ..., n+k are
all composite, then there are distinct primes Ppir +-es P
with pi,n+i. Grimm's problenm is stil1l unsolved, but there
has been some Progress on it and the more general problem of
estimatihg gg(n)-

ConcerningfheIatterproblem,Ramachandra,shorey,and

Tijdeman [11] showed

(1} dp(n)  >>  (log n/loglog n)3.
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' Erd8s and Selfridge [8] have showed that

(2) gp(n) << (n/log n)t/2.

Thus if Grimm's conjecture is true and P, P' are consecu-

tive primes, then

P’ - p << (p/log p)l/z.

This extraordinary_corollary, which does not even appear to
follow from the Riemann Hypothesis, shows that Grimm's con-
jecﬁure, if true, must lie Very'deep. |
There is a wide gap betweén (1) and (2), so short
of improving on these estimates, one might ask what can be
done for infinitely many n. ErdSs and Selfridge [8] have

shown there is a positive constant e wtih

fﬂ3) g9(n) = exp(cl(log n iogloé n)l/z)

for infinitely many n. They also stated without proof that
there is a positive constant c, and infinitely many n

such that

gg(n) = exp(c2 log n logloglog n/loglog n).
We now prove that there is a positive constant C, with
(4) gp(n) S exp(c,(log n loglog n)l/?)

for infinitely many n.
Indeed, let ¢¥i{x,y) denote the number of integers
n = X not divisible by any prime exceeding y. Let

L = L{x) = exp((log x loglog x)l/z). By de Bruijn {1]
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there is a positive constant o such that

b (x, La) N X/LW/Z

o
for all large x. Let Wy = X/I, + kL2Ot for k =10, 1,
2.+ . 'Then by an averaging argument, for some
k = x/Lza, there are at least 1% integers in the inter-

val (w divisible only by primes not eXceeding

% Wk+1)_
1*. But W(La) < La, 80 there is no way we can pick

distinct prime factors for these 1% integers. Thus

gg(wk) < W w, = L

This shows we.may take C3= 30 in (4).

Let p(u) denote bickman's function, so that if
u =1, w(x,xl/u) v plu)x (see de Bruijn [11). Another
averaging arqument shows that for each ¢ > 0, the lower
density of the set of n with gg(n) < n® is at least
p{l/e) > 0.

In light of these results, we conjecture that there

are positive constants Cyr Cg with
exp(c4(log n loglog n)l/z) < gg(n) < exp(cs{log n loglog n)l/z)

for all large n.

§4. A PROBLEM OF ERDES AND SELFRIDGH.

Recently Erdfs and Selfridge [ 5] considered the
problem of estimating fg(n), the least number so that
for each m there are distinct integers A1 vy aTNn)

in  (m, m+f o(n}] with pi[ai, i = a{(n). Here p; denotes
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the i-th prime, Surprisingly little can be proved about
fg(n). It is obvious that fg(n) = p1ﬂn) {just take

m = 0). In fact, from looking at

m= PomyPam)-1 7 Pan)-1’

we see that fQ(n) = quﬂn)nl' Thus for every € > 0,
fg(n) z (2~¢)n - for all large n. ErdS8s and Selfridge [ 5]
have shown that fQ(n) = {3-¢g)n for all large n., They

accomplish this by showing that for each k = ko(e). There

is a set of k2 primes qp <0 <9 5 and an interval of
k(;
length at least (3-g)g , which contains only 2k distinct
k
multiples of the g, . Their proof uses Brun's method.

i
On upper bounds for fg(n), the best that is known

comes from Erd8s and Pomerance [ 6] who show
1/2

fQ(n) << n3/2(log n) To this observer, there‘certainly

seems to be ample room for improvement on both the upper
and lower bounds for fgtn).

The proof of the upper bound just mentioned for

.fg(n) uses the famous "Marriage Theorem" of Hall. This

theorem states that if R € s x T and if for each A & 5,
the cardinality of R(A) is at least as big as the cardi-

nality of A, then K& contains a one-to-one function map-

ping S into T.

§5, THE RELATION .5,
In {6], Erd8s and Pomerance consider the function
fﬁ(n), the least number so that for every m there are

distinct integers ay, ..., @, in (m, m+fﬁ(n)] with



i[ai for each i s n, (Note that it is unimportant to

insist 1 < i < a; in this problem.)  They show

(5) n(log n/loglog n)l/2 << fﬁ(n) << n3/2.

The upper bound in (5) is similar to the upper bound for
fg(n) mentioned in §4 and, in fact, the proofs are essen-
tially the same. The lower bound in (5) comes from examin-
ing the special case m = n, Thus if f(n) is the least
integer‘for which thgre are distinct integers 17 wusy a,

in (n, f(n)] with i[ai for each i = p, then in [ 6]

it is shown that
(6) fin) >> n{log n/loglog n)l/z.

The proof of (6) uses an asymptotic formula for

%bg wix,y) {(see §3) when Y 1is in the vicinity of

iog x/loglog x  due to de Bruijn [ 1] Plus an intricate geo~
metyric averaging argument that makes use of the convex hull
of the graph of the function log w(ew,y) for fixed .
The connection between the function w(x,y)‘ and the

function f(n) comes from the following easy lemma:

Vi, v) - w(f(n)/y, Y) = y(f(n), y) - vin, y)

for every vy, Indeed, if fn)/y < § = . and no prime

factor of j exceeds v, thén ik € (n,f(nn - implies

no prime factor of jk  exceeds Y. ,
Using the Marriage Theorem (see.§4) and the Prime

Number Theorem, Erdds and Pomerance show

(7) £(n) << n(log n)i/2
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The gap between (6) and (7) is not large and perhaps an
asymptotic formula for f(n). is attainable,

Recently Frd&ds and Pomerance [7] have cqnsidered
the function gﬂ(n), an obvious analogue to Grimm's
funct;on 99‘“)- Thus gﬁ(n) is the largest number so
that corresponding to th§ composite n + i, 1 =i = gﬁ(n):
there are distinct integers a, with ai]n+i and
1<a; < n+i. By letting a; .be the largest proper diviséf

1/2

of n+ i, we immediately get gﬁjn) >> n Using

results of Huxley and Warlimont on the frequency of large

gaps between consecutive primes, we can prove

(8) gﬁ(n) < n7/12 + 0(1)’

while if the Riemann Hypothesis holds, we have

1/2 + o(l) 1/2

.gﬁ(n) = n In fact, we believe gﬁ(n) << n .
This result follows from the followihg very strong generali-
zation of the Goldbach and twin prime conjectures: For each
sufficiently large integer vy = 2 {(mod 3), there is a

t < Yy with y+t, y+t+2, y+t+6, y-t, y~t+2 all prime. To

gsec the connection with gﬁ(n), let y = yYn+1l be minimal

with y Z 0 (mod 3). The six integers

(y+t) (y-t), (y+t+2) (y-t), (y+t+6) (y-t),

(y+t) (y=t+2),  (y+HEH2) (y-t42),  (y+t+6) (y-t+2.)

are all between n and n + 15/n and collectively have
only 5 proper divisors larger than 1.

If 8 1is a set of integers, let
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D(8) = [d : for some s C 8, d|s, 1L <d< s}.

'

Then by the Marriage Theorem there is a set of composite

integers 8§ < {n+l, ...,'n+gﬁ(n)+l} such that

'[D(S)] < |s| and for every T © 8 with T # S, we have

[D(?)] = [T|. It is not hard to show that the set § is
unique. We call S the "blocking configuration” for

n. As a corollary of (8), we can show that for all suf-
ficiently large n, ecach member of n's blocking configura-
tion must be either the square of a prime or the product
of two distinct primes. We conjecture that this fact

holds for every natural number n.
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