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A simple question:

Given two intervals I, J of n consecutive integers is there
always a one-to-one correspondence from I to J

with corresponding numbers relatively prime?

We're asking for a matching in the coprime graph.

A simple answer: No.
For example, I ={4}, J={6}.
Or I={3,4}, J={5,6}.

Or [={4,5,6}, J={12,13,14)}.



In the first two examples, {4}, {6} and {3,4}, {5,6}, one set
contains a number divisible by a prime divisor of each number
in the other set. Namely, “6" in both cases.

The third example, {4,5,6}, {12,13,14}, has a strict majority of
even numbers in both sets.

There are other “monsters’ too, like

I={10,11,12,13}, J={15,16,17,18}.
(Both 10 and 12 match only to 17.)



Around 1960, D. J. Newman conjectured that in the special
case that

I=[n]={1,2,...,n}, J is any interval of n consecutive integers,

there must be a coprime matching. (That is, there is a 1-1
correspondence with corresponding numbers coprime.)

In a lecture in 1962 at the University of Reading, Paul Erdos
offered £5 for a proof of the weaker conjecture where I =[n]
and J={n+1,...,2n}. A year later, two Reading professors,
D. E. Daykin and M. J. Baines proved this weaker
conjecture. Mike Baines tells me they collected £2.5 each.

In 1971, VaSek Chvatal proved the full Newman conjecture for
n < 1000.



D. J. Newman Vasek Chvatal



In 1979 I attended a conference in Carbondale, Illinois, meeting
John Selfridge who told me about Newman's conjecture, and
described an algorithm that, if correct, would give a coprime
matching.

We worked on this for a few months, and ended up with a proof
of Newman's conjecture, published in Mathematika in 1980.

\ | John Selfridge



Selfridge’s algorithm:

First assume that n is even. Let Jy be the even members of J
and let J; be the odd members. Let m be the product of the
elements of Jy. By an induction hypothesis (this is a recursive
algorithm), there is a coprime matching between [n/2] and
%(Jl +m). This gives a coprime matching between the even
members of [n] and Jj.

Now take the odd members of [n] and order them from hardest
to match to easiest: a1,a2,. .., 0y />, where

p(a1)fa1 < plag)faz < ... < p(ayp)/ayp=1.

Here ¢ is Euler’s function: ¢(a) = the number of members of [a]
coprime to a. Then choose by € Jg coprime to a1, then by e Jg
coprime to ao with by # b1, etc.
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The algorithm in the case that n is odd is similar.

So, the hard work is in showing that one can continue with the
choosing of the numbers b;, never being blocked.

For a given a, the proportion of numbers coprime to a is
v(a)/a, while the proportion of odd numbers a’ with

w(a')/a' < p(a)/a (sO a' essentially comes before a in our
ordering) is D(yp(a)/a). Here D(u) is the relative asymptotic
density of the odd numbers a with ¢(a)/a<u. (By a theorem of
I. J. Schoenberg in 1928, this density exists.) So, basically
what Selfridge conjectured is that D(u) <w and that the “at
infinity” asymptotics can be made rigorous at a finite level.

And this is what we proved.
11



Fast forward 40+ years, and last fall Tom Bohman and
Fei Peng posted a paper to arXiv, proving the following:

Bohman, Peng: Suppose n is even and I,J are intervals of n
consecutive integers contained in [N]. There is a positive
constant ¢ such that if n > ec(109109N)? then there is coprime
matching from I to J.

They used this result to prove a weak form of the “lonely
runner conjecture” (more on this shortly). I was intrigued,
having worked on this conjecture and coprime matchings, and I
was able to improve this:

P: The same, but we only require that n > c(log N)=2.
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The lonely runner conjecture: Suppose vq,...,v; are distinct
positive integers. There is some real number ¢ such that the
fractional parts {vqt},...,{vit} are all in [1/(k+1),1-1/(k+1)].

One thinks of k£ runners on a circular track of length 1, with
the v; being their velocities. The special time t here makes a
(k+1)st runner with speed 0O lonely. This was proved for k=4 by
Tom Cusick and me in 1984, for k=5 by Bohman, Holzman,
& Kleitman in 2001, and k=6 by Barajas & Serra in 2008.

Terry Tao (2018) showed it in the general case when all
velocities are < 1.2k and the new results on coprime matchings
show it holds when the velocities are < (2-¢)k. The connection,
shown by Bohman, Peng, is not at all obvious. (My result
gets a slightly smaller ¢ than the Bohman, Peng result.)

13



A brief word on my proof: Given a positive integer m one can
ask for the length of the longest interval of consecutive integers
each of which is not coprime to m. For example, if m =6, we
have the integers {2,3,4} and for m =30, we have {2,3,4,5,6}.
This is the Jacobsthal function j, so j(6)=3 and 5(30)=5. It is
known that j(m)/logm is unbounded and that

j(m) = O((logm)?), a result of Henryk Iwaniec. (It's
conjectured that j(m) = O((logm)(loglogm)?) and that this is
best possible.) My argument for the coprime matching result
uses this circle of ideas.
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What about the case when I =J =[n], so we would have a
coprime permutation?
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What about the case when I =J =[n], so we would have a
coprime permutation?

Easy! Just take the cycle (1,2,...,n).
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What about the case when I =J =[n], so we would have a
coprime permutation?

Easy! Just take the cycle (1,2,...,n).

OK, a better question: Enumerate them. How many coprime
permutations are there of [n]?

17



Let C'(n) denote the number of permutations o of [n] where
each gcd(j,0(j))=1. So, for example, C(4) = 4.

Proof. It's an even—odd thing. The numbers 2, 4 must be sent
to 1, 3 in some order, and vice versa.

I asked a colleague if he knew anything about this problem. He
computed the first few values and then checked OEIS, finding
that David Jackson had computed C(n) for n<24 in 1977.

Jackson’s view of the problem: Take the n xn matrix M where
the 4,7 entry is 1 if gcd(4,5) =1 and is O otherwise (the
adjacency matrix for the coprime graph on [n]). Then C(n) is
the permanent of M.

18



Let Co(n) be the number of coprime matchings of [n] and [n],,
the first n odd numbers. As we saw with C(4), we have

C(n) = Co(n/2)? for n even. This observation immediately gives
us a nontrivial upper bound for C(n) when n is even, namely

C(n) < (n/2)!?, n even.

A similar argument shows that C(n) < (m+1)!2 when n=2m+1
is odd.

We conclude: C(n)<n!/(2+0(1))" and so most permutations
are not coprime.

Is this the right magnitude for C(n), i.e., Is there a similar lower
bound?
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We have seen that C(n) = Cg(n/2)2 for n even. A similar
argument shows that C(n) > Cp(m —-1)2 when n=2m+1 is odd.
So, basically we are interested in a lower bound for Cp(n).

Note that Cp(n) also has an OEIS page! It is the number of
partitions of [2n] into unordered coprime pairs.

Let’s take a clue from the algorithm that gets a coprime
matching in the Newman problem. We organize the first n odd
numbers by increasing value of ¢(a)/a. For example, how many
of them have ¢(a)/a <1/27 In our previous notation, this would
be ~D(1/2)n. So, what is D(1/2)7 This has been studied, and
the best we have is

0.02240 < D(1/2) < 0.02352,

a result of Mits Kobayashi. So, the overwhelming majority of
odd numbers have many coprime companions.
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In general, consider an interval (a,3] in [0,1] and take odd a
with ¢(a)/a € (o, B]. The number of odd a among the first n odd
numbers with p(a)/a < B is ~ D(B)n, while if ¢p(a)/a > a, then
there are at least ~ an coprime companions for a to which it
can be mapped. If D(8) < «, this can be done in many ways,
not interfering with assignments for other a with ¢(a)/a < 5.

If we have m places in which to put £ numbers, the number of
ways is m!/(m - k)!. In our case, we have m > an - D(a)n and
k=D(B)n-D(a)n. SO, the number of assignments for these
values of a with ¢(a)/a € (a,(] is at least

_(an-D(a)n)!

~(an-D(B)n)V
We then do this for a particular numerical partition of (0, 1]
into intervals (a, 8].
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Other inequalities for the distribution function D(u), due to
Charles R. Wall, are used, as well as a strengthening of an
inequality of Paul Erdos. When the dust settles, we have a
proof that

Co(n) >2n!/1.8637" for all large n,

which in turn leads to

C(n)>n!/3.73"™ for all large n.

So, the question is if there is a constant ¢ with
C(n)=n!/(c+0(1))". My preprint has 2.5<¢<3.73.

22



From Wall's paper: the full distribution function for ¢ lies in
the shaded area.
23



After showing a preliminary version of this paper to Nathan
McNew, he came up with a conjectured value for ¢, hamely

= H p(p_2)1—2/p
pprime (p- 1)2_2/p
(One takes the local factor at p=2 as 2.) The heuristic behind
this is that for a fixed prime p, the number of permutations o
of [n] with p + gcd(j,0(j)) for each j is n!/(yp+0(1))", where
vp =p(p-2)172/P/(p-1)2-2/P. And then argue “independence”.

=2.65044....

A couple of days after posting to arXiv, two grad students at
MIT proved my conjecture with McNew’s constant ¢. These
are Ashwin Sah and Mehtaab Sawhney.
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Ashwin Sah

Mehtaab Sawhney

25



But as soon as one problem is solved, a few more arise! For
example:

1. How many *“anti-coprime” permutations are there of [n]
(meaning that each gcd(j,0(j))>1 for j>1)7

2. How many permutations of [n] are there where for each j
either j|o(j) or o(jy)|j? Or, for each j, lcm[j,0(j)] <n7?

26



Anti-coprime permutations of [n]: Each gcd(j,0(j)) > 1 for j> 1.

One way to construct these is to partition the j's in [n] by their
least prime factor P~ (n):

Ly={je[n]: P~(5) = pJ,
and then consider permutations ¢ where each o(Ly) = L,. Note
that #Lo ~ an, #L3 ~&n, etc. For p<nc and p large, we have

n 1 n
Ly~—TT(1-2)~ .
#Lp pqg;( q) e'plogp

Doing the calculations, we get that the number A(n) of
anti-coprime permutations of [n] has

n!

Aln) > (logn)(& ro(1)n’

27



But is this construction optimal? Very recently I proved this is
essentially so, and in fact

n!
A = : — 00.
() (logn)(e +o(1))n e
For a long time I tried taking the primes in order: 2, 3, ..., but

then I realized that most of the difference from n! comes from
larger primes. And for those 5 with P~(j) large, an anti-coprime
permutation must map them as well to values j’ with P~(j)
large.
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The permutations o of [n] where each j|o(j) or o(j)|j has its
own story. In a talk at the Southeastern Conference on
Combinatorics, Graph Theory, and Computing in Boca Raton,
Florida in 1983, Paul Erdos proposed the following problem:

Consider the divisor graph on [n] where two distinct numbers
j,k are connected by an edge if and only if j|k or k|j. Show
that the length of the longest simple path in this graph has
length o(n).

Erdos offered $25 for a resolution of this problem, and he paid
up when I solved it a few weeks later. But apparently he
mispoke on the money: He said later that the problem was due
to Norbert Hegyvari and that he never offers money for other
people’s problems.
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We now know after work of Tenenbaum and Saias that the
length of the longest simple path in the divisor graph is of
magnitude n/logn.

But we're talking about permutations of [n], and we’'d like to
know how many there are where each j|o(j) or o(j) |j. I very
recently showed that the count is of the shape ¢". In particular,

the count is between 1.93"™ and 13.6™.

Surely we should be able to do better!
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T hank you
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Some references:

Bohman—Peng: arXiv:2109.09860

Sah—Sawhney: arXiv:2203.06268

P: arXiv:2111.07157, arXiv:2203.03085, arXiv:2206.01699
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