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Corrigendum: ‘On the average number of divisors of the Euler
function’

By FLORIAN Luca (Johannesburg) and CARL POMERANCE (Hanover)

Sungjin Kim has brought to our attention that the proof of Lemma 3 in
[2] begins with an incorrect identity. Though the stated lemma is undoubtedly
correct, the proof seems elusive. The problem can be fixed by replacing that
lemma with the following.

Lemma 1. Fix real numbers A\, C with 0 < A < % and C' large. For R < z*,
2 < M < (logx), we have

D

R/2<r<R

xlog M

> <1/)(l’;q7"71) - 4,0(9(617‘)) | <Lex —37

g<z/rM

ProOOF. This follows from the special case for the residue class 1 of a result
of Fiorilli [1, Theorem 2.1]. In particular, under the same hypotheses, Fiorilli’s
theorem asserts that
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the lemma follows. |
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In our paper, Lemma 3 is used in the proof of Lemma 5. Let

— O(log z/(loglog z)*), y € (208" g,

let D, (y) denote the set of integers d < y free of prime factors in [1, 2], and let
7.(n) denote the number of divisors of n in D,(n). The goal is to prove that

) :ZTz(p_l)

p<y

is equal to c1y/logz + O(y/(log z)?), where ¢; = e, namely (21) in [2]. Tt
suffices to show instead that

Rl(y) =) 7.(n—1)A(n)

n<y

is equal to c1ylogy/log z + O(ylogy/(log 2)?), since then (21) follows by partial
summation. Indeed, R.(y) =Y, ., 7=(p — 1)logp + O(y'/**¢), and

ZTZ logp+/2 (o tZZTZ 1) log p dt.

p<y

log Y

Using the trivial estimate that the sum over p <t is O(t), we have

1 Yy
R.(y) = @Rg(y) +0 (k)gy) .

Let P, denote the product of the primes to z, and let M = (logy)?3, so that
by inclusion-exclusion,

= Y eyd, )= pur) D dlyar )

d€D:(y) TP, q<y/r
=> ) Y Wy )+ pr) Y W(yien )
r| P, q<y/rM r| P, y/rM<q<y/r

= R} + R}, say.

By the Brun—Titchmarsh inequality we see that

|Ry| < ZZ (y;ar,1) 10gy<<yzz <<y10ngogz

a<M r|P, a<MT|P
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which is negligible. Let R < P,. We have by Lemma 1 that

Soour) Y wan)= Y ) Y +O<yloz\iM)'

r
r| P, q<y/Mr r| P, q<y/Mr 90((1 )
R/2<r<R R/2<r<R

So, by summing dyadically, we have

R =Y ur) 3 L +o(y21]°ng).

T e 2T

The argument in [2] now suffices to obtain (21).

Lemma 3 in [2] was also used to prove part (ii) of Lemma 6 there. In that
result we have an integer u < (logz)°®) free of prime factors in [1, 2], where now
z = (logz)'/?/(loglog x)®. The result gets an asymptotic for

Ru:(y):= >, m(-1),

Py
p =1 (mod u)

where 2 < logy/(loglogy)*. We deal instead with
R,.(y):= Y  m-1An).
n<y
n = 1 (mod u)
As with R/,(y) above, we have

R;L,Z(y) = Z d)(yv [ua d]v 1) = Z #(7") Z 1/’(3/7 [uvqTL 1)

deD. (y) r| P, q<y/r

Sour)d > lysugr,1)

r| P, vlu qg<y/vr
(qu)=1

=D ur) > ) > plyusqr,1).

r| P, v,s|u qg<y/vrs

The contribution when y/Muvrs < g < y is negligible (where M is as before),
and since u has only O(1) divisors, we can use Lemma 1 to show that replacing
Y(y;usqr, 1) with y/p(usqr) creates a negligible error. The rest of the argument
is then routine.

We remark that Fiorilli [1] gives an application of his theorem to several
Titchmarsh-divisor sums similar to R, (y) and R;, ,(y).

We thank Sungjin Kim for bringing the difficulty to our attention and for
suggesting [1] as a way around it.
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