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1. Introduction

Suppose A is a continuous-trace C*-algebra with spectrum A. (Throughout,
unless otherwise stated, all C*-algebras will be assumed to be separable and all
topological spaces and groupoids will be assumed to be locally compact,
Hausdorff, and second countable.) In [4], Dixmier and Douady showed how to
associate an element 8(A) in the Cech cohomology group H*(A ;Z) with A in
such a way that two algebras, A; and A,, are stably isomorphic if and only if
8(A,)=6(A,). The element 8(A) has therefore come to be known as the
Dixmier—Douady class of A. It is well known that every class in H*(4 ;Z) can
arise as a 8(A) and that 6(A) =0 precisely when A is stably isomorphic to Cy(A).
(See [17, § 3] for more details and further references. As is customary, we identify
H*(A ;Z) with H*(A, &), where & denotes the sheaf of germs of continuous
T-valued functions on A.) Suppose, now, that A is the C*-algebra of a locally
compact groupoid G with Haar system {A“}, . go, that is, A = C*(G, A). In various
contexts, in recent years, the problems of deciding when C*(G, A) has continuous
trace and identifying its Dixmier—-Douady class has arisen (cf., for example,
[10,11,12,14,15,6,7}). In [11], we showed that if R is a principal groupoid, then
C*(R, A) is a continuous-trace algebra if and only if the usual action of R on its
unit space X is proper. (A principal groupoid is essentially an equivalence relation
on its unit space. Consequently, we have made the consistent notational
convention of denoting them by R. Further, when discussing a relation R on a
space X, we shall simply refer to the unit space of R as X.) In this event,
8(C*(R, 1)) =0, because as we also showed in [11], (C*(R, A))" is homeomorphic
to the quotient space of R-equivalence classes X /R with the quotient topology,
and C*(R, A) Is stably isomorphic to Cy(X/R). On the other hand, for certain
principal groupoids R, it is possible to find a groupoid 2-cocycle o such that the
twisted groupoid C*-algebra determined by o (and A) C*(R, o, A) in the sense of
Renault [18] has continuous trace with non-zero Dixmier-Douady class [14].
Indeed, as Raeburn and Taylor show, there is a very tight relation between Cech
cohomology and groupoid cohomology in the particular setting they considered.
They showed that given a locally compact space Y, and an element § € HX(Y, &),
one can build a relation R on a space X such that X/R is homeomorphic to Y and
one can construct an explicit ¢ € H*(R, T) from & so that the Dixmier-Douady
class of C*(R, o, A) is & for any choice of A. This, then, begs the question of what
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the precise relation is between groupoid cohomology and topological
cohomology.

A fairly complete answer was given by Kumjian [6] under the hypothesis that R
is an r-discrete principal groupoid in the sense of Renault [18]. To state his
answer, one must recognize that a 2-cocycle on R gives rise to a certain extension
of R by the groupoid X X T and it turns out to be important to consider all
extensions of R by this groupoid. Such extensions may be characterized as
principal T-bundles over R satisfying certain conditions and, consequently, they
are called T-groupoids. A T-groupoid comes from a 2-cocycle o € H¥R,T)
precisely when it is trivial as @ bundle over R [7]. The collection of isomorphism
classes of T-groupoids over R becomes a group under the usual operations used
to define groupoid extensions [18, 7] and we denote this group by Tw(R) because
T-groupoids are sometimes also called rwists. Given a T-groupoid G over R and a
Haar system {A“},.x on R, one constructs a C*-algebra C*(R; G, A) which is a
quotient of C*(G, A), where X is a Haar system on G induced by A; if G comes
from a 2-cocycle o, then C*(R;G, A)=C*(R, o, A). In [12], we proved that
C*(R ; G, A) is a continuous-trace C*-algebra precisely when the action of R on X
is proper. In this case, then, there is a naturally defined map 6: Tw(R)—
H?*(X/R, ¥) that sends a T-groupoid G over R to the Dixmier-Douady class of
C*(R; G, A). Our objective in this paper is to illuminate the properties of this
map. Our main result requires the hypothesis that the natural map p: X — X/R
admits local sections in the sense that given u € X/R, there are a neighbourhood
U of u in X/R and a continuous map w: U— X such that pew(v)=v, for all
v € U. This hypothesis is satisfied in many situations of interest.

The following theorem, which is the main result of this paper, was proved by
Kumjian in [6] under the hypothesis that p: X' — X /R is a local homeomorphism.
Our result is more general than his and our proofs are different at certain critical
stages. They utilize heavily the notion of the imprimirivity groupoid of a proper
groupoid action. (See §3 for the development of this notion.)

THeOREM 1.1. Suppose that the relation R on X acts properly and admits a Haar
system. Suppose, too, that the quotient map p: X — X/R admits local sections.
Then there results an exact sequence

*
0—H'(R, ) H'(X/R, ) L= H'(X, 9)

/
1) p*

Tw(R) —> HX(X/R, ¥) > H(X, &)

The first group is the first groupoid cohomology group of R with values in T
and the second is the first Cech cohomology group with values in the sheaf ¥ We
think of elements in the latter as defining circle bundles over X/R. Cocycles for R
with values in T give rise naturally to circle bundles on X/R. The map n comes
from mapping a cocycle to the corresponding bundle. The two occurrences of p*
are simply the natural pull-back maps on Cech cohomology that p induces. The
map & has already been discussed and its properties will be amplified later.
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Finally, the map ¢ arises from viewing elements in H'(X, &) as circle bundles on
X. Given such a bundle, A, one views it as a proper X X T space. The image of A
under ¢ is simply the imprimitivity groupoid of this action restricted to R.
Imprimitivity groupoids play a crucial role in analysing the second occurrence of
p*, too.

As an immediate corollary of our main theorem and the usual identification of
H"*Y(Y ; Z) with H"(Y, &), it is interesting to note that if the cohomology of X is
trivial, then, at least in dimensions one and two, the groupoid cohomology of R
coincides with the ordinary integral cohomology of X/R (in dimensions two and
three). More precisely:

CoroLLARY 1.2. Suppose that, in addition to the hypotheses in Theorem 1.1,
HY(X, $)=0=H*X, ¥). Then H'(R,T) is isomorphic to H'(X/R, %), and
Tw(R) is isomorphic to H*(X /R, ¥).

The next section is devoted to some topological preliminaries. In §3, we

consider T-groupoids and T-groupoid equivalences in the sense of [9]. It is here

. that we formally define imprimitivity groupoids, although the notion is implicit in

[9] and [20]. In § 4, we attend to the first two terms in the sequence. In § 5, we

show that the kernel of & coincides with the range of &. Finally, in § 6, we show
that the sequence is exact at H*(X /R, ).
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homomorphism, in HA(X/R, &).

2. Topological preliminaries

We will always assume that our groupoids are locally compact, Hausdorff, and
have open range and source maps, r and s. The hypothesis on r and s is
automatically satisfied if the groupoid in question admits a Haar system [18,
Proposition 1.2.4], and these are the only sorts of groupoids we will be interested
in here.

If G is a groupoid, and if A< G, then we will write G,=s""(4) and
G* =r"Y(A). Also, if C, D = G, then we write

C*D ={(v, B) e CXD: s(y)=r(B)}

Fibred products of this sort appear throughout this note; most particularly when
considering groupoid actions.

For the definition of these, let G be a groupoid and let X be a topological space
together with a continuous open map o from X onto G©. Form X *G =
{(x, ¥): o(x)=r(y)}. To say that G acts (continuously) on the right of X means
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that there is a continuous map from X * G to X, with the image of (x, v) denoted
x - v, such that the following hold:

(1) olx-v)=s(y),

(2) x-(aB)=(x-a)- B, for all (o, B) € G®, and

(3) x-ox)=xforallx e X

We think of o as being a ‘generalized source’ map for the action. Likewise a
(continuous) left action of G on X is determined by a continuous open surjection
p: X— GO, and a continuous map from G * X to X satisfying the appropriate
analogues of (1), (2) and (3). In a similar fashion, we think of p as a ‘generalized
range’ map. When we speak of left or right actions in the sequel, the maps ¢ and
p will be implicitly understood and will be referred to without additional
comment. Most of our definitions will be made in terms of right actions, but the
left-handed versions can be formulated with no difficulty.

Of special importance will be the actions of G on its unit space G©. Here p
and o are the identity maps and r(y) -y =s(y) and vy - s(y) = r(y).

As with group actions, if G acts on X (on the right, say), and if x € X, the orbir
of x is simply {x - y: y € G"™)}. The orbits partition X and we write X/G for the
quotient space with the quotient topology.

Lemma 2.1. If X is a right G-space, then the natural map p: X — X /G is open.

Proof. Suppose that V is open in X. To show that p(V) is open it suffices
to show that V - G is open in X. Thus it suffices to show that any net x, > x -y
with x eV and ye G has a subnet which is eventually in V-G. But
o(x,)—= o(x - y)=s(y). Since s is open, we may pass to a subnet and assume
that there are y,— vy in G with s(y,)=o(x,). Then x,y,' is eventually in
V(x,y;'—=xeV), and x,=x, - vy, v, is eventually in V - G.

Consider a (right) action of G on X and let ¥: X xG — X X X be defined by
the formula W(x, y¥) = (x, x - v). Then we call the action free if W is one-to-one.
Alternatively, the action is free precisely when the equation x - y = x implies that
v = o(x). The action is called proper provided that W is a proper map. The
following lemma will be used at a number of points in the sequel. It is proved in
[11] under the assumption that G is a principal groupoid acting on G©’. However,
the proof presented there works in the generality in which we are interested and
so will not be repeated.

LemMMA 2.2. The following conditions on a free (right) action are equivalent:

(1) the action is proper; that is, ¥ is a proper map;

(2) Y is a closed map;

(3) W is a homeomorphism onto a closed subset of X X X;

(4) given a compact subset K = X, the set G(K)={yeG: K- yNK#Z} is
compact;

(5) for all compact sets K = X, G(K) is relatively compact in G.

A key consequence of Lemma 2.2 is

CoroLLArY 2.3. If G acts freely and properly on a locally compact Hausdorff
space X, then the quotient space, X |G, is locally compact and Hausdorff.
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RemaRrk 2.4. Taken together, Lemmas 2.1 and 2.2 and Corollary 2.3 will be
used repeatedly throughout this paper. A special application of them deserves to
be singled out. Normally one thinks of a principal T-bundle S over a space X as a
locally trivial fibre bundle with fibre T determined by transition functions taking
values in T. These bundles are classified up to isomorphism by H'(X, &), where
& is the sheaf of continuous T-valued functions. However, thanks to [5] and the
results just presented, to show that a locally compact space S is a principal
T-bundle over a locally compact space X determined by a surjection 7: §— X, it
suffices to check that 7 is continuous and open, and that § carries a free T-action
such that 7(£) = 7(n) if and only if ¢ - £ = n for some (necessarily unique) rin T.
(Note that actions of compact groups are automatically proper.) The assumptions
on 7 allow us to identify X with S/T and r with the quotient map.

Recall that a transversal is a subset F = G which meets each equivalence class
in G©/G exactly once. We shall be exclusively interested in closed transversals
obtained from continuous cross-sections w for p: GV GP/G; if w is a
continuous cross-section, then F =w(G?/G) is a closed transversal.

Notice that if F is a closed transversal, then s|g, is an open map from Gy to F.
On the other hand, r|g,, which is a surjection of Gr onto G since F is a
transversal, need not be open in general [9, Example 2.2]. Our first task is to find
general conditions which will ensure that p = r|g, is open for each transversal F as
above. Our next result is a generalization of [9, Theorem 2.2A].

THEOREM 2.5. Suppose that G is a locally compact groupoid with open range
and source maps r and s. Also assume that there is a continuous cross-section w for
p: G- G/G and let F be the associated transversal. Then the following
statements are equivalent:

(1) the map ®: G+ G" — G, defined by ®(y, B) = yB, is an open surjection;

(2) the map p =r|g,: Gr— G is an open surjection;

(3) the map m: G — G X G, defined by n(y)= (r(v), s(y)), is an open map

onto its range.
(Note that in (3) we are not requiring n(G) to be open in G x G")

Proof. We will show that (3)& (2)& (1). We start with (3)= (2). Let V be
open in G. It will suffice to show that

p(V 0 Gr)=r(V NGr)

is open in G©. Suppose that u =r(y) with y € V NG It will be sufficient to
show that if u, — u is any net in G, then it has a subnet which is eventually in
r(V N Gg). But p(u,)— p(u) in G/G, so, using our cross-section w, we see that
there are v,, v € F such that v, ~u,, v~u, and v,— v. Thus, (u,, v,)— (4, v) in
the range of 7. Since we are assuming that x is open, we can pass to a subnet,
relabel, and assume that there are vy, e G with vy, — vy such that r(y,) =u, and
s(v.) = v, Notice that each vy, € Gr by construction and {y,} is eventually in V as
V is open and y € V. Therefore u, is eventually in r(V N Gg).

Next we consider (2) = (1). It is useful to realize ® as the composition of the
homeomorphism (e, B) (a, aB) of Gr*G* onto

GeX,G ={(y, B) € Gr X G: r(y) =r(B)}
with the projection pr, on the second factor. Therefore, it will suffice to show
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that the projection is open. But if W and V are open in G, then we claim that
pL(W XV NGeX,G)=r""(p(WNG))NV. (2.1)

To see this, suppose that B belongs to the left-hand side. Then there is an
a € W N Gg with r(e) = r(B). Thus B € r'(p(W N Gg)) N V. On the other hand,
if B belongs to the right-hand side, then B8 eV and r(B) e p(W NGg). Let
a € W N Ggsatisfy r(a) = r(B). Then (a, B) e W XV N GX,G. This establishes
(2.1); consequently, pr, is open when p is.

Next we show that (1) = (2). Consider the commutative diagram

G622 G

S

GF .__b_, GO
Since pr; is continuous and surjective, and since r is always assumed to be open, p
is open whenever @ is.

Now assume (2). Notice that if vy, B € G satisfy p(y) =p(B), then s(y)~
r(y)=r(B)~s(B). Since F is a transversal, s(y) =s(8). Therefore ™'y e G%£.
Since the natural map from G onto Gr/G¥Fis open by Lemma 2.1, it follows that,
if p is open, then p induces a homeomorphism of Gr/G% onto G©. Since
inversion is a homeomorphism on G, we also have s|s+ inducing a homeomorph-
ism of GE\GF onto G©. We shall write ¢ for the homeomorphism of
Grl/GEX GENGT onto GO x G©. If A is the natural map from G *G* onto
Gr/GEX GE\G*, then we have a commutative diagram

o

Gr*Gf —— G

[+ |7

GrlGEX GR\G” T GPxG©®

Since @ is surjective, (V)= ¢(A(®'(V))). Thus as ¢ is a homeomorphism, it
will suffice to show that A is an open map onto its range. In fact, if
A(¥n, Bn)— A(7, B), then passing to subnets and relabelling, we may assume that
there are vy,, B, € G such that v,y,— y and BB, — B. However, since F is a
transversal, « € G implies that r(a)=s(a). Thus (y,¥n B.B.)— (y, B) in
Gr*G”. Thus A is open onto its range and (2) = (3).

CoROLLARY 2.6. Suppose that G is a second countable locally compact groupoid
with abelian stability groups and for which there is a continuous cross-section for
the orbit map p: G — GO/G. If both G and the stability groupoid have Haar
systems A and o, and if any of the equivalent conditions in Theorem 2.5 are
satisfied, then C*(G, A) has continuous trace with trivial Dixmier—Douady class.

Proof. We have G equivalent to G by assumption [9, Example 2.7]. Thus"
C*(G, A) is (strongly) Morita equivalent to the abelian C*-algebra C*(G%£, o) by
[9, Theorem 2.8]. Now the result follows from, for example, [17, Proposition 3.1
and Theorem 3.5].
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3. T-groupoids

In this section we will collect some facts about T-groupoids which we will use in
the sequel. One of the main results is Theorem 3.2, below. While it is a special
case of Corollaire 5.4 of [20], we provide a proof for two reasons. First, it is but a
simple variant of Theorem 2.8 of [9]. Corollaire 5.4 of [20] appears at the end of a
daunting level of technical development, while Theorem 3.2 lies near the surface.
We believe it is useful to see this. Second, and more important, the proof of
Corollaire 5.4 presented in [20] cites results of [9] concerning what we call below
the imprimitivity groupoid of a principal G-space. Only the algebraic properties
of the imprimitivity groupoid are developed in [9], but the topological properties
are used in [20] and they are used in this paper. We develop them in detail in
Theorem 3.5. We begin at a slightly greater level of generality than we need, but
the excess will require no additional effort.

Let G be a second countable locally compact groupoid with unit space X.
Suppose that T acts on G (on the left), making G a principal T-bundle over G/T.
Suppose further that the quotient space G/T, with the quotient topology, has the
structure of a locally compact groupoid such that the bundle map j: G—> G/Tis a
groupoid homomorphism. Finally, suppose that the T-action is related to the
groupoid structure on G through the equations r(t - y) =r(y), s(t - v) =s(vy), and
(t-v)&' -y)=(@") (yy') for all ,t'eT and (y,y')e G*G. Under these
circumstances we call G a T-groupoid over G/T. (See [7, 12].) The assumptions
on the T-action imply that the unit space of G/T may be identified with X = G,
So for each u € X and each y € j7'(u), there is a unique 7 € T such that y=1-u.
The map i: X X T.—- G defined by i(u,t)=r-u, then, is a homeomorphic
homomorphic embedding of the trivial group bundle X X T into G; in fact the
range is contained in § ={y: r(y)=s(y)}, and we have an exact sequence

X —XxT— G156/
Conversely, an exact sequence
X—xxT-56156,

where i, is a homeomorphism onto its range, which is assumed to be contained in
S, and j, is a continuous open surjection, enables one to view G as a T-groupoid
over G;: simply define ¢ - y to be i;(r(y), 1)y for each y € G and ¢t € T. Thus, we
may think of T-groupoids either in terms of the action of T on G, or in terms of
extensions of X X T by G,;. Both perspectives will prove useful. Here we will
focus on the case when the range of i is all of §, so that G/T is a principal
groupoid, which we view as the relation RS X XX consisting of
{(r(v), s(¥)): v e G}

Given a T-groupoid G with Haar system A on G/T, one obtains a Haar system
X on G defined by the formula

[ arn =[] s6- v aare,

where dr is (normalized) Lebesgue measure on T and 7 denotes j(y). Let
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CAGIT;G,A)={f € CAG): f(t-y)=1tf(y)}. Then C.(G/T;G, A) becomes a
*-algebra through the formulas

fre) = [ gy @),

and

o =fG&.

As Renault shows in [18], this algebra may be completed to obtain a C*-algebra,
which we denote C*(G/T ; G, A) and call the T-groupoid C*-algebra determined
by G. It is a very special case of what Renault called a restrained crossed product.
Define pg: C.(G, A)— CA(G/T;G, A) by ps(f)(y)=Sf(t- y)tdr Then since
representations of C.(G, X) and C.(G/T:G, 1) can be disintegrated [20], it is
easy to see that ps extends to a C*-homomorphism from C*(G,A) onto
C*(G/T; G, A). In [12, Theorems 4.2 and 4.3}, we showed that if § = i(X X T), so
that G/T can be identified with R, then C*(R ; G, A) has continuous trace if and
only if R is a proper principal groupoid.

In this paper we must deal extensively with questions of (strong) Morita
equivalence between T-groupoid C*-algebras and we will have need for the
following variation on the main theme of [9]. Suppose that G and H are
T-groupoids over G/T and H/T, respectively, and suppose that Z is a left G- and
right H-space that implements an equivalence between G and H as groupoids in
the sense of [9]. (We will follow the notation in [9]). The actions of G and H
induce two actions of T on Z. The one coming from G is given by the formula
t-6z=ig(p(z), 1)z, where p: Z— G is the map used to define the G-action
on Z, and ig is the embedding of G X T into G described above. The T-action
coming from H is given by a similar formula: z -yt =x - iy(0(2), t).

Deriniion 3.1. If G and H are T-groupoids and if Z is a (G, H)-equivalence in
the sense of [9], then we call Z a (G, H)-T-equivalence in the case where the
T-actions on Z induced by the G and H actions coincide; that is, when
t'cz=z-ytforallzeZandtreT.

If Z is a (G, H)-T-equivalence, we will drop the subscripts on the T-actions.
Our goal is to prove

THEOREM 3.2. Suppose that G and H are second countable, locally compact
T-groupoids and that Z is a (G, H)-T-equivalence. Let

ClZ)={d e C(Z): &(t-2)=1d(z) forall z € Zand t € T}.

Given any Haar systems A on G/T and B on H/T, CXZ) can be completed
naturally to become a C*(G/T; G, A)-C*(H/T ; H, B)-equivalence bimodule. In
particular, C*(G/T ; G, A) and C*(H/T ; H, B) are (strongly) Morita equivalent.

Proof. All that is necessary, really, is to make some minor addenda to the
proof of Theorem 2.8 in [9]. To that end, let A be the pre-C*-algebra C.(G, X)
where A is the Haar system of G determined by A obtained by crossing A with
Lebesgue measure on T as described above. Likewise, let B =C.(H, B). Let
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A, =CJ(G/T;G,A) and B,=C.(H/T ;H, B) and let ps: A— A, and py: B—
B, be the *-homomorphisms determined by ‘integrating over T’ described above.
These maps are projections. Likewise, let pz: C.(Z)— CI(Z) be defined by the
formula p,(f)(z) = Jy ¢(t - z)fdr. Then p is a projection from C.(Z) onto C!(Z)
that is continuous with respect to the inductive limit topology. Recall from p. 11
of [9] that C.(Z) is given the structure of an A — B-bimodule via the equations

f-6@)= | 180 -2 dB ) (1)

and
6-8@)= [ oG- mg(r™)dB" ) (.2)
Observe that if f € A, and ¢ € CJ(Z), then f - ¢ lies in CJ(Z) and (3.1) yields
fro@=[ S8 D ar @) (:3)

The point is that the action passes to the quotient, A is replaced by A, and vy by ¥.
Likewise, for g € B, and ¢ € CY(Z), ¢ - g lies in C}(Z) and (3.2) yields

6-8)= | (- mg(n™) ). (3.4
Furthermore, the equations
palf - $)=1 - p2(®) (35)
and A
pz(¢-8)=pz(d)-g (3.6)

are satisfied for all f € A, g € B,, and ¢ € C.(Z). Recall, too, that there are A-
and B-valued inner products defined on C.(Z) given by the following formulas
(the formula on p. 12 of [9] for 4(¢, ¢) contains a misprint; the correct formula is

(3.8)):
(6. Whan)= [ T w2 ) dRO) 6

and

A DN = [ vz WG dBO ), (38

where ¢, ¢ € C.(Z) and the z in (3.7) is chosen so that o(z) = r(n), while the z in
(3.8) is chosen so that p(z) = s(y). It is shown on p. 11 of [9] that the assumption
that Z is a (G, H)-equivalence guarantees that these equations are independent of
the choice of z and define continuous functions with compact support. The
equations (3.7) and (3.8) and our assumption that Z is a (G, H)-T-equivalence
make it clear that if ¢ and ¢ are in CX(Z), then 4(¢, ¢) and (¢, ¥), are actually
in A, and B, respectively. Moreover, since the integrals in each of (3.7) and (3.8)
are left unchanged when the variable over which the integration is performed is



118 P. S. MUHLY AND D. P. WILLIAMS

multiplied by r e T, it is clear that we may rewrite (3.7) and (3.8) and define
4{®, ¥) and (¢, ¥)g,, for ¢, ¥ € CI(Z), via the equations

(6,0 (m) = [ T DU 2 m A () (9)
and
Al )= | 3y TG M B (). (3.10)
The following equations, valid for ¢, ¢ € C.(Z), are now immediate:
Alp2(8). 920 = polu(o, W) G11)
and
Pz(®), pz(¥))s, = pu({b, ¥)s). (3.12)

The next set of equations may now be verified directly or may be proved as
simple consequences of the corresponding equations on p. 12 of [9] using
equations (3.5), (3.6) (3.11), and (3.12):

frald ¥)=alf ¢ ¥), wherefeA, ¢ veCi2)
(6, ¥)s,=(d. ¥ -g)s, wherege By, ¢, ¢ e CI(2),
(f*f)-¢=f-(fi-4), wheref fie A, ¢eCi(2),
g (gx8)=(d-8) g, whereg g eB, ¢ eCl(2),
ald, vy =40, @), (&, )5, =¥, d)s, and
Al ¥)- €=U, E)p,, for ¢, 4, £ € C(2).
To illustrate the latter approach, observe that
[ ald, ) =pc(fpc(ald, ) = pc(f - ald, ¥))
=p(alf - &, ¥)) = alpz(f - &), pz(¥))
=A1(f' &, ¥).

The positivity of the two inner products follows from (3.11) and (3.12) and the
facts that ps and py extend to be C*-homomorphisms. Likewise, the density of
the inner products follows from the corresponding facts about the A- and
B-valued inner products on C.(Z) and the continuity of the maps ps and py in
the inductive limit topology. Indeed, for example, as shown in [9], given g € B,
there is a net {g,} in C.(H, B) converging to g in the inductive limit topology such
that each g, has the form 2, (¢, ¥5)s. Since {py(g,)} also converges to g, the
desired conclusion follows from (3.12). Finally, the boundedness of the inner
products is seen to be a consequence of (3.11) and (3.12). For example, for f € A,
and ¢, ¢ € CI(Z), we have

(f-&.f d)s,=pulf &, f D)a)<Ifl%pu((d, $)s)
=115, ¢pz(8), p2($))s, = IIf15,($, ¢)s,.

We have verified all the conditions necessary to show that CJ(Z) may be
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completed to form a C*(G/T; G, A)-C*(H/T ; H, B)-equivalence bimodule (see
[22, Proposition 4.2]). This completes the proof.

Remark 3.3. Since A; and B; may be viewed as subalgebras of A and B,
respectively, all the proof of Theorem 3.2 amounts to is showing that p, extends
to a bounded linear operator on the completion of C.(Z) (with respect to the A-
or B-valued inner product) in the sense of Rieffel [21] and is a self-adjoint
projection there, mapping onto the closure of CI(Z).

Suppose that H is a locally compact groupoid and that Z is a locally compact,
principal right H-space. Give Z * Z ={(z, z,): 0(z;) = 0(z,)} the diagonal action
of H (that is, (z1,22) n=(21"m, 22- M), for ((z1, 22), n) € (Z*Z)* H) and let
G =(Z+Z)/H be the quotient space. In [9] it is shown how to give G the
structure of a groupoid with unit space Z/H. Only the algebraic operations are
checked there, but here we need to know that G is a locally compact groupoid,
and that G is a T-groupoid if H is a T-groupoid. Therefore we will sketch the
details for the sake of completeness. In the sequel, G will be called the
imprimitivity groupoid determined by the principal H-space Z.

Certainly Z*Z is a locally compact space, since it is closed in Z X Z.
Furthermore, G is the image of Z*Z by a continuous open surjection (Lemma
2.1). Therefore G is a locally compact space. Inversion is evidently a homeo-
morphism: [z;, )7 = [z2, z;). To show that multiplication is continuous, we may
make systematic application of Lemma 2.1 and the following observation. Let
f: X—>Z and g: Y — Z be continuous maps (with X, Y, and Z, for the moment,
arbitrary). Let X *Y ={(x, y) e X X Y: f(x)=g(y)} have the relative topology.
Consider the commutative diagram:

X
m/ N

X*xY Z

N4
Y

We proved on p. 7 of [9] that if fis open, then so is m,. We shall call this the
open-factor lemma.

To prove that multiplication is continuous, first observe that the unit space of G
may be identified with Z/H and the range map is r([z), 2,]) = [z;]. We claim that r
is continuous and open. Indeed, consider the commutative diagram

z+z 1% 7

I

Z+xZ|JH=G —> Z/H

where 7, is the projection onto the first factor and p and p denote the quotient
maps for the H actions. Since Z*Z is the fibred product over the continuous,
open map o, «, is open by the open-factor lemma. It is clearly continuous. On the
other hand, p and g are continuous and open by Lemma 2.1. Hence r is open by a
straightforward diagram chase. Of course the source map s: G — Z/H, given by



120 P. S. MUHLY AND D. P. WILLIAMS

s([z1, z2]) = [z2), is-also continuous and open, since it is the composition of r with
inversion.
Consider, now, the commutative diagram

Zx,Z%,Z 1y 74,7

5| |5

GxG —L—s G=(Z*Z)/H

where p is the quotient map, #i(z), 22, 23) = (24, 23), m is multiplication, and
(21, 22, z3) = ([21, 22), [22, 23]). Since 7 and i are continuous, to show that m is
continuous, it suffices to prove that the range of 5, is all of G *G and that 5, is
open. To verify the first statement, observe that ([z,, z,], (22, z3]) € G* G if and
only if [z,] = [z3]. This occurs exactly when there is an 1 € H such that z;=2,- .
But (27, 25)=[2,25-17'] and then ([z, 2], [25 z]) = F1(z1, 22, 23 0 7))
Thus, 5, is surjective.

To show that g, is open, we use the fact that the quotient map from Z*Z to G
is open (Lemma 2.1). Also notice that if z, — z and if [z,, w,] — [z, w], then w,
must converge to w! This follows from the fact that the H action is free and
proper. We can write any convergent net in G+*G in the form
([z5, 25], [25, 23]) = ({21, 22), [22, 23])- As usual, we want to show that this net
has a subnet which lifts to Z*,Z*, Z. Replacing z{ by z{ - n,, we may assume
that z§— z, and that z§— z,. The observation above shows that we must also
have z5— z3, and g, is open onto its range, G * G. This completes that proof that
G is a locally compact groupoid.

Next observe that G acts on the left of Z as follows. First,

G *Z ={([z1, 22), z3): [22) = p(z3)( = [z3])}.

Therefore given ([z), 23], z3), there is an n € H such that z,- n =z;. This 7 is
unique, since H acts freely, and so, if we define [z,, z2] - z3 =2z, - m, then [z), z2] * 23
is well defined. A moment’s reflection reveals that this yields a bona fide free left
G-action on Z.

Lemma 3.4. The action of G on Z is continuous and proper.

Proof. Let ®: ZxH— Z X Z be defined by ®(x, n) =(z, z - n). Recall that ®
is one-to-one and proper since Z is a free and proper H-space. In fact, ® is a
homeomorphism onto a closed set: Z*,Z (Lemma 2.2). It follows that the map
8: Zx,Z— H, defined by 6(z, z- )=, is continuous since it is the composi-
tion of ®~' followed by projection onto the second factor. The continuity of the
G action now follows from considering the commutative diagram

Zx, 2,2 ixé — Z*H

ﬁl l(z,n)HZ-n
G*Z

([21, 2], z3) = [21, 2] - 23

The right vertical map is continuous by assumption and we have just shown that
i X & is continuous. Since p is open by Lemma 2.1, so is p X i, and the continuity
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of the G-action, the lower horizontal map, follows. Since the G-action is free, to
show that it is proper, we only need to show that the map ¥: G*xZ—»Z X Z,
given by W(v, z) = (z, ¥ * 2), is closed. So suppose {vy,} and {z,} are nets such that
the latter converges to z and {y, * z,} converges to w. We want to show that {y,}
converges to y with w = y - z. But by definition of G and the action, we may write
each vy, as [x,, z,] with [x,, z.] - z, = x,. By hypothesis, {z,} converges to z and
{x.} converges to w. Therefore {[x,, z,]} = {y.} converges to y:=[w, z] and
w=1y-z

One checks easily, now, that Z is a (G, H)-equivalence. If H is also a
T-groupoid, then G also has the structure of a T-groupoid and Z becomes a
(G, H)-T-equivalence. Indeed, Z has the T-action coming from H: z-tr=
z - i(0(z), 1), where iy;: H® X T— H is the embedding giving the T-action on H.
On the other hand, the map is: Z/HXT— G defined by the equation
ic([z], 1) =[z - t, z] is easily seen to be well defined, by virtue of the fact that H is
a T-groupoid, and gives G the structure of a T-groupoid. The fact that Z, then, is
a (G, H)-T-equivalence is manifest. We have all but proved the following
- theorem.

THEOREM 3.5. Suppose that H is a locally compact groupoid acting freely and
properly on the right of a locally compact space Z.

(1) The imprimitivity groupoid G =(Z*Z)/H is a locally compact groupoid
acting freely and properly on the left of Z, and Z is a (G, H)-equivalence.

(2) If, furthermore, H has the structure of a T-groupoid, then the action of H on
Z gives Z and G T-actions in such a way as to convert G into a T-groupoid and Z
into a (G, H)-T-equivalence.

(3) If, in addition, H/T is a proper principal groupoid, then G/T is also a
proper principal groupoid and G is a T-groupoid over the relation R; in
Z|H X Z|H given by {(rc(7y), sc(y)): v € G}.

Proof. We have proved (1) and (2) above. In view of the above, to prove (3), it
will suffice to prove that j;, defined by js([21, z2]) = ([z1], [22]), is continuous,
open, has closed range, and kernel i(Z/H X T) [11, Lemma 2.1]. By assumption,
ju(m) = (ru(m), su(n)) defines a continuous, open map of H onto a closed subset
Ry, of H® x HO, 1t follows immediately that j; has kernel ig(Z/H X T), and it is
clearly continuous. Now suppose that jo([z§, 25]) = ([z1], [22]). That is, o(z§) =
a(z%), [z§]—[z], and [z5]— [z.]. We may as well assume that z§— z, and that
there are 7, € H such that z5 - n, — z,. Notice that (0(z7), 0(23* 1)) € Ry, and
that (o(z7), 0(25 - m.))— (0(21), 0(z2)). It follows that (o(zy), 0(z2)) € Ry.
Moreover, since jy is open, we can pass to a subnet, relabel, and assume
that there are B,— B in H so that r(B,)=oc(zf) and r(B.) = o(z} - m.). We
then have 2z5:m.B.—2'B, and o(z)=s(B)=o0(z-B). In particular,
jo([z1, 22 B]) = ([z1), [z2])); this shows that j; has closed range. But
Jo([25, 25 * naBa)) =jc((z1, 25]), so we have also shown that a convergent net
in the range of j; has a subnet which lifts. This implies that js is open. This
completes the proof of (3).

ReMARk 3.6. Of course if G is a locally compact groupoid acting freely and
properly on the left of a locally compact space Z, then there is an imprimitivity
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groupoid H = G\Z * Z and the conclusions of Theorem 3.5 hold with appropriate
modifications.

Remark 3.7. In the examples we know, a Haar system on H will induce a Haar
system on G, in fact, lots of them. However, we do not know the full story at this
time. Fortunately, that will be of no concern to us here because, first of all, one of
the rather attractive features of Theorem 3.2 is that it is independent of the choice
of Haar system, and secondly, in our applications here, Haar systems on the
imprimitivity groupoids will appear automatically.

4. Topological results

In this section, we attend to the exactness of the sequence in Theorem 1.1 at
the first three points. The arguments are essentially those of Kumjian [6], but we
want to take a slightly different perspective to that presented in [6], and we want
to provide details for the reader’s convenience and for the sake of completeness.

Exactness at H'(R, T). As mentioned in the introduction, we want to identify
elements in H'(X/R, &) with (isomorphism classes of) circle bundles over X/R,
and similarly for H'(X, ¥). To define a map n: H'(R, T)—> H'(X/R, &), we
begin with a cocycle ¢ € Z'(R, T) and use it to define an action of R on
XXT: (XXT)*R={((x, 1), (x,¥)): (x,¥) e R} and (x, 1) (x,y)=(y, c(x, y)t).
It is straightforward to verify that this action is free and proper. Thus the quotient
space S.:= (X XT)/R is locally compact and Hausdorff. Moreover, the quotient
map q: X X T— S, is open by Lemma 2.1. We write [x, 1] for g(x, r). The action
of T on X XT determined by translation in the second variable commutes with
the action of R and therefore gives rise to a free, continuous action of T on
S.: s+ [x, 1] =[x, st]. Furthermore, it is clear that set-theoretically T\S, is X/R and
that the quotient map is 7: 7([x, 1]) = [x]. To show that S, is actually a T-bundle
we need only show that 7 is continuous and open. However, this is obvious for the
following commutative diagram:

XxT 25 x
ql lp
S. T>X/R

Indeed, the vertical arrows are the quotient maps determined by R-actions and so
are continuous and open surjections by Lemma 2.1. The map m, is projection onto
the first factor and is therefore a continuous and open surjection as well. Thus 7 is
also continuous and open.

Suppose that ¢; and ¢ are cohomologous cocycles with c¢(x,y)=
b(x)b(y)c(x, y) for a continuous map b: X — T, and define ®: X XT—-X XT
by ®(x, 1) = (x, b(x)r). Then ® is a homeomorphism that intertwines the two R
actions determined by ¢ and ¢, and is equivariant with respect to the T-action on
X XT. It follows that ® implements a bundle isomorphism between S, and §,,.
Thus 1 may be viewed as a map from H'(R, T) to H'(X/R, &). Moreover, what
we have just seen shows that if ¢ is a coboundary, then S, is the trivial bundle.
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But if S, is trivial, then there is a bundle isomorphism ¢: S, — X/R X T which
determines a continuous T-valued map 4 on X through the composition

e 1) FS 1] 22 (6] ) — A

If y is equivalent to x, modulo R, then we have
(Ix), A(»)) = ([y), h(¥)) = ¢([y, 1])
= ¢([x, cx, y)]) = c(x, y)$([x, 1])
= c(x, Y)([x), AG) = ([x], elx, Y)h()),

which shows that c is the coboundary determined by 4. Thus, if we show that 7 is
a homomorphism, then it will be injective.

To this end, consider the bundles S, and S, determined by two cocycles ¢ and d.
Their product S-S, is formed by first forming the fibred product S.*S,=
{([x, 1], [y, s]) € S. X S4: [x]=[y]} and taking the quotient by the diagonal action
of T: s-([x, 1), [, &2]) = ([x, s™'t;], [y, st2]). Elements in this quotient will be
denoted [[x, t], [y, s]]. Note that for r € T we have [[x, tr], [y, s]] = [[x, ], [y, s7]]
and that there is a natural T-action given by r - [[x, t], [y, s]] = [[x, rt], [y, s]]. One
checks without difficulty that S, - S, with this T-action is a T-bundle over X/R.
Define a map from X X T to S, - S, by sending (x, ) to [[x, ¢}, [x, 1]] and observe
that this map passes to the quotient S,,. Indeed, (x, r) and (y, s) are identified in
this quotient if and only if (x, y) € R and s = ¢(x, y)d(x, y)t. In this event, we have

[y, eCx, y)d(x, y)e], [y, 1] = [[x, d(x, y)i), [y, 1]
=[x, 1), [y, d(x, )] = [Ix, ], [x, 1]}

It is not hard to see, now, that this map implements a bundle isomorphism
between S, and S, - S,. This shows that our sequence is exact at H'(R, T).

Exactness at H'(X /R, &). 1f one views elements of H'(X/R, ¥) and H'(X, &)
as (isomorphism classes of) bundles, then the map p* is the usual pull-back: if
7: S— X/R is a T-bundle, then p*(S) = {(x, £): 7(¢) = p(x)} and the bundle map,
7*, is projection onto the first factor. If § is in the range of 7, then we may
assume that § =S, for a suitable cocycle c. The map o: X — p*(S,) defined by
o(x)=(x, [x,1]) is a continuous section for 7*, and so p*(S.) is trivial and
Im(n) < ker(p*).

For the reverse inclusion, suppose that S € H'(X/R, &) is such that p*(S) is
trivial. There is, then, a continuous section &: X — p*(S) (that is, %5 (x) = x).
Using the definition of t*, we see that there must be a continuous map o: X — §
such that &(x) = (x, o(x)) in p*(S). This means, in particular, that 7(a(x)) = [x].
So, if (x, y) € R, then 7(c(x)) = (o (y)). By virtue of the freeness of the T-action
on S, there is a unique c(x, y) € T such that o(y) = c(x, y)o(x). The continuity of
c follows from the properness of the T-action. Moreover, the fact that c(x, y) is
uniquely determined by (o(x), o(y)), when (x, y) € R, and the fact that S is a
T-bundle lead immediately to the cocycle equation c(x, z) = c(x, y)c(y, z) for all
(x,¥), (v, 2) € R. To see that S is isomorphic to S, simply observe that the map
®: X XT— S defined by ®(x, t) =ta(x) is a continuous T-bundle map with the
property that ®(x, 1) = ®(y, s) if and only if [x]=[y] and t=c(x, y)s; that is, if
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and only if [x,7] =[y, s] in S.. Thus ® passes to a bijection between S, and §,
which, clearly, is T-equivariant. It is an easy matter to check that @ is a
homeomorphism and we conclude, therefore, that § and S, are isomorphic. This
shows that ker(p*) = Im(n) and completes the proof of exactness at H'(X/R, ¥).

Exactness at H'(X, ¥). To show exactness at H'(X, &), we need first to
comment on how the map & H'(X,S)— Tw(R) is defined. Given a bundle
7. §— X, we may view § as a right H-space over H =T viewed as a T-groupoid.
Evidently, S with this action of H is a free and proper H-space. By Theorem 3.5,
the imprimitivity groupoid S * S/H has the structure of a T-groupoid, G, and S is
a (G,, H)-T-equivalence. One checks easily that the underlying relation of G,
that is, the base of G, as a T-bundle, is all of X X X. We let G, be the restriction
(as a T-bundle) of G, to R, and we define £(S), or £(1), to be G..

To see that ¢ is a homomorphism, recall how the product of two T-bundles and
the product of two T-groupoids are defined. Suppose that fori=1,2, 7;: §;—> X'is
a T-bundle over X. Then §;-S,=S§, *yS,;, the quotient of the fibred product
Six8,={(&1, &): ti(&) =€)} by the diagonal T-action, - (&, &)=
(r-£&,1t7'-&). The bundle map 7, 75 S,-S,— X is given by the formula
7, - 1o([&1, &]) = 1.(&). Likewise for T-groupoids ji: G;— R (i=1,2), G, -G, is
simply the product bundle endowed with the obvious groupoid product: [a,, a,]
and [B,, B,] are composable if and only if a; and §, are (which implies a5, and 3,
are as well) in which case [a,, @,][B,, B2] = [a1B1, @282]. A moment’s reflection
reveals that this product is well defined and that with inversion defined by
[a), ay) ' =[a7}, @3], G, G, becomes a T-groupoid over R. Moreover, with
respect to this product and the process of inversion, which assigns to a T-groupoid
G the conjugate T-action t - y =1 - v, the collection of T-groupoids over R form a
group with identity R X T (with the obvious groupoid structure). This group is,
essentially, what we are calling Tw(R) and which was defined earlier in terms of
extensions. Strictly speaking, we should by identifying isomorphic T-groupoids,
but the lapse in precision should cause no harm.

So, let §; and S, be two T-bundles over X. The map which sends

(6, &, €1, &) e (5 ) * (5% 5))
={(&1, &, &, &2): 11(&) = 12§, Ti(6) = Ta(£2)}
to
(61, €1, &2, £2) € (5% 51) * (2% S,)
={(&, &1, &, £2): T1(6) = 1(&2), Ti(€1) = Tal€2)}
is a homeomorphism which is equivariant with respect to all the various T- and

X X T-actions and gives rise to the commutative diagram

(i *8) X (85,*8) ———— (5 X8§)*(5:XS,)

1 l

Geoy=((S1-S)X (8- S)NIH — (S X S)/H- (5 x$)/H)=G,,- G,

It follows easily that the lower horizontal map is an isomorphism and so, after
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restricting to R, we see that G, . ., is isomorphic to G;, - G,,. This completes the
proof that ¢ is a homomorphism.

To identify the kernel of g, first recall from Theorem 3.5 that given a T-bundle
7. S— X, the groupoid G, acts freely and properly on S by the formula
[sy, 52] - 52 =5;. Restricting G, to R gives an action of G, on §, which is free
and proper too. Suppose, now, that G, is trivial as a T-groupoid, meaning
that £(S)=0 and that G, is isomorphic to R X T. Then there is an injective
groupoid homomorphism o: R — G, which is a cross section for the bundle map
j: G.—R. 1t follows that the action of R on S defined by the formula
(x,y)-s=0c(x,y)-s, 1(s)=y, is free and proper and, moreover, it commutes
with the T-action on S because G. is a T-groupoid and o is a section. It follows,
then, that R\S becomes a T-bundle over X/R. Form the pull-back

pHR\S) = {(x, [s]) € X X R\S: p(x) = p(1(s))}
and define ¢: p*(R\S)— S by ¢(x, [s]) = o(x, 7(s)) - 5. This is easily checked to
be a well-defined bundle isomorphism from p*(R\S) onto S. Thus, ker(e) =
Im(p*).

As for the reverse inclusion, let § be a T-bundle over X/R and let S = p*(§)
with T*(x, s) = x. We want to show that G,. is trivial as a T-groupoid; that is, that
there is a homomorphism o: R — G . that is a cross section for j: G,..— R. But
this is easy. Given (x,y) e R, choose s € § such that 7(s)=p(x) = p(y), and
define o(x, y) =[(x, s), (y,5)] in G.=8XS/T. By definition of the T-action,
[(x, 5), (¥, s)] is independent of the choice of s satisfying 7(s) = p(x), andso o is a
well-defined map from R into G, and is a cross section for j. An easy computation
shows that ¢ is a homomorphism. The continuity is an easy consequence of the
fact that S X S|k is a T>-bundle over R and, therefore, that the quotient map is
open.

S. The Dixmier-Douady class of a restricted T-groupoid C*-algebra

In this section we prove the exactness of the sequence in Theorem 1.1 at
Tw(R). Recall that R is a principal groupoid acting properly on its unit space X.
We are assuming that R has a Haar system, and we fix one, A, for the rest of this
paper. If G is a T-groupoid over R, then C*(R;G, A) is a continuous-trace
C*-algebra with spectrum X/R [12, Theorem 4.2 and Proposition 3.3]. If G' is
equivalent to G, that is, if [G] =[G'] in Tw(R), then C*(R ; G, A) is (strongly)
Morita equivalent to C*(R ; G', A), so we obtain a well-defined map 8: Tw(R)—
H*(X/R, &) by defining §([G]) to be the Dixmier~Douady class §(C*(R ; G, A)).
(There is no loss of generality in fixing A. If A’ is another Haar system, then G is a
(G, G)-T-equivalence and C*(R ; G, A") and C*(R ; G, A) are (strongly) Morita
equivalent by Theorem 3.2.)

The next step is to investigate 6(C*(R ; G, A)) in view of our assumption that
the quotient map p: X — X/R has local sections. As we intend to calculate
8(C*(R ; G, A)) using the approach in [17], we must use the fact that C*(R ; G, A)
is locally Morita equivalent to Co(X/R). Then 8(C*(R;G,A)) will be the
obstruction to C*(R ; G, A) being globally Morita equivalent to Cy(X/R). Our
local Morita equivalences will result from the following. ‘

LemMma 5.1. Suppose that G is a T-groupoid over a principal proper groupoid R
with Haar system A. If the natural map p: X — X/R has a continuous section w,
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then p =r|g, is open. In particular, C*(G, X) is (strongly) Morita equivalent to
Co(X/R X Z), and C*(R ; G, A) is (strongly) Morita equivalent to Co(X /R).

Proof. As in the proof of Corollary 2.6, G will be equivalent to G, where F is
the transversal w(X/R), provided p is open. This will follow from Theorem 2.5
once we show that ms;=(r,s): G—>X XX is an open map onto its range.
However, this is immediate since g = mgz°j, where j is the bundle map from G
onto R and 7 is a homeomorphism onto its range [11, Lemma 2.1(ii)]. But G is
a T-bundle (Corollary 5.4) which is trivial since u+~>u is a section. Thus Gf is
homeomorphic to FXT=X/RXT. The desired result now follows from
Theorem 3.2.

REMARK 5.2. Recall that the bimodule implementing the equivalence between
A=C*(R;G, A) and B = Co(X/R) is the completion of C(Gr) with respect to
the operations given in Equations (3.3), (3.4), (3.9), and (3.10). In this case these
simplify to

£-60)=| f@da”y) (@) (5:1)
¢ - g(y)=d(y)g(p(s(¥))), (5.2)
A&, ¥)(v) = d(yn)¥(n), where n € Gy and r(n) =s(y), (5.3)
(6, Whalii) = f S0 Uy~ A7), (5.4)

Recall that if S is a subset of X, then [S] denotes the saturation of §:
[S1=p"'(p(S)).

Lemma 5.3. Suppose that F and E are closed transversals arising from local
sections in a T-groupoid G with open range and source maps r and s. Let g = r|gs.
Then q: GE— F is a principal T-bundle.

Proof. Since G§ is clearly a T-space, we merely have to see that g identifies
G%/T with F. First notice that [F] =G =[E] implies g is surjective. Further-
more, p =r|g, is open (Lemma 5.1) from Gg onto X and G = p~'(F). Thus q is
open. Finally, if y, 8 € G£ and r(y) = r(B), then s(y)~s(B), and since E is a
transversal, s(y) = s(B8). Thus y =t - B8 for some ¢ € T. The assertion follows.

CorovrLARY 5.4. Suppose that G is a T-groupoid with open range and source
maps r and s. Also suppose that F and E are closed transversals corresponding to
continuous sections w and o. Then each point in X |G has a closed neighbourhood
C so that if F' = w(C) and E' = o(C), then there is a continuous map ¢: F' — G%.
such that r(¢(u)) =u and s(dp()) = o(p(u)).

REMARK 5.5. Maps such as ¢ are essentially admissible sections in the sense of
Mackenzie {8, Definition I1.5.7].

Proof. By Lemma 5.3 and [5], ¢: GE— F is locally trivial. Choose C so that
there is a continuous section ¢: F' = w(C)— G% By definition, r(¢(u)) = u for
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all u € F'; thus r(¢(F')) = F'. On the other hand, s(¢(u)) € E' = 0(C) < E and
o(p(u)) ~u. Since E is a transversal, s(¢(u)) = o(p(u)) and ¢(F') < G%.

At this point, we need to fix some (considerable) notation. By assumption there
is a collection {C;};.; of closed neighbourhoods in X/R = X/G whose interiors
cover X/R, and for which there exist continuous sections w;; C;— X. Let
F = w;(C;) and F; = w;(Cy). Note that in general, F; # F;, although Fj; and F; are
both transversals for T = [F;] = [F;]. The next argument shows that we can refine
our covers to ensure that the right sort of maps are defined on all overlaps. The
argument follows that of [3, Lemma 10.7.11].

LemMA 5.6. Suppose that G is a T-groupoid over R and that R is a proper
principal groupoid with Haar system X and local sections for p: X — X/[R. Then
there are closed neighbourhoods {C;};.; in X/R whose interiors cover X |R such
that

(1) there are continuous sections w;: C;— X, and

(2) there are continuous maps d> —>GF’ such that r(¢;(u))=u and

$(y(1)) = w,(p(w)) for all u < F,

Here we use the notation developed above: F, = w;(C;) and F; = w;(Cy).

RemaRk 5.7. Notice that if y € Gg, then y¢,(s(v)) € Gr,. Thus, essentially, ¢
determines what Mackenzie [8] would call a local right translation, mapping G,
to Gg,. These are related to the notion of gllssement a droite’ of Albert and
Dazord in [1] and to the notion of ‘bisection’ in {2].

Proof. We can certainly find a collection {T,},.4 of closed neighbourhoods,
whose interiors V, cover X/R, with the property that there are continuous
sections w,: T,— X. Since our assumptions imply that X/R is Hausdorff and
therefore paracompact, we can assume that {V,},_ , is locally finite; hence there is
an open cover {U,}, .4 satisfying M, = U, € V,.

Now fix A € A and x € U,. By local finiteness, there is a neighbourhood Z of x
such that

A'={BeA: ZNM,#2}

is finite. We claim that for each B € A, there is a closed neighbourhood Z; of x
such that Zz € Z and such that there is a continuous function ¢: w,(Zg N Mg)—
Guntzenng) satisfying (2). If x ¢ Mg, then we can simply choose Zg such
that Z, N Mz =@. If x € Mg, then we can apply Corollary 5.4 to the restriction of
G to T,N Ts. The point is that Zg, =( g4 Zg is a closed neighbourhood of x
with the property that there is a function from ,(Z,.N M) to G Z0ye
satisfying (2) for all B € A.

The desired cover is obtained by letting I ={(7y, x) e AX X/R: x € U,}. For
eachiel, welet C;= W,
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Next define h;: Gr,— Gr, by hy(y) = ydy(s(y)). Each h; implements a
T-bundle equivalence:
h

if
Gr, — Gy,

rl lr

(£l <3 [Fl

There are several things to check here. The first is that Gr,— [F;] is really a
T-bundle; this follows from Theorem 2.5 applied to the restriction of G to [F;).
Since hj; is certainly continuous and takes values in Gg, (Remark 5.7), and the
diagram commutes, the rest follows from {13, Lemma 1.12].

Define 8, C.(Gr,)— C(Gr,) by 6,()(v) =f(hy(v)) = f(¥8,(s())). Now if
Fjx = wi(Cig), v € G, and [u] =p(s(y)) € Ci, then

6;;° 6 (f)(v) = 6u(f)(ybi(s(¥)))
= f(ydi(s(¥) diu(s(dy(s(¥)))))
= f(')"i’ij(wi([“]))d’jk(wj([l‘])))-

On the other hand, 6y,(f)(y)=f(ydulw;([u]))). By Lemma 5.1,
C*(Rliry: Glig), A) is (strongly) Morita equivalent to Co(C;). Thus C*(R ; G, A) is
locally Morita equivalent to Co(X/R) (cf. [17, § 3]). Using the notation in the
discussion following [17, Lemma 3.4], we let X, be the C¥(R|(z); G| (g1, A)-Co(C;)-
imprimitivity bimodule which is the completion fo CJ(Gg) with respect to the
operations (5.1)-(5.4). Then ¥ may be identified with the completion of those
functions in C{(G) which vanish off {y € Gg: s(y) € p~'(C;)}. Thus X is the
completion of CI(GF”) with respect to the operations (5.1)—(5.4). The point is that
the 6, respect the operations (5.1)-(5.4), and so define imprimitivity bimodule
isomorphisms 8;: Xfv— X Thus it follows from [17, discussion following
Lemma 3.4 and Lemma 6.2], that there is a 2-cocycle v ={v,} in H({C}, &¥)
defined by

5ij° gjk = Vijk éik (5.5)
such that 8(C*(R ; G, A)) =[v]. On the other hand,

Y= ¢ij(wi([u]))¢jk(wj([u]))d’ik(wi([u]))_l

satisfies r(y) = w;([u]) =s(y). Consequently (here, we identify X X T with a
subset of G),

y = (0i([u]), vi([u])). (5.6)

If [G'] e Tw(R) as well, then, since we can take refinements at will, we may
assume that for the same cover {C;}, we have sections w; and produce the
corresponding data F|, ¢, h;, 6j, and vj. But then it is immediate that we
obtain sections " for G*G' on {C;} by defining w/(c) to be the class
[wi(c), w;i(c)). The corresponding data F}, ¢j, h;, 6j, and v/ are now easily
computed in terms of the previous data. In fact,

an - — 't n
05i° 0k = Viu Vi Oi-

In other words, 8: Tw(R)— H*(X/R, ¥) is a homomorphism.
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Exactness at Tw(R). Now suppose that §(C*(R ; G, A)) = 0. Then, passing to a
refinement of {C};c, if need be, we have v~0. That is, there are functions
2 Cyj— T such that

Vijk([u]) = I»‘-ij([u])l-‘vjk([“])l‘ik([“])-

Then replacing ¢; by u; - ¢;, we can assume that vy =1. In particular, (5.6)
implies that

hjxoh; = h, for all triples i, j, k € I.

Then we define

where (i, y) ~ (j, h;(y)) if r(y) € [F;]. (Note that if r(y) € [F;] and s(y) € F, then
actually s(y) € F; as s(y)~r(y)~u with u e p~'(Cy).)

Observe that A is a T-space: ¢ [i, y]=[i, - y]. (This is well defined because
the h;; are T-bundle maps; the action is continuous as we may assume that s(y) is
in the interior of F, and hence that there is a neighbourhood of y in G which is
contained in Gg.) Define n: A— X by n([i, v]) = r(y). (This map is clearly well
defined and it is continuous and open for the same reasons as described above.)
With this structure A is a T-bundle over X.

Recall that e(A)= G, = (-7,,|R, where G, is A* A/T. Alternatively,

G, = (A*AlR)/T.
It will be convenient to define maps 4;: G%— G by the formula
hi(v) =hy(y™) 7 = (v (r (1))
= y(r(y)) 'y = d(r(y)).

Note that we still have Ejk 05,-,- =h,. We define T to be the quotient of the disjoint
union 11, Gr *G% wleere [i, v, B] ~ [j, h;(y), B;(B)). The point is that we claim
that T is homeomorphic to A * Al To see, this, suppose ([i, v], [j, B]) € A* Al
Then r(y)~r(B) and s(B) € F;. Therefore h;(B) is defined. Thus if [i, y]=
[k, ') and [j, B] = [1, B'), then ¥, B € [Fy] and v’ = hu(y) and B’ = hy(B). But

Elk(hjl(B)-l) = E!k(ﬁjl(ﬁ—])) = Ejk(B-‘]) = Eik(Eji(B_l))'

Thus there is a well-defined map ¢ from~A*A|R to ' given by ¢([i, ¥), [/, B]) =
(i, v, Au(B™")]. (Since r(y)~r(B) and r(h;(B™")) = r(¢(s(B))) = s(B), we have
s(y)= r(h,-,-(B")), so (v, h;i{(B™")) € Gg* G*.) Since the interiors of the C; cover
X/R, ¢ is clearly continuous, open, and surjective. To see that it is injective as
well, suppose that ([i, v), [, B]) = ¥(lk, v, [1 B ]). Then [y, hy(B™")]=
[k, v1, IA(BI )] Therefore vy, = hy(y) and hlk(Bl ) Ik(hjl(B ‘)) h;k(ﬁ 1)

thus By =hu(hu(B™)) = hu(B™"). In other words, [i, y] =[k, v:] and [}, B] =
[/, B1]}. This proves the claim.

Note that T' is a T-space in a natural way: ¢ - [i, y, B] =[i,t - v, - B], and that ¢
is equivariant with respect to this action: (- [[i, v] [, B]*]D =
Wil e y) [ B =it % - Ru(B))=1-9(li, y), [j; B). Thus we can
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identify ¢(A) with T'/T. Furthermore, if (y, B) € Ge* G", then s(y) =u = r(B).
Therefore

hi(v)hy(B) = hy()hi(B™") ™
= 7’4’:‘;’("‘)(/3—ld’ij(“))—1 =vB.

Thus the formula [i, y, B8]+ yB defines a map O from I' to G. Again since the
interiors of the C; cover X /R and since G is a T-groupoid, we can apply Theorem
2.5 to conclude that © is an open surjection. Then it is straightforward to check
that © factors through I'/T and so defines a homeomorphism of £(A) with G. We
have shown that ker 6 = Im e.

Now suppose that qg: A— X is a circle bundle. Let H=X/RXT be the
trivial group bundle groupoid. We view A as a right H-space: let AxH =
{(A, (Ix], D): [g(A)] =[x]}, and define A-([x],£)=1r-A. Then A is a free and
proper H-space and we let G be the imprimitivity groupoid as described in § 3.
(Here 0 =peq.) That is, G = A* A/H, where

AxA={(A1, X2): [g(A)]=[g(A)]},
(AxA)xH ={((\, A2), ([x), D): [g(A)] = [q(A2)] = [x]},

and

(A, A2) - ([x], )y = (¢~ Ay, 1+ A2)

Then H and G are equivalent groupoids (Theorem 3.5) and 8§(C*(G, A)) =0 by
[9, Theorem 2.8]. However, the identity map on A X A induces a topological
groupoid isomorphism between G and e(A), and since C*(R;e(A), A) is a
quotient of C*(G, A), we have 8(C*(R ; (A), A)) =0 as well. This completes the
proof of exactness at Tw(R).

6. Exactness at H(X /R, &)

To show that Im(8)<ker(p*), we need to consider [¥V]=p*([v]), where
v ={v;:} is a cocycle determined by the local Morita equivalences of C*(R ; G, A)
for some T-groupoid over R as in equation (5.6) corresponding to sections w;, a
cover {C;};;, and data F, ¢, etc., as before. Then ¥ ={¥,} is defined on the
cover {D;};c;={p~'(C))}ic; by the formula ¥, (x) = v;z(p(x)). Notice that we can
take refinements {D,},. 4 of {D;} at will—with each D, not necessarily saturated—
and we still have ¥,,. determined by

(02(P (X)), Vanc(x)) = bar(@a(p(x))) oc(@o(p (X)) Pac(wa(p(x))) ™" (6.1)

(We are abusing notation here. Formally, one must choose a refining map
{: A—Iso that D, c D;,, and then ¥, is the restriction of ¥ ;) ,x)z(c) 10 Doape-
There are (possibly) many such maps ¢, but it is a standard part of the theory that
the cohomology class of ¥ is independent of the choice of refining map.)

Next observe that as GI[F] is a T-groupoid, and applying Theorem 2.5, it
follows that r[GF Gg— [F] is open. Thus r|GF is a T-bundle and must be locally
trivial [5]. Since the interiors of the [F] cover X, each u e X has a neighbourhood
D contained in some [F;] over which r|G is the trivial bundle. Then there is a map
a: D — Gg, such that r(a(y))=y and s(a(y)) wi(p(y)). (Recall that F is a
transversal for [F] and s(a(y))e F, and is equivalent to r(a(y))=y.)
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It follows that there are a refinement {D,},.. of {D;};.; and continuous maps
a,: D,— G such that r(a,(u))=u and s(a,(u)) = w,(p(u)). If we define B,, =
a,(x) 'a,(x), then

r(Bas(x)) = @a(p(x)) = r(¢ar(wa(p(x)))),

and
5(Bap(x)) = wp(p(x)) = 5(dar(wa(p(x)))).

Therefore there are continuous functions w,,: D,,— T such that

Bap(@a(p(x))) = pap(X)Ban (x)- (6.2)
Plugging (6.2) into (6.1) yields

Vabc (X) = Map (x)/"'hc (x)“ac (X)

(Here we have used the fact that B,,(x)Bsc(x)Buc(x) ™ = w,(p(x)), a unit.) Thus,
¥ cobounds and p*([v]) =0 as desired.

To complete the proof of Theorem 1.1 we now only need to show that if
8 € HX(X/R, &) satisfies p*(8) =0, then there is a T-groupoid G over R such
that 8(C*(R; G, A)) = 4.

Fix a locally finite open cover A ={U,},. 4 of X/R and an alternating (see {16,
Lemma 3.4]) cocycle v = {v;;} € Z*(U, ¥) which satisfies [v] = 8. By assumption,
the cocycle ¥ in Z%*(p~!(¥), &) defined by V,,.(x) = v (p(x)) defines the trivial
class in H?(X, ¥). Therefore there is a locally finite refinement B ={V;};., of
p () such that (an image of) ¥ is actually trivial in Z*(B, &). To be precise, we
assume that there is a refining map ¢{: I— A, which we fix, so that V, < p~'(U,;)
for all i € I, and so that there are continuous functions u;: V;;— T such that

#ij(x)l-‘-jk(x)ﬂik(x) = V;(,-);(j);(k)(p(x)) (6.3)

for all x € V.

Next we form the groupoid version of the Raeburn-Taylor algebra with
Dixmier-Douady invariant 8. To do this, let Z = [I,.4 U,, and define ¢: Z—
X/R by ¢(a, u)=u. Let R(y) be the induced relation in Z X Z. The Raeburn-
Taylor groupoid I' is the extension of R(y) determined by the continuous
2-cocycle o € HX(R(y), T) defined by

0‘(((0, u)’ (b’ Ll)), ((b’ u)’ (Cy “))) = Vubc(u)'
Thus I' = R(y) X T with multiplication defined by

((a, u), (b, u), s) - (b, u), (c, u), 1) = ((a, u), (¢, u), stV (). (6.4)

The point is that I" is a T-groupoid (even a twist in Kumjian’s sense) over R(y)
and 8 =6(C*(R(¢);T,c)), where ¢ is the Haar system given by the usual
collection counting measures (see [14, 6]).

We now define a family of maps which Kumjian calls a I'-cocycle on X. We
. define 6;: V;—T by

eij(x) = ((g(l), p(x)): (g(])’ p(x)), .“ij(x))'
The crucial properties that the 6; enjoy are as follows:
(1) (85(x), By(x)) eT® forall x € Vjy, and
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(2) eij(x)ejk(x) = O (x).

Property (1) is clear by construction, while Property (2) follows from (6.3) and
(6.4).

Now set W= 1[I,.,V, and put Yo=T*W ={(v, i, x): s(y)=6;(x)}. To see
that Y, is non-empty, notice that w,; is identically 1 since v is alternating (consider
the equation v;;y,i).;y(P(x)) = 1), and therefore

8:(x) = (£(1), p(x)), (L), p(x)), pas(x)) € T,

Let R(8) be the collection of triples (i, x,j) with x € V. Then R(0) has a
natural groupoid structure coming from viewing R(6) as the equivalence relation
in W X Winduced by ¢: W — X where ¢(i, x) = x. We claim that Y; is a free and
proper R(8)-space. To see this, define &: Yo— W (= R(8)?) by &(y, i,x) = (i, x).
To show that & is open it suffices to show that any net {(i, x,): x, € V}}
converging to (i, x) with x € V; has a subnet which lifts to Y;. (Here, the fact that
W is a disjoint union of open sets allows us to consider a fixed i € 1) But 6,(x,)
converges to 8;(x) in ['?, and s: T —T'” is open. Thus, passing to a subnet and
relabelling, we may find y, e I' with s(y,) = 8,(x,). Thus, (vy,, i, x,) e Y, We
define

(‘y’ ir X) : (l» xvj) = (YGU(X)J X, ])

(Notice that (7, 6,(x)) e T® as s(y) = 6;(x), and (6,(x), 8,(x)) e T'® by con-
struction.) The fact that this action is free and proper is straightforward to verify.

Therefore Y(0) = Y,/R(8) is a locally compact Hausdorff space. We will write
[v,i,x] for the class of (y,i,x) in Y(8). The map o: Y(68)— X given by
o([v, i, x]) = x is clearly well defined, continuous, and open. Similarly, p: Y(8)—
X /R given by p([y, i, x]) = r(y) is well defined and continuous. To see that p is
open, it will suffice to show that any convergent net r(y,)— r(y) has a subnet
which lifts to Y(6). Since r is open, we may assume that vy,—7y. Thus
$(Va)— s(y). Let s(y)=({(i), u), and we may assume that s(y,) = ({(i), u.).
Since p is open, we can assume that there are x, € V; converging to x € V; with
p(x,) = ug. Thus, {(Ya, i, x4)} is the required net.

We make Y(8) into a left-I'-space, with respect to p, in the obvious way: if
s(a)=r(y)=p([v.i,x]), then a-[y,i,x]=[ay, i x]. Using the fact that the
natural map (v, i, x)—[v, i, x] is open, it is not difficult to show that the action is
continuous. It is clearly free, and properness is a consequence of the following
observation. Suppose that [v,, i, x,]= [y, i, x] and [a,v,, ix, xa] = [v', i, x].
Since the natural map is open, we can pass to a subnet and relabel and assume
that i, is eventually equal to i and that there are vy, with [y,, i, x,] = [y, I, x,]
with the property that (y,, i, x,)— (v, i, x) as well as (a,y,, i, x,)— (v, i, x).
(Recall that 6;(x,) is a unit.) Thus a, must converge to y'y~' as desired.

LeMMA 6.1. The map o induces a homeomorphism of T\Y(6) onto X.

Proof. Let [v,i,x] denote the I'-orbit of [y, i, x]. Since o is constant on
[v, i, x], the map [y, i, x]— x is well defined. Continuity and openness follow from
the continuity and openness of ¢ and the natural map of Y(8) onto I'\Y(8). If
x € X, say x € V;, then there is a y e I" with s(y) = 6;(x). Then (¥, i, x) € ¥; and
[v, i, x]x. This proves surjectivity. Finally, suppose that [y, i, x] and [y', j, x]
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are in Y(8). Then x eV, and [y, i x]=[y6;(x),j,x]. But s(y")=06;x)=
s(y6;(x)). Thus 'y(-y9,,(x)) Yel. Thus [y,ix]=[y,/j,x], and this proves
injectivity.

Now we let G be the imprimitivity groupoid for the left action of T on
Y(6) (see Theorem 3.5 and Remark 3.6). Recall that G is the quotient of
Y(8)*Y(8)={(y, y2): p(3)=p(y2)} by the diagonal I'-action. Using Lemma
6.1, we identify G®=T\Y(8) with X via the map sending x e V,= X to

([6:(x), i, x], [8i(x), i, x]). Then sc([y1, y2)] = a(y2) and r6([ 1, y2]) = ().

It now follows from Theorem 3.5 that G is a T-groupoid over an equivalence
relation Rs =js(G) in X X X. Observe that if [(y, i, x), (v',j,x")] € G, then
r(y)=r(vy') while s(y) = 6;(x) and s(y') = 6;(x"). This implies that (s(y), s(v"))
belongs to R(y), or more simply, p(x)= ¢(s(y)) = ¢(s(y')) =p(x'). In sum,
if {y1,y2]eG, then jo([y1, y2]) = (ra([y1, y2]), s6([»1, y2])) belongs to R. To
show that j is surjective, suppose that p(x)=p(y) (so that (x,y) e R). Then
xeV, and yeV, for appropriate i,jel Then p(x)e Uy, and

((Z(l) p(x)), (£(j), P(») € R($). Let 1= (@), p(x)), ({(@), p(x)), 1) and

= ((£G@), p(x)), (€(7), P(¥)), 1)- Then ([y1, 4 x], [72,), y]) € Y(6)*Y(6) and
surjectivity follows.

We have shown that [G] e Tw(R), and that G is equivalent to I in such a way
that the (T, G)-equivalence Y(6) preserves the T-actions. It follows from
Theorem 3.2 that C*(R(y); T, ¢) is strongly Morita equivalent to C*(R ; G, A).
This implies that &6([G])=8, which completes the proof of exactness at
H*(X/R, &), and completes the proof of Theorem 1.1.
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