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EQUIVARIANT COMPLETELY BOUNDED OPERATORS

JIAIN RAEBURN, ALLAN M. SINCLAIR AND DANA P. WILLIAMS

An equivariant completely bounded linear operator between two
C*-algebras acted on by an amenable group is shown to lift to a com-
pletely bounded operator between the crossed products that is equi-
variant with respect to the dual coactions. A similar result is proved
for coactions and dual actions. It is shown that the only equivariant
linear operators that lift twice through the action and dual coaction
of an infinite group are the completely bounded ones.

1. Introduction. Let ®: 4 — B be a bounded linear map between
C*-algebras, and let a: G — AutA4 and f: G — Aut B be actions of
an amenable locally compact group G. If ® is a homomorphism and
is equivariant—i.e., ®(as(a)) = Bs(P(a)) for s € G, a € A—then it
extends to a homomorphism @ x i from the crossed product 4 x, G
to B xg G. On the other hand, if C is another C*-algebra, then for
any completely bounded map ®: 4 — B there is a bounded operator
®xi: A9 C - B® C,; indeed, by taking C to be the algebra .7
of compact operators, we can see that the complete boundedness of
® is necessary for this to be true. We shall combine these results to
prove that any equivariant completely bounded operator extends to a
bounded map on the crossed product, formulate and prove the anal-
ogous results for crossed products by coactions of nonabelian groups,
and investigate the extent to which complete boundedness is a neces-
sary hypothesis.

We shall take similar approaches to the problems of lifting through
actions and coactions. First, we prove equivariant versions of Stine-
spring’s theorem [23] on completely positive maps into % (%), and
we then show how to modify Wittstock’s theorem [25] to write an
equivariant symmetric completely bounded map into Z(#) as a dif-
ference of equivariant completely positive ones. From these we can
use standard symmetrisation techniques to deduce that an equivari-
ant completely bounded operator ®: 4 — Z(#) can be realized in the
form ®(a) = Trn(a)V, where x is part of a covariant representation
(n,U) of (4,G,a) in some larger Hilbert space. We can then define
DPxi: Ax,G— B(#) by the formula ® x i(z) = T(n x U(z))V, and
the result for ®: 4 — B follows easily.
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In the case of actions the extension of Stinespring’s theorem is quite
straightforward, and in fact has already been established by Paulsen
[17] for other purposes. Our version of Wittstock’s theorem is ob-
tained from [25] by averaging using an invariant mean on the group
G; of course, this means (sorry) we have to assume G is amenable.
It is possible that this hypothesis is not necessary at this stage (see
Remark 3.4) but we shall also need it later because it plays a vital
role in the present theory of crossed products by coactions. Because
this theory is so far relatively undeveloped, the equivariant versions
of Stinespring’s and Wittstock’s theorems for coactions are technically
considerably harder. However, we believe that some of our construc-
tions here could be of independent interest. For example, the Stine-
spring theorem includes as a special case a version of the Gelfand-
Naimark-Segal construction of covariant representations from an in-
variant state, and this appears to involve non-trivial modifications of
the usual construction (see the remark preceding Theorem 4.4). Our
proof of Wittstock’s theorem depends on an averaging construction
using an “invariant mean” on the von Neumann algebra of a group
and slice maps by non-normal functionals: similar methods have been
used by Enock and Schwartz in their study of Kac algebras [6].

It is possible that a bounded lifting ® x i can exist even if the map
® is not completely bounded. For example, suppose G is abelian and
acts trivially on both 4 and B. Then

AXyaG=Z AR C*(G) = A® Cy(G) = Cy(G, A),

and any bounded linear map ®: 4 — B extends to a bounded map
® x i: Ax, G — B xg G, which is equivariant for the dual actions
of G. However, ® x i cannot then extend to a bounded map on the
second crossed product unless ® is completely bounded. The idea of
the proof of this is simple: by Takai duality, (4 x, G) x5 G = A® .7,
and the existence of a bounded extension (® x i) x i would imply
that d®i: A 0% — B ® % was bounded, so that ® was completely
bounded. In fact, we shall prove a version of this result for arbitrary
amenable groups using non-abelian duality.

We have organized our work as follows. In §2, we set up our no-
tation and develop the necessary background material on completely
bounded operators, slice maps and crossed products. In particular, we
discuss covariant representations and crossed products for coactions,
and what we mean by saying a linear map is equivariant with respect to
coactions. Section 3 contains our results on lifting equivariant maps to
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crossed products by actions, and §4 the analogous results for coactions.
We have taken care to follow the same general pattern in these two sec-
tions. In §5 we prove that an equivariant map ®: (4, G,a) — (B, G, f)
lifts to the second crossed product (4 x4 G) X5 G if and only if @ is
completely bounded, and briefly discuss the analogous result for the
case where G coacts on A. Our last section contains an alternative
treatment of the material in §3 for normal completely bounded maps
on von Neumann algebras, and a brief discussion of how our results
can be adapted for multilinear completely bounded operators. a

2. Preliminaries.

Notation. We denote by ® both the Hilbert space tensor product and
the spatial (or minimal) tensor product of two C*-algebras. If ¢ and
v are bounded (linear) operators on spaces X and Y, then ¢ ® y will
denote both the algebraically defined operator on the algebraic tensor
product X ® Y, and its extension to any completion—provided, of
course, such an extension exists. The algebra of all bounded operators
on a Hilbert space # will be denoted by Z#(#), and the ideal of
compact operators by Z (#) or just #Z. If A is a C*-algebra, M (A4)
will be its multiplier algebra ([2], [21, §3.12]). As well as the norm
topology, M(A) carries the strict topology, which is defined by the
seminorms x — ||xal| + |lax| for a € 4; note that A is strictly dense
in M(A) [2]. We write 1 for the identity element of 4 or M(A4), and
i for the identity map on A4 or M(A4).

Completely bounded operators. Let M,(A) denote the C*-algebra of
n x n matrices with entries in a C*-algebra A4, which we shall identify
with 4 ® M,(C). Let ®: 4 — B be a (linear) operator between C*-
algebras, and let ®,, denote the tensor product PQi: AQM, — BRM,;
under the matrix identification, ®,((a;;)) = (®(a;;)). Recall that @
is completely positive if ®, > 0 for all n, is completely bounded if
|P|lcp = sup{||Px|l: n € N} < o0, and is symmetric if ®(a*) = P(a)*
for a € A.

Wittstock’s decomposition of a symmetric completely bounded op-
erator from a C*-algebra into Z(#) (see Theorem 2.2 below) and
the Stinespring representation theorem enable one to write each com-
pletely bounded operator ®: 4 — Z (%) in the form ®(a) = Tx(a)V,
where 7 is a non-degenerate representation of 4 on a Hilbert space
Aand V. # — #, T: # — # are bounded operators such that
|1®llcr = TNV [19], [26]; conversely, each such operator is com-
pletely bounded with ||¢||., < ||T||||V||. This result immediately im-
plies that a completely bounded operator ®: 4 — F(#) extends to
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the enveloping von Neumann algebra 4**, and hence to the multiplier
algebra M(A4). More precisely, we have the following lemma.

LEMMA 2.1. Let ®: A — B(#) be a completely bounded operator.
Then there is a unique strict-to-x-strong continuous, completely bounded
operator ®: M(A) — B (¥) which extends ®. Further, |®||.; = ||P||cs
and @ is completely positive (symmetric) if and only if ® is completely
positive (symmetric).

Proof. Choose T, V, n as above. Since 7 is non-degenerate it ex-
tends to a strict-to-*-strong continuous representation 7 of M (A4) on
#,. We set ®(m) = Tr(m)V for m € M(A). Then ®@ extends @, and
is completely bounded with

1Dlles < [1@llep < ITNNV I = I1Plco-

The uniqueness of ® follows from the strict density of 4 in M(A).
If ® is completely positive we can take T = V*, and then ® is also
completely positive since all maps of the form m — V*p(m)V are.
An application of Wittstock’s theorem gives the observation about
symmetry of ®. This proves the lemma. O

When we use extensions of homomorphisms and completely bound-
ed maps to operator algebras, we shall always be using the canonical
strictly continuous extension given by this lemma—and we shall de-
note the extension by the same symbol. With this convention, we can
state Wittstock’s theorem ([25], [18], [19]) as follows.

THEOREM 2.2. Let ®: A — ZB(#) be a symmetric completely
bounded operator. Then there are completely positive operators ¥j: A —
B (#) such that ® =¥, — ¥, and |D||., = ||¥1(1) + F2(1)].

Slice maps. If A and B are C*-algebras and f € B*, then
RSs(a®b) =af(b)

defines a bounded operator RS;: A ® B — 4 with norm || f||, which
extends uniquely to a strictly continuous linear map of M (4 ® B) into
M(A). If f is the vector functional b — (b&,n) on Z(#), there is
also a weakly continuous slice map RS,: Z(# ® #) — % (#) given
by the equation

(RS{(T)h, k) = (T(h®&),k®n) for hk € #.
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The two kinds of slice map agree when they both make sense—indeed,
the second is just the weakly continuous extension of the first (see [14,
Lemma 1.5]).

Of course, there are also left slice maps from 4 ® B to B, defined
by LSs(a ® b) = f(a)b for f € 4*, and the two kinds of slice maps
are related by the Fubini theorem

goLS;=foRS, for fe A, geB".

We shall use this fact in its own right, and in §4 to give a definition of
a slice map for a non-normal functional on a von Neumann algebra.
When we imagine no confusion is likely, we shall refer to either LS,
or RS f as S -

Group algebras and crossed products. Let G be a locally compact
group and A the left regular representation of G on L%(G). The clo-
sure of {A(f): f € LY (G)} in #(L*(G)) is the reduced group C*-
algebra C;(G), and the weak closure is the group von Neumann algebra
vN(G). Let A(G) denote the Fourier algebra of Eymard [7]. Then we
have natural identifications v N(G) = C;(G)** = A(G)*; if z € L1(G),
f € A(G) then the latter pairing is given by (f, z) = [ f(s)z(s)ds. Ev-
ery such functional has the form z — (A(z)¢, n) for some &, 7 € L*(G),
and a comparison of these formulas shows that every f € A(G) can
be decomposed

£(s) = (1= )s) = / (s~ dr

where &(s) = €(s—T). Most of the time we shall be assuming our group
G is amenable, in which case A is an isomorphism of the full group
C*-algebra C*(G) onto C;(G) [21, 7.3.9].

By an action of G on a C*-algebra A we mean a strongly contin-
uous homomorphism a: G — AutA4. A covariant representation of
(A4, G, ) is then a pair (7, U) consisting of a (*-preserving) represen-
tation 7 of 4 on a Hilbert space /# and a (strongly continuous) unitary
representation U of G on # such that

n(as(a)) = Usn(a)U; forae A,s €G.

The crossed product A %, G is a C*-algebra whose representations
are in one-to-one correspondence with the covariant representations
of (4, G, a); it is usually constructed as the completion of the algebra
C.(G, A) of continuous A-valued functions of compact support (see
[21, §7.6]). There are canonical homomorphisms i4: A — M(A %, G),
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ig: G — UM(A %, G) such that i 4(as(a)) = ig(s)is(a)ig(s)* (see [21,
Proof of 7.6.4], or [22] for a different treatment). If we have an-
other action f: G — Aut B, then we shall say a bounded linear map
®: A — B is a — B equivariant (or just equivariant) if ®(as(a)) =
Bs(®@(a)) for s € G, a € A. Thus, for example, if (n, U) is a covariant
representation of (A4, G, ), then n is a—Ad U equivariant in this sense.

Coactions and their crossed products. Here we shall review some of
the basic definitions and results about coactions of a group on a C*-
algebra, and then discuss what it means for a linear operator between
C*-algebras to be equivariant with respect to coactions. Our basic
reference for this material is [14, §2, 3].

Loosely speaking, a coaction of a locally compact group G on a
C*-algebra A4 is an action of the dual G of G on 4. To make this
formal, we first have to introduce the comultiplication dg: C;(G) —
M(C}(G) ® C}(G)), which is the integrated form of the homomor-
phism s — J; ® Jy; spatially, d; is given by dg(z) = Ws(z ® 1) W3,
where W; € U(L?*(G x G)) is defined by W5&(s, t) = &(s,s~1¢). (This
latter formula for d; implies that d; extends to a homomorphism of
vN(G) into vN(G)® vN(G).) Then a coaction of G on A4 is a homo-
morphism 6: 4 — M(A® C}(G)) satisfying

(1)d(a)(1®2z2),(1®z)d(a)e AR C}(G) for all a € 4, z € C}(G);

(2) there is an approximate identity {e;} for 4 such that d(e;) — 1
strictly in M (4 ® C}(G)); and

(3) (6®i)od=(i®dg)00.

We say J is non-degenerate if in addition

(4) for each ¢ € A* there exists y € C;(G)* such that (¢pQ®w)od # 0.
Of these conditions, (1)is technically useful because it implies Sy (d(a))
€ A for f € C¥G)*, (2) is there to ensure that (3) makes sense, (3)
is the analogue for coactions of the multiplicativity a;; = a; o a; of
an action, and (4) is a technical assumption which is automatic if G
is amenable (see [11, Theorem 5] for equivalent formulations of (4)).
We mention three examples:

(a) if G is abelian and a: G — Aut 4 is an action of G, then

8(a) = (y = (@) € Cy(G, 4) € M(4® Co(G)) = M(4® C*(G))

defines a coaction of G on 4;

(b) d¢ is a coaction of G on C}(G);

(c) there is a canonical coaction & of G on the reduced crossed
product 4 x,, G (which equals 4 x, G if G is amenable).

For a discussion of these examples, see [14, 2.3].
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A corepresentation of G is a representation of Cy(G), which we
think of as a representation of G (if G is abelian, Co(G) = C*(G)). A
theorem of Nakagami and Takesaki [15, Theorem A.1(b)] gives a one-
to-one correspondence between representations u: Co(G) — F (%)
and unitary operators W € Z(#) ® vN(G) satisfying

W)(Wel)? =i®ds(W),

where o denotes the flip automorphism of vN(G)® vN(G), and dg
has been extended spatially to v N(G). This correspondence is char-
acterized by the relation

u(f) = RS, (W) for f € A(G) = vN(G)..

Strangely, it is often more convenient to work with the unitary W
rather than the representation u, and we refer to W as a corepresen-
tation of G on #Z.

Associated with a coaction 6: 4 — M4 ® C;(G)) is the
crossed product A x5 G [14, 2.4], which is the C*-subalgebra of
M(A®% (L?*(G))) generated by the elements of the form &(a)(1 ®Mj)
for a € A, f € Cy(G). Representations of 4 x; G are in one-to-one
correspondence with the covariant representations of (A, G, d), each of
which consists of a pair (z, W) of a representation 7 of 4 on a space
# and a corepresentation W of G on # such that

(1) 1 ®i(6(a)) = W(n(a)® )W* for a € A.

The representation of 4 x5 G corresponding to (7w, W) is denoted
n x W, and is characterized by the property

nx W((a)(1® My)) =n(a)RS,(W) forae A, feAQG).

These results are the content of [14, §3].

Let 9, ¢ be coactions of G on C*-algebras A, B and ®: A — Bbea
completely bounded map. We shall say ® is § — ¢ equivariant, or just
equivariant, if

(2) (PR®i)od =0,

notice that the left-hand side of this makes sense because completely
bounded operators lift through tensoring [S, Lemma 1.5], and extend
to the multiplier algebra by Lemma 2.1. Thus, for example, equation
(1) says that if (n, W) is a covariant representation of (4, G,d), then
m is 6 — Ad W equivariant. (Here Ad W denotes the coaction 77 —
W(T®1)W* of G on Z(#).) By using slice maps, we can reformulate
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(2) to avoid appealing to the lifting result: it is equivalent to
DO(RSy(d(a))) = RSy(e(P(a))) forae A, f e A(G).

This enables us to extend the definition of equivariance to arbitrary
bounded operators from A4 to B.

3. Lifting through actions. Let a: G — AutA4 and f: G — AutB
be actions of an amenable locally compact group G on C*-algebras A4
and B. We shall prove that an equivariant completely bounded map
®: A — B gives rise to a completely bounded map ® x i: 4 x, G —
B x5 G. We shall deduce this from a structure theorem for equivariant
completely bounded maps ®: 4 — Z(#) (Theorem 3.3), for which
we need equivariant versions of Stinespring’s theorem (Lemma 3.1)
and Wittstock’s decomposition theorem (Lemma 3.2). Lemma 3.1 is
essentially proved in [17], so we shall merely outline its proof.

LEMMA 3.1. Let ®: (A,G,a) — (Z(#),G,Ad U) be an equivariant
completely positive map. Then there are

(1) a covariant representation (n, W) of (A4, G, a) on a space %,

(2) a continuous operator V: % — %, and

(3) a representation p of the commutant ®(A) on %,
such that
(a) ®(a) = V*n(a)V forae€ A,
(b) Z = (a(A)VZ)",

(c) VU =W,V forall t € G, and

(d) p(x)V = Vx for x € ®(4), p(UxU}) = Wip(x)W;* for x €
d(A4), t € G, and p(P(A)) C n(A)'.

Outline of Proof. (See [24, pp. 195-196] and [17, Theorem 2.1].)
We define a pre-inner product on the algebraic tensor product 4 © #
by

(a®&,b®n) = (®(b*a),n),

mod out by the vectors of length 0, and take % to be the comple-
tion. Then we set n(a)(b®¢&) = ab ® &, p(x)(b® &) = b ® x¢,
Wia®¢&) = o4(a) ® U and, if 4 has an identity, V¢ = 1 ® &;
otherwise V¢ is defined as the norm limit of e, ® £, where e, runs
through an approximate identity for A. The standard arguments show
that (a), (b) and the first part of (d) hold [24, p. 195]. The equivari-
ance of ® implies that W, is isometric, and it has inverse W,-, so each
W, is a unitary operator on .%Z’; W is a homomorphism because a and
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U are, and it follows from a standard inequality that W is strongly
continuous. Condition (c) is trivial when A has an identity, and in
general is a consequence of the fact that the operator V is the same
no matter which approximate identity we use. The other two parts of
(d) are easily checked on elementary tensors, and this completes the
proof. o

LEMMA 3.2. If ®:(A,G,a) — (B(#),G,AdU) is a symmetric
equivariant completely bounded operator, then there are completely pos-
itive operators ®;: A — F(X) such that ® = ®, — ®, and ||P||., >
|@1(1) + Do(1)])-

Proof. By the usual Wittstock theorem ([25], [19]) there are com-
pletely positive operators ¥;: 4 — % (#%) such that ® =¥, — ¥, and
|Pllcs = I¥1(1) + ¥>(1)]|. (In the non-unital case, the identity here is
in M(A).) Let m be a right invariant mean on G, and define ®; by

(®j(a)e,n) =m(t— (UYj(u(a)Ué,n)) forac A, ne;

here the right-hand side is a bounded sesquilinear form in £ and 7, and
hence defines a bounded operator ®;(a) on /#. The complete positiv-
ity of ®; follows from that of ¥; and the positivity of m. The right
invariance m(t — f(ts)) = m(f) shows that ®;(as(a)) = U;P;(a)Uy
for a € A, s € G, and the equivariance of ® implies that ® = ®; — D,.
The inequality ||®;(1) + P,(1)|| < ||P||.» can be obtained by averaging
the equation

IUSF 1 (DUs + UsFo(DUs|| = (| Dllces

and this completes the proof of the lemma. O

THEOREM 3.3. Let a be an action of a locally compact amenable
group G on a C*-algebra A, and let U be a unitary representation
of G on a Hilbert space. If ®: A — Z(#¥) is a completely bounded
equivariant linear map, then there are

(1) a covariant representation (n, W) of (A, G,a) on a Hilbert space
Z, and

(2) bounded operators V:# - %, T: % — ¥
such that

(a) ®(a) = Tr(a)V forac A,
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(b) VU, = WV, TW, = UT for t € G, and
© [[Plice = 1TVl

Proof. We begin by observing that it will be enough to prove the
result for a symmetric operator ®. To see this, we introduce ®: 4 —
B(# & #) defined by

®(a) = (q)(g*)* q’g’)) for a € A.

Then @ is a symmetric completely bounded operator, and a calculation
using the equality

15 &)= maxtistiom

shows that ||®||., = ||®||p. Define U = U & U, so that ® is a — AdU
equivariant, let 7: Z®# — # be the projection onto the first factor,
and let Vy: # — # @ # be the inclusion of the second factor. Then
if ®(a) = Tn(a)V is a realization of ® satisfying (a)—(c), the required
realization of ® is given by ®(a) = ToTn(a)V' V.

Now suppose that @ is symmetric, and let ® = ®; — O, be the
decomposition of Lemma 3.2. By Lemma 3.1 there are covariant
representations (z;, W;) of (4, G,a) on .%; and operators V;: # — %Z;
satisfying ®;(a) = V;'n(a)V; (and the other conditions of 3.1). We
thentake ' = Z @ %, n=n, @M, W =W @ W, V = (V},-)Y,
and T = (V*, V). Properties (a) and (b) follow immediately, and we
have

ITIIVI = 177V + V3 Vall = [|@4(1) + Po(1)]] < [|Dcp-

But any decomposition ®(a) = Tn(a)V implies that || P, < ||T||||V]|
[4, Lemma 5.3], so this completes the proof of the theorem. O

REMARK 3.4. If there is an equivariant version of Arveson’s exten-
sion theorem [1] which works for an arbitrary locally compact group,
then the techniques of [19] would enable us to remove the hypothesis
of amenability from Theorem 3.3. For another possible route to the
same end, see the proof of [8, Theorem 3.7].

THEOREM 3.5. Let G be an amenable locally compact group, and
let o and B be actions of G on C*-algebras A and B respectively. If
®: A — B is a completely bounded equivariant operator, then there is
a unique completely bounded operator ® x i: A xo G — B x5 G such
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that
(a) ® x i(iyg(a)ig(z)) = ig(P(a))ig(z) for a € A, z € C.(G).
We then also have
() (@ x i(y))(1) = P(¥(2)) for y € Cc(G, 4), t € G;
(©) |P x illcp = [|Pl|cps
(d) ® x i completely positive if ® is, and symmetric if P is;
(e) ® x i is equivariant for the dual coactions & and B of G.

Proof. Let (p,U) be a covariant representation of (B, G, ) on #
such that p x U is a faithful representation of B xz G. Then po
® is an equivariant completely bounded operator from (A4, G,a) to
(#(#),G,Ad U), so we can apply Theorem 3.3 to realize p o ® in the
form po®(a) = Tn(a)V,wheren, T, V, %, W are as in that theorem.
Then for each a € 4, z € C.(G) we have

T(nx W(ig(a)ig(2)))V = Tr(a)W(z)V = Tn(a)VU(z)
=po®(a)U(z) = p x U(ip(P(a))ig(2)).
Thus y — T(n x W(y))V maps 4 x, G into the range of p x U, and
we can define
Oxi(y)=(px U T(nxWH)V) foryeAdx,G.
Then ® x i is a completely bounded map with
1P x illcy < NTNV I = [IPllcos

and the above calculation shows that (a) holds. Since the elements of
the form i 4(a)ig(z) span a dense subspace of 4 %, G, there is only one
continuous operator satisfying (a). Note that the strictly continuous
extension ¥ of (p x U) o (® x i) satisfies

Y(is(a)) = T(n x W(iq(a))V =Tn(a)V = p(P(a)) € p(B),
so® = p~lo¥oi,. But ¥ has the same completely bounded norm as
® x i, so this implies ||®||.; < ||¥llcr = ||P X i||cp, Which gives (c).

To establish (b), we approximate z uniformly on supp z by a sum
> i4(aj)ig(z;) where suppz; C suppz. Since @ is continuous,
> ip(®(a;))ig(z;) uniformly approximates @ o z, and the continuity
of ® x i gives

D xi(z) ~ Zd) X i(iq(aj)icg(z}))
J

= Z ip(P(a)))ic(zj) ~ Do z.
J
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This implies (b). If ® is completely positive, we can choose T = V*

(see Lemma 3.1), and then ® x i is also completely positive. Since

a completely bounded operator is symmetric if and only if it is the

difference of completely positive operators, this also shows that ® x i

is symmetric if ® is. This gives (d), and it only remains to verify (e).
We shall show that

@ x i(S;(a(2))) = S(B@ x i(2))) forall f € A(G),z € C.(G, 4),

and we begin by showing that S(&(z)) is the pointwise product of the
function f and z. Choose a faithful representation p of 4 on /#; then
A %, G is faithfully represented on L%(G, #) via jp x A [21, 7.7.5] and
&(z) is given on L2 (G x G,#) by

(a(z)v)(t,r) =/p(az'l(Z(S)))(V(S“‘LS"’)) ds

(see [13, p. 155]). Let &, n € L?(G) be two vectors such that (f,y) =
(y&, 1) for all y € C*(G). Then for h, k € L*(G,#) and z € C.(G, A)
we have

(b x 2)(Sy(&(2)))h, k) = (&(2)(h ® ), (k @ m))

~ [[{ [ ptei*csmnis (s ds | R dear
=//p<at ( s)/f ﬂ(r)dr>> (s~\1)(0) ds d

=/PXMf¢XMMM0m

=(pxA(f - z2)h, k).
Thus S(a(z)) = f - z, as claimed. Now we have by (b) that

(P x 1)(Sr(&(2)))(s) = P(f(5)2(s)) = f(5)D(z(s))
= f(5)® x i(2)(s) = S;(B(® x i(2)))(s)

for all s € G, z € C.(G,A) and f € A(G). This completes the proof
of (e). O

4. Lifting through coactions. The basic structure of this section
is similar to that of §3 with the actions of that section replaced by
coactions, although the results and calculations become technically
more complicated. One underlying difficulty is that, given a coaction
J of G on A, there is at present no nice x-algebra whose completion
is A x5 G in the way that 4 x, G is the completion of C (G, A) with
a suitable product and norm. At several points in the argument we
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shall split off technical sublemmas to deal with some tricky calculation.
Certain calculations will involve approximations arising from the use
of approximate identities: to simplify the notation and avoid explicit
inequalities we shall denote the approximation by ~ in these cases.
Theorem 4.1 is a covariant Stinespring result for coactions corre-
sponding to Lemma 3.1 for actions, and Theorem 4.5 an equivariant
version of the Wittstock decomposition analogous to Lemma 3.2.

THEOREM 4.1. Let G be a locally compact group, let 6: A —
M(A ® C}(G)) be a nondegenerate coaction of G on a C*-algebra
A, and let W € B(# ® L*(G)) be a corepresentation of G on #. If
D: 4 - B(#) is ad— AdW equivariant completely positive linear
operator, then there are

(1) a covariant representation (n,Y) of (A,G,d0) on a Hilbert
space %,

(2) a continuous linear operator V: % — %, and

(3) a representation p of ®(A) on 7,
such that

(a) ®(a) = V*n(a)V,

(b) Z = n(AVZ),

CVINWW=YV1l)and (V*®@1)Y =W ((V*®1),
(d) pxX)V=Vx,W*(x )W € (P(4)® 1), and

(p® DW*x )W) =Y*(p(x)®1)Y
foralla e A and x € P(A)'.

Proof. Let N be the subspace of the pre-inner product space 4 © #
of vectors of zero length, where the pre-inner product is defined by
(a® h,b® k) = (®(b*a)h,k) as usual. Then .7 is the completion of
AO®#/N, and =, p, and V are defined in the usual way (see Lemma
3.1). We shall define a unitary operator ¥ on.% ® L*(G) by

Yah®&) =(mQi)(da)(Vel(Whel)))

for all a € 4, h € H and ¢ € L*(G), where we are viewing C*(G)
as acting concretely on L%(G). We shall show that this equation does
define a unitary operator Y by verifying

(1) Y is a well-defined operator on the algebraic tensor product
AG (¥ 0 LG)),
(i) N L*(G) Cker?,
(iii) Y is isometric from ((4®.#)/N)® L*(G) into # ® L*(G), and
(iv) Y is surjective when extended to % ® L%(G).
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We shall then prove that Y is a corepresentation and that (c) and
(d) hold. The conclusions not involving Y are standard Stinespring
theory.

We begin by noting that Y is the composition

Ao#zoLX(G) 2%  MU®CHG) o (¥ LXG))
l(n@i)@V@i

B(FZ RLXG) 0 (F ®LXG) -, #eLXG),

where for a Hilbert space .#, eval: (%) ©.¥ — ¥ is the linear
map such that eval(7 ® /) = T(/). Thus Y is a composition of linear
operators and hence is a well-defined linear operator; this proves (i).
To obtain (ii) and (iii) we need a couple of lemmas.

LEMMA 4.2. If f = (n x &)~ € A(G) with n,& € L*(G), then
(r@i)(m)(b®h®E),c®k®n) = (P(c*S(m)b)h, k)
forallme M(A® C;(G)), b,ce A, and h,k € % .

Proof. First we suppose that m = a® z € A® L'(G). Then the
left-hand side is

(ab@h®z& c@k®n) =(ab®h,c@k)(z¢,n)
= (®(c*ab)h, k)(z, f)
because the pairing between 4(G) and C;(G) is given by

(z, /) =(z&n) if f=(n*é),
= (®(c*a(z, f)b)h, k)
= (®(c*'Sr(a® z)b)h, k).

This formula extends to 4 ® C;(G) by continuity, and then to
M (A ® C}(G)) by strict continuity. O

LEMMA 4.3. Ifa,b € A, h,k € #, and &,n € L*(G), then
(Y(a®hel),Y(bokon)=(a®hbok){n).

Proof. By definition we have

I=(Ya®h®{),Y(bokon)
= (7 ®i([6(a)(Ve1(W(hel)),n®i(dd)(V e (W (ken))).
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We can approximate W (h ®¢) and W (k ® n) by finite sums Y 4; ®&;
and }_k;®n; in #©®L*(G). Let fj, denote the functional in vN(G). =
A(G) defined by

(&, fir) = (&&j> r)

for g € L'(G) C C/(G). Let e, be a bounded approximate identity
for A and let V;: # — % be defined by V,(h) = e, ® h. Then the
operator V' occurring in the Stinespring decomposition is the strong
operator limit of the V}; this is how V" is defined when 4 does not
have an identity [24, p. 197]. Choose y large enough to ensure that
V,(hj) is near V'(h;), V;(k,) is near V (k;), and ;S (d(b*a))e, is near
Sy (d(b*a)) for all j and r. Then

I~ <7z®i(5(a)) (Vy®1 (Zhj ®fj)) ,
J
7 ® i(5(b)) (Vy®1 (Zkr®nr))>

=Y (n®i(d(a))(e, ®@h; ®E)),m@i(5(D))(e; ® K @ 1)),
Jr

which by Lemma 4.2 equals
Y (@(e; (S, (3(b"a)e)h;, ji);
Jr
I is therefore close to
D (@S, (8(6*a))hy, k).
J,r
Since ® is equivariant,

I~ (Sy, (W(®(b*a) ® YW*)hj, k)

= ST (W (®(b*a) @ WW*(h; ® &),k ® 1)

<W(<I>(b*a) ® LW* (Z h; ®é,-) D ke ® m>
j r

(W(®(b*a) @ WW*W (h®&), W(k®1))
={((@(b*a)® 1)(h® &),k ®n)
=(a®h,bk)(En).

¢
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The various approximations involved can be made arbitrarily accurate,
so Lemma 4.3 follows. m}

Proof of Theorem 4.1 (continued). It follows from Lemma 4.3 that
if Y di®¢ € (40%)6 L*G), then

< (Z d ®é,-) Y (Z d; ®éj)> =) (Y(d;®¢)),Y(d, ®&))
J j Jir
2

> di®g
J

Thus Y is a well-defined isometry on (4 ® #)/.# ® L*(G); this estab-
lishes (ii) and (iii).

Since Y is an isometry, it will be surjective if it has dense range.
Thus to prove (iv) it will be enough to approximate an arbitrary el-
ementary tensor by something in the range of Y. So fix a® h® & €
AG®# © L*(G). Choose y such that ae, ~ a and V,(h) =e,®h ~ Vh,
and factor & = z - 7 for z € C}(G) and 1 € L*(G). Then

a@h®é~ae,@h®z-n=(n(a)®z)(e,®h 1)
=m®i)(a®z)(V,® 1(hen)).
Since the coaction J is non-degenerate, the span of 6(A4) - (4® C;}(G))

is dense in A ® C;(G) [11, Theorem 5], so a ® z can be approximated
by a finite sum ) d(a;)(1 ® z;). Thus

a®h@&~ Y n®i(d(a;)(18 z))(V;(h) ®n)
J
~ Y a®id@))(Vhe:z;-n
J
~ Y Y(@;@W(h®z;-n)),
J
so the range of Y is dense and (iv) follows. We have proved that Y is
unitary.

To show that Y is a corepresentation of G on Z we shall check
that Y satisfies the identity (Y ® [)(1®@c)(Y ® 1)(1®0) =i ®dg(Y)
on .% ® L?(G) ® L*(G), where ¢ denotes the flip 6(¢ ® ) = n ®&.
Applying the left-hand side to an elementary tensor a®@ A ® £ ® 1 in
(A0 #) 06 L*(G) ® L*(G) gives

L=Y1)(la)(Y®1)(1®0)(a®h®’Qn)
=Y el(leao{n®i(d(a)(Ve (When)))®L}

=Y (d;,d)(¢.8) =
Jsr
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The element W(h ® ) in H ® L*(G) can be approximated by a finite
tensor }_ 4; ® n;; then each #; can be factorized #; = z; - ; for some
z; € C¥(G) and n; € L*(G). Then, for each j, §(a)(1® z;) € 4 ®
C;(G), and hence can be approximated by a finite tensor ), a;, ® yj,.
We now choose y large enough to ensure that V,h; = e, ® h; is near
Vhj for all j and a;,e; is near a;, for all j,r. Then

L~(Y®1)(1®o0) {(n@i)(é(a)) (V®lzhj®zjm) ®~f}

~ Z(Y@ D(1ea){n®ida)(le® z,-))(;y ®hj®@n;) @&}
~ i Yol)(1®ao){n®i(a;,®y;)(e,®h; ®n;) ®&}

- Z Ye(1®o){a;e,®h; ®yjn, @&}

= Zn®z (ajre)){V @ 1(W(hj ®&))} @y

Nanp (@) )(1®1®y))

x(Velel(Welh ®&®n))))
:Z(n@i@i(é@i(zaﬂ@yﬂ) )
j r
x(V@1le (W Llh®E®n)))

(
~> (m®i®id®i(da)(181®z))))
J
X(Ve11(Welh®l®mn))))
=) (n®i®i((i®dg)od(a)))

XVl l(Wel(l®a(h ®zn %))
on applying the coaction identity (6 ® i) 0d = (i ® dg) o . Continuing
this calculation gives
L~7®iQi((i®dg)eda)(Vele)(Wel)(l®o)
Xx(1W)hen®f))
=n1®i®i((i®ds)od@)(Vel®l)ied;(W)(1®a)(hedn®l))
=i®d(n®i(da))(VRlel(i®d;(W))(hef®n)).



172 IAIN RAEBURN, ALLAN M. SINCLAIR AND DANA P. WILLIAMS

Applying the right-hand side of the corepresentation identity for Y to
the same elementary tensor yields

I®G(Y)a®h®ERN)
=(1eWe)(Y®)(1eWg)((avh)®@l®n)
=(1Wa)(Y®)(a®h® Wi(E®n))
=(1W)r®i(d@)eN{(Vele)(Wel)

X (heWg(E®n)}
= (1@ W) (r®i(d(a) @ )(1 @ W1 Ws)(V @181)
x(Wel)(he Wl en)
=i®ds(n@i(@){(Vele H(1e W) (Wel)
x(1eWg)(hele®n)}
=i®Is(nRi(0(a) Vel 1) (i®ds(W)(hoéen)
~ L.

Again the approximations can be made arbitrarily accurate, so Y sat-
isfies the corepresentation identity.

To show that (m,Y) is a covariant representation of (A4,G,d) we
have to prove that

t®i(d(a)=Y(r(a)®1)Y* foracec A.
Let b ® { be an elementary tensor in 4 ® (# ® L?(G)); then

1®i(0a)Y(bx{)=n®i(d@)rxi(dd) (Ve (W)
=nQi(d(ab))(V @ L(W))
=Y(ab®y{)
=Y(n(a)®1)(b® ).

So (m, Y) is a covariant pair. The consistency condition (c) also follows
from an approximation. Note that

Y(VRL()~Y(e,®l)=(mai)(de)(V e )(W(L)).

Because d(e,) converges to 1 strictly in M (4 ® C}(G)), and n ® i is
non-degenerate, the right-hand side converges to V'®1(W ({)), and this
proves the first inequality in (¢). To prove the second we evaluate both
sides on a generator a® W*(h®y - n) for %, where a € 4, n € L*(G),
and y € C}(G). We choose ) a;®z; near d(a)(1®y), and y such that
e, ®h®nisclose to (V' ® 1)(h®n) and such that ||aje, — a;|| is small
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for all j. Then

V*D)Y(a@W*(h®y-n))
=(Ve)(reid@)(Vel)hey n)
= e)(z®i(da)(1ey) (Ve ) (hen)

~V*el) (Z(n(aj) ®zj)(e,®h® n))

J

=(rel) (Za,-ey@h@zj-n)

J

=Y ®(aje)h®z)-n

j
~Y D(a)h®z; 7

j
=) (®®i)(a;®z;)(h®n)

J
~PRi(b(a)1®y)(hen)
=dRi(da)(hey 1)
=W(@a) )W*(h®y-n)
=WV 1) (ae W*(h®y-n)).

This proves (c) and it remains to verify (d).
Let x € ®(A4)' and a € 4. Then

(x@1)W(®P(a)@ 1) W* e BZ(#)QuN(G),

and the slice maps Sy, for f € A(G) = vN(G)., may be applied
to it. Since property (1) in the definition of a coaction implies that
Sy(6(a)) € 4, the equivariance of @ gives
Sr((x @ )W (P(a) ® )W)

= xS (W(®(a) @ 1)W*) = xP(S(d(a)))

=®(Sp(d(a))x = S(W(P(a)® )W*(x ® 1)).
Thus

(x@NHYW(@a) YW* =W (@) HhIW*(x® 1),

and therefore

W (x® YW (D(a)® 1) = (®(a) ® ) W*(x ® )W,
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SO
W*(x )W e (P4)x1).
Finally for a in 4 and { in /# ® L*(G), a direct computation gives
the last part of (d):

Y(p@i(W'(x®)W)(a®{))
=Y(@ae (W (xe )W (()))
= (z®)(6(@){(p(x) @ H(V e HW (D)} by (d)
= (p(x) @ D(z @ i(d(a))((V ® )W({)))
=(p(x)® Y (a®{)

forall a € 4 and { € #®L?(G). This completes the proof of Theorem
4.1. O

REMARK 4.4. When the completely positive map is scalar-valued—
i.e., a positive functional—Stinespring’s theorem reduces to the
Gelfand-Naimark-Segal construction, and the equivariant version
(Lemma 3.1) reduces to the well-known construction of a covariant
representation of (4, G, a) from an invariant functional. It seems rea-
sonable to say that a positive functional w € A* is invariant under a
coaction J if

LS,(8(a)) = w(a)l in M(C*(G)) forall a € 4.

For such a functional, Theorem 4.1 gives a covariant representation
(e, Yo) of (4,G,Jd), where m,, is the usual GNS-representation of A
associated to w.

In this case, the representation u of A(G) corresponding to the
corepresentation Y,, is given on the dense subspace A4 of #, by u(f)(a)
= RSy(d(a)) for f € A(G). To see this, choose &, 7 € L2(G) such that
(f,y) = (¥&,n) for y € C}(G), and suppose for simplicity that A has
an identity. Then for a,b € A we have

(Sr(Yo)(@),b)w = (Yu(a®E),b® )
= (1 ®i(6(a))(1®&),b®n)
= (Sy(n0 ® i(6(a)))(1), b)w
= (nu(Sr((a)))(1),b)w = (Sr(d(a)), b)w,
as required. It is interesting to note that, while it is quite easy to
verify directly that f — S(d(a)) is a well-defined homomorphism,
it does not appear to be so obvious that y is *-preserving. Thus the

GNS construction may not be significantly easier than our Stinespring
theorem. O
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THEOREM 4.5. Let § be a coaction of a group G on a C*-algebra A,
and let W be a corepresentation of G on a Hilbert space #. If ® is an
equivariant symmetric completely bounded linear operator from A into
B(#), then there are equivariant completely positive linear operators
O, and O, from A into B () such that ® = ®, — O, and ||D||,, =
D1 (1) + B2(1)]l.

This result is the coaction version of Lemma 3.2, and the proof
has the same overall structure though the averaging is more compli-
cated because of the coaction. By the usual Wittstock theorem [25]
completely positive maps 7, and 7, can be chosen satisfying the con-
clusions except for the equivariance. It will therefore be enough for
us to construct from each completely bounded map 7 an equivariant
completely bounded map m(7) in such a way that m(7) depends lin-
early on 7, m(1) is completely positive if 7 is and m(t) = 7 if 7 is
already equivariant. The idea is to average 7 using an invariant mean
m on the von Neumann algebra v N(G) = A(G)”, just as an invari-
ant mean on L*°((G) can be used to average bounded functions on an
amenable group G.

In order to write down the appropriate invariance condition this
mean must satisfy, we shall need to extend the usual notion of slice
map to non-normal functionals on a von Neumann algebra. We shall
deal with the right slice maps RS ;—obviously we can define left slice
maps LS with similar properties. Recall that ® denotes the von Neu-
mann algebra spatial tensor product of two von Neumann algebras.

LEMMA 4.6. Suppose M, N are von Neumann algebras acting on
Z, % respectively, and f € N*. For each T € Z(#)® N we define an
operator RS ((T) € B(Z) by
(%) (RS7(T)hlk) = (f,LSw, (T)) forh,keZ,
where LS,,,, denotes the usual, spatially defined, slice map correspond-
ing to the normal functional wy: Q — (Qhlk) on B (#). Then:

(1) RSy is a bounded linear map of norm < || f].

(2)Iff>20inN*and T >0in MR N, then RSy(T) > 0 in B(#).

(3)IfU € Z(#) and Q € N, then

U(RS/(T))=RS/ (U 1)T), RS(T)U=RS/(T(U®]1I)),
RSy /(T)=RS(T(1®Q)), RS;o(T)=RS;((10Q)T),
where, for example, Q - f is the functional T — f(TQ) on N.
4)IfT e M®N, then RS(T) € M.
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Proof. We notice that the right-hand side of (*) is a bounded sesqui-
linear form in 4, k of norm < || f||||T||, so RS is certainly a bounded
linear map of Z(#)®N to Z(#) of norm < || f||. If T > 0 and
h e #,then LS,,,(T) > 0in N. It follows that

(RSy(T)h|h) = (f,LSw,,(T)) >0 forall k€ H,

s0 RSy(T) > 0 in Z(#) and (2) holds. If U € #(#), then
(URSp(T)h|k) = (f, LSw; 0~ (T))
= (f, LSw,, (U 1)T)) = (RS;((U ® 1)T)h|k);
the other parts of (3) follow similarly from the analogous properties
of the usual slice maps. Finally, suppose 7 € M®N and Q € M'.
Then Q® 1 € (M®N)', and by (3) we have
Q(RSy(T)) =RS((Q® 1)T) = RS,(T(Q®1)) = RSA(T)Q;

thus RS/(T) € (M')" = M. This completes the proof. m]

Recall that the comultiplication Jd; extends to a homomorphism
0g: YN(G) — vN(G)®vN(G); to see this, just observe that J; is
given spatially by

06(T) = Ws(T @ 1) Wg.

PROPOSITION 4.7. There is a positive functional m on v N(G) such
that
LS,,(6g(T)) = (m,T)1 for T € vN(G).

Proof. Choose a decreasing net {K,} of compact neighborhoods of
e with N, K, = {e}, and let &, = u(Ka)~"/?xk,, so that each &, is a
unit vector in L2(G). Let f, € A(G) be the functions

fals) = ] (s~ &) dt,

so that for z € L!(G) we have (z, f,) = (z * &,|&,). Then by Hélder’s
inequality

1fals)] < / Ea(s~ D) Ea(D d2 < A5 E) [2llEall2 = 1,

and we have

I fallae) < L
in other words, the net { f,} is bounded in A(G) = vN(G). C vN(G)*.
We can therefore suppose by passing to a subnet that { f,} converges
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in the weak x-topology—to m, say. We claim that this limit has the
required property.
We have to prove that, for any 7 € vN(G) and &, 57 € L*(G),

(1) (LSm(d6(T))E|n) = (m, T)([n).
Let g € A(G) be given by
gs) = [ &t o
Then by definition of the left slice map (Lemma 4.6), the left-hand
side of (1) is
{m, RSg(96(T))) = im(RS,(96(T))alEe)

= m(36(7)(Ca ® &)|Ea ® 1)

= Iim((T' ® WG (Ea @ &)[W5(Ca @ 1)
Now

W ®E) - Ea@E|? = / WE(Ea ®E)(r,5) — Ea(PEE) 2 dr ds
- / Ea(r)PIE(rs) — E(s)P ds dr
- / E(NPIAE — &R ar.

The continuity of the left regular representation A implies that
|47 1E — &5 — 0 as r — e, and supp&, = K, is shrinking to e, so
W5 (Ea®E) —Ea®E|> — 0 as « increases.
Of course, we have a similar convergence in the £, ® » variable, so
(T® W5 (& ®E)|W5(Ea®n)) — (TEa ®&|Ea ® 1) — 0.
Thus
(m, RS (96(T))) = Uim((T ® 1)W5(Ca ® C)| W5 (Ea @ 1))

= lim(7¢, ® ¢|¢a ® 1)

= (m, T)(&|n),
and m has the required invariance property. The mean m is obviously
positive. O

REMARK 4.8. (1) Notice that the f, constructed in the proof also
satisfy

£(0) = / L (OED dt = Eals) = 1,
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and
fo(s) =0 unless s € K, K,

so that f, — x. pointwise. If G is second countable, then we can work
with sequences throughout, and the dominated convergence theorem
implies that for u € M(G)

(m, 1) = im(f ) = lim [ 13()ds(s) = u{e))

This should help give some intuitive feeling for the “mean” m.

(2) The functional m is also a topologically invariant mean on G
in the sense of Granirer [9]. To see this, let /' € v N(G) and suppose
u € A(G) satisfies u > 0 (as a functional on v N(G)) and u(e) = 1.
Then

(mu-V)= lign(fa,u- V)= lign(ufa, V),

by definition of the module action of 4(G) on v N(G). But

lufa — fallag) — O since u(e) = 1;

to see this, note we can approximate u in A(G) by a function which
is identically 1 near e, [7, 4.11], and that the supports of the f, are
shrinking to {¢}. Thus

[(ufa, V)= (fa, V)| = 0 as « increases,

and therefore
(myu-vV)= lign(fa, Vy=(m,V).

(3) After we had found this proof of Proposition 4.7 we discovered
the result had already been obtained by Enock and Schwartz [6, Propo-
sition 2.11]. They deduce it from a general discussion of amenability
of Kac algebras [6, Théoreme 2.4]; in their terminology, our m is a
right invariant mean on the Kac algebra KS(G). We have preferred to
retain this self-contained proof, but we refer to [6] for some interesting
applications. O

We are now in a position to define our averaged version of a com-
pletely bounded map t: 4 — & (#) (such that 7(1) = 1). There is a
unique strictly continuous extension of 7®i to a map of M(4AQC;(G))
into &(# ® L*(G)), and we can define

m(7)(a) = RSn(W*(t ® i(6(a)))W).
Notice right away that if 7 is already equivariant, then
Sr(t®i(d(a))) = 1(Sr(d(a)) = Sp(W(r(a)® 1)W*) forall f € 4"
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which implies
T®i(d(a)) = W(t(a) @ ) W™,

and hence that
m(t)(a) = RSu(t(a) ® 1) = (m, 1)7(a) = 7(a)

(taking T = J, in the invariance condition forces (m, 1) = 1). The
map
a— W' (t®ida))W: A— B(#Z)RuN(G)

is completely bounded, so to verify that m(t) is always completely
bounded we just need the following lemma.

LEMMA 4.9. Suppose T: A — B (#)® N is completely bounded and
f € N*. Then RSy o T is completely bounded, it is also completely
positive if T isand if f > 0.

Proof. Suppose (a;;) € M,(A). Then
(1) ((RSyoT)®in)(aij) = (RSyo T(aij)) = RSH(T(aij)),
where RS} denotes the slice map from Z(#)® NQM,, to B (¥ )QM,.

(To see this last equality, let {e;} be the usual basis for C” and apply
the vector functional R — (R(h ® e;)|k ® ¢;) to both sides.) Thus

I((RSy o T) @ in)(@ij)ll < IRSHINT & inl ll(aij)ll
< NAIHIC@ T o,

and RS,oT is completely bounded. If f > 0, T is completely positive
and (a;;) > 0 in M,(A), then (T(a;;)) > 0 in F(#) ® M,. The
positivity of ((RSoT)®i)(a;;) now follows from (1) and the positivity
of RS} (Lemma 4.6). This proves the lemma. O

To prove Theorem 4.5 it remains only to verify that m(t) is § —
Ad W equivariant. So we have to prove that

m(7)(RSg(6(a))) = RS (W (m(t)(a) ® )W)
for a € A and g € A(G), or, equivalently, that
@) RSu(W* (1 ® i(0(RS,((a)))))W)
= RSg(W(RSu(W*(t®i(d(a))W))W™).

We’re going to want to juggle these slice maps around, and this will
require a little care since RS,, is not the usual spatially-defined slice
map. We introduce the outer slice map

OSueg = LS, 0 RSy = RS0 LS,: LEN®M — N
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for w € L., g € M., and the middle slice map
MS;: LRN®M — LM,
for f € N*, which is defined by
(MS(T)(h®{lk ®@n) = (f, OSw,, 00, (T))

for h,k € #(L) and {,n € #(M). Notice that, modulo the flip
06: LAN®M — LRIM®N, MS; is just the right slice map RSy
defined in Lemma 4.6, and therefore has all the same properties. We
introduced MS, because

(3) RSfORSg—_—RSgOMSf fOI'fGN*,gGM*.
To see this, note that if g = wy ,, then

(RSy o RSg(T)hlk) = (f, LSw,, © RS(T))
= (f, 08w,,05(T)) = (MSy(T)(h @ )|k ® 1)
= (RSg(MSs(T))h|k).

With these conventions, the left-hand side of (2) becomes

RSn(W*(1® i(RSg(6 ® i(6(a)))))W)
=RSn o RS, (MW" @ 1)(t®iQI(i®Iz(d(a))))(W 1))
using the coaction identity
=RSg o MS,,(W*®1)i®ds(t®i(d(a)))(W ®1)) using (3)
=RSg o MS,(W*®@1) (1 W5)(t®i(d(a)))®1)
x (18 W3)(W ® 1))
=RSgoMS,(We1)’(1Wg)(W*® 1)
X((t®i(d(a))) @ (W (1@ We)(W*®1)7)
using the fact that W is a corepresentation
=RS;(WMSn(1@We)(W*'t®i(6(a))W)1)(1 @ W))W

by Lemma 4.6. Let T € B(#)®vN(G), h,k € #, n; € L*(G) and
define g € A(G) by

g(s) = /m(S“t)Fz(—t)dt.
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Then
(MSm((1® W) (T ® 1)(1® Wg))(h@ m)lk ® 1)
= (MSm(i® d6(T))(h ®ni)lk ®n2)
= (M, OSw,,05(i ® I6(T)))
= (M, RSg(LSw,, (i ® 96(T))))
= (m, RS;(6G(LSw, (T))))
= (LSm(66(LSw,, (T)))m|n2)
= (m, LSy, (T))(ni|n2) since m is invariant
= (RSm(T)h|k)(n1(m2)
= ((RSm(T) @ 1)(h @ m1)lk @ 12).
Applying this with T = (W*(t ® i(d(a)))W) gives immediately that
the left-hand side of (2) is equal to
RSg(W(RSm(W*(t1®1i(d(a)))W)® )W),
which is just the right-hand side of (2).
This completes the proof of Theorem 4.5. m}

The direct sum of two representations of a group G is a representa-
tion; the following lemma is the analogous result for corepresentations.

LEMMA 4.10. Let Yy and Y, be corepresentations of a group G on
Hilbert spaces 7 and 7 and let i;: %, — X = 74 ® # denote the
natural inclusions. Let

u: (# QL*G) @ (% L*HG) — # @ LYG)

be defined by
u(é,n) = (L1 ®1)(&) + (20 1)(n).

Then u is a unitary operator and

i 0 .
Y—u(o E)u
is a corepresentation of G on #.

Proof. Clearly u is isometric and has inverse given by
u™' (k) = (p1 ® 1)(k) ® (02 ® 1)(k),
where p; is the projection of # & /% onto %. If
V:(# ®L*G)® L*(G)) & (# ® L*(G) ® L*(G))
— (#o#)®L*(G)® L*G)
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is defined in a similar fashion to u, then Y ® 1 can be described in
terms of Y; ® 1 by

_ iel 0 .
Y®1—V( 0 Y2®1>V'

Recall that 6: L?(G) ® L?(G) — L*(G) ® L*(G) is the flip 6(( @ 1) =
n®¢&, and that (Y, ®1)? = (1®0)(Y; ® 1)(1 ® g) and similarly for Y.
Now

(Iea)V(l®o)d(1®0))=V

so that

(YR1)(Y®l1)
=V(Y‘®1 0 )V*V((Y.@»l)” 0 >V*

0 Yol 0 (Lely
_ (1) (Y1 ®1)° 0 .
‘V< 0 (Y2®1)(Y2®1)")V

L (18Ws 0 ;1 0
0 1@ W5 0 Y91

1@ W3 0 «
x( 0 1®WG*)V
_ 1 W, 0 "
—{V( 0 1®WG)V}
1 Ws 0 *
x(Y®1){V( 0 1®W(;>V}
=1 We)(Y @ 1)(1® W).

Hence Y is a corepresentation. O

THEOREM 4.11. Let  be a non-degenerate coaction of a locally com-
pact group G on a C*-algebra A, and let W be a corepresentation of
G on a Hilbert space #. If ® is an equivariant completely bounded
linear operator from A into & (#), then there are

(1) a covariant representation (n,Y) of (A, G,d) on a Hilbert space
Z, and

(2) continuous linear operators V:# — %, and T: % — #
such that

(a) ®(a) = Tr(a)V,

G VRINWW=YV®Ll)and (T®1)Y =W(T®1), and

(©) [@les = 1T VI
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Proof. The proof is basically similar to the proof of Lemma 3.2.
First we reduce to the case where @ is symmetric. To do this, let
®: A - B(# & #) be defined by

D(a) = (Q? a) (Df)a)> ;

then @ is symmetric and completely bounded with ||®||., = ||P||.»- In
the notation of the lemma with # = # = # we set

W= u('g v?/) uc B(# o#)® LYHG)).

It is straightforward to verify that

0 ®a) ® 1
u(CD*(a)@l 0

and that, for all f € A(G) and all Q, R, S, T € B(# ® L*(G)),
Q R\ .\ _ (S/(Q) SsR)
s(«(§ 7)) = (58 s
as operators on # @ #. The identity S¢(c)* = Sr.(c*) implies that @*
is also 0 — Ad W equivariant. Putting all this together gives

0 S (W (®(a) ® 1)W*))

>u* =®(a)® 1,

D(Sy(d(a)) = (sf(W (@ (@) ® )W) 0
=57 (1 (0 w)re(ower ") v
("% w)v)
= Sr(W(P(a) ® )W)

so that @ is (§ — Ad W)-equivariant. If =, Y, T, V can be found
satisfying conditions (a, b, c) appropriate to ® and W, then let T =
p1 T and V = Vi,, where p, is the projection of #Z & # onto the first
coordinate /% and i, is the embedding of /# into # & # onto the
second coordinate. Conditions (a) and (c) are easily checked, and (b)
follows from the analogous properties of 7 and V/, and the observation
that

(L)W =W(i,®1) and (@)W =W ((p,®1).

Therefore we shall suppose that ® itself is symmetric. Apply Theo-
rem 4.5 and Theorem 4.1 in the standard way one after the other (see
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the use of 2.1 in the proof of Theorem 2.2). Thus there are covariant
representations (7, Y;) of (4, G,J) on Hilbert spaces .%; and bounded
linear operators Vj: # — %; (j = 1,2) such that

@(a) = Vi'mi(a)Vi — Vy'ma(a)Vs

for all a € A4, ||P||p, = ViV + VW2, and V, Y;, W satisfy the
intertwining condition (c) of Theorem 4.1. We now let % = %7 © %,
=" 9Ny,
—(V* _("N _ Y, 0 .,
T=(7V), V_<—V2)’ and Y_u(o Yz)u,

where u is as in Lemma 4.10. Conclusions (a) and (b) are checked
as in Theorem 3.3. The covariance of (n,Y) and the intertwining
property (b) follow directly from the corresponding properties of Y;
(j = 1,2). Property (c) follows from ||T|| = V|| = ||[V* Vi + VyV3||'/?
and ||®||, = ||V]*V1 + V5'V2||. This completes the proof. 0

COROLLARY 4.12. Let 6 be a nondegenerate coaction of a locally
compact group G on a C*-algebra A, and let W be a corepresentation
of G on a Hilbert space #. If ®: A — B (#) is a completely bounded
linear operator satisfying

D ® i(d(a)) = W(®a)® 1)W*

for all a € A, then there is a completely bounded operator ¢: Axs G —
B (#) such that, for all a € A and f, g € A(G),

$((1® Mg)o(a)(1® My)) = Sg(W)D(a)S(W).

Proof. Choose n, Y, T, V as in Theorem 4.11 and define
P(z)=T(nxY)(z)V forzedxs;G.

Then ¢ is completely bounded with |||, < TN IV = 1P|l If &
is the unique strictly continuous extension of ¢ to M (A4 x5 G), then
pod(a)=T(n xY(d(a))V =Tn(a)V = d(a). Thus

[®@llcs < NBlleolldllcs = Nlles = llllcp-
From condition (c) of Theorem 4.11 we obtain

$((1® My)d(a)(1® My)) = T(n x Y)((1 ® Mg)d(a)(1 ® M)V
= TSg(V)7(a)S(Y)V = S(T ® )Y)n(@)S (Y (V @ 1))
= Sg(W)Tr(a)VSi(W) = Sg(W)D(a)S, (W),

as required. o
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COROLLARY 4.13. Let § and ¢ be non-degenerate coactions of a lo-
cally compact group G on C*-algebras A and B. If ®: A — B is a
completely bounded linear operator such that ® @ i(d(a)) = &(D(a))
for all a € A, then there is a completely bounded linear operator
D xi: Axs G— B x,G satisfying

D xi((1®Mg)d(a)(1® M) = (1® Mg)e(P(a))(l ® My)
forallae A and f, g € Cy(G).

Proof. We choose a faithful nondegenerate representation 7 x W of
B % G on a Hilbert space #. Then

(mo®) xi(d(a)) = (n®i)o(P®i)(d(a))
=nQi(e(Pa))=Wnrnoda) 1) W*

so that 1o ® is 0 — Ad W equivariant. By the previous corollary there
is a completely bounded linear operator v : A x5 G — % (#) such that

w((1® Mg)d(a)(l ® My)) = Sg(W)(m o @) (a)S, (W)
=1 x W((1® Mg)e(®(a))(1 ® My))

for all f € A(G); hence the outside equality is true for all f € Cy(G).
We define @ x i = (7 x W)~ ! o w, which has the required proper-
ties. 0

5. Lifting equivariant maps twice. Let ®: (4,G,a) — (B, G, B) be
an equivariant completely bounded map. In §3, we constructed a
completely bounded map ® xi: Ax,G — B xp G which is equivariant
for the dual coactions &, § of G. By Corollary 4.13 there is therefore
a completely bounded map

(@ xi)xi: (AxaG)xdGe(BxﬂG)xBG
satisfying
(@ x i) x i(&(is(a)ig(2))(1 ® My)) = B(i(P(a))ic(z))(1 ® My)

forae A4, z € C.(G) and f € Cy(G). We now prove that the existence
of this second lifting characterizes the complete boundedness of an
equivariant map.

THEOREM 5.1. Let a and B be actions of an infinite amenable locally
compact group G on C*-algebras A and B, respectively, and let ®: A —
B be a bounded operator satisfying ®(as(a)) = Bs(P(a)) for a € A4,
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s € G. If there is a continuous linear map © from (A x, G) x4 G to
(Bxpg G)x 3 G satisfying

O(alia(a)ic(2))(1® M) = B(ip(®(a))ig(2))(1 ® M)
forae A, z € C(G), f € Cy(G), then ® is completely bounded.

We would like to prove this theorem by showing that the compo-
sition of © with the duality isomorphisms (4 X G) x G = 4 ® %,
(BxG)xG = B®% of Imai and Takai ([10], see also [14, §6]) agrees
with ®®i on the algebraic tensor product 4®.%7'; this would imply that
®® i is bounded on 4 ®.%, and hence that ® is completely bounded.
Unfortunately, we only know what © does on a set of generators which
are not carried into 4 ©® % under the duality isomorphism. We get
around this problem by using the following characterization of com-
pletely bounded maps, which may be of some independent interest.

LEMMA 5.2. Let A and B be C*-algebras, and let ®: A — B and
¥Y: 49 % — B®F be bounded linear maps. Then the following
statements are equivalent:

(1) ® is completely bounded and ¥ = ® ® i

(2) RS 0¥ = Do RS, for all g € %%

(3) LSfO Y= LSfo(pfOI' all f € B*.

Proof. That (1) implies (3) follows from the continuity of both sides
and a computation on elementary tensors. Now suppose (3) holds, and
g € Z*. Then for any f € B* and y € A ® %, the Fubini theorem
gives

S(RSg(¥(y))) = g(LS/(¥(y)))
= &(LS100(y)) = f o D(RSg(¥)),

which implies (2). Finally, suppose (2) holds. Then for f € B*,
gexX*and y € A0%, we have

f®8(¥(y)) = f(RSg o ¥(y)) = f(®oRS,(y))
=((fo@)®8)y) =(f®8) o (PRI)(»).

Hence ® ® i is bounded on 4 ©.%, and its extension to A ® 7 agrees
with . Since we can embed each 4 ® M, in A ® % in such a way
that @, is the restriction of ® ® i, this shows that for each n, ||®,| <
|®® i|| = ||'¥|- This gives (1). O
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Proof of Theorem 5.1. The duality isomorphism O is usually given
in three stages:

(4 %4 G) %5 G5 (4® Co(G)) Mag: G
% (4® Co(G)) %ige G > A ® 7(LX(G));

we shall use the isomorphisms ¢, ¢ described in [14, 6.1, 6.2] (and
denoted there by ®, ¥). We fix a faithful representation 7 of 4 on %7,
so that 4%, G is represented concretely on # ®L?(G) viaIndn = x4
[21, 7.7.5], and (A4 x, G) x; G acts on # ® L*(G) ® L*(G). If we
similarly use a representation n; of B on /# to realize (B x G) x G
on # ® L*(G) ® L*(G), then for a € A, z € C¢(G) and f € Cy(G) we
have
M) O(a(i(a)(1 @ 4(2)))(1® M)
= B(71(P(a))(1 ® A(2)))(1 ® My).

We shall first compute y o ¢ on the generator

¢=a(ft(a)(1®Ai(z)))(1® Mj),
and use this and the analogous computation for (B x G) x G to pull ©
overtoamap ¥, = (wo¢)oBo(woed)~! of (4® Cy(G)) Xig: G into
(B ® Cy(G)) x;gr G. We then rewrite property (3) of Lemma 5.2 in
terms of the corresponding map ¥ on (4® Cy(G)) x;g G, and finally
verify that our ¥, has the required property.

We shall view both crossed products (4 ® Cy(G)) Xae: G and
(A® Cy(G)) xg: G as algebras on (# ® L*(G)) ® L%(G) via the faithful
representations (n ® M)~ x A. From the proof of [14, Lemma 6.1] we
have

p(c) = p(&(7(a)))p(a(1 ® A(2)))P(1 ® M)
=r@M)"(a®@1)(1®1A(2))(r@ M)~ (1® f).
By definition, y is induced from the automorphism y of 4 ® Cy(G)
given by y(¥)(s) = a; 1(p(s)) (see [14, Lemma 6.2]), which is the iden-
tity on 1 ® Cy(G). Hence
yog(c)=y(r@M)"(a®1))(1®1®42))y(r® M) (18 f))
=rQ@M)~(y(a®1)(1®1Az)(n@M)* (1R f).
We now compute this operator on L*(G, %) = L*(G, L*(G,%#)).
First of all, for g € Cy(G, A) we have
[(m® M)~(g)(&)(N](t) = [(m ® M)(i ® 7, ' (£))(&(r)](2)
=n(i® 1, (g)(1))E()(2) = n(g(r))(E(r)(2)).
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Therefore

wo ¢( )EN()
n(y(@® )(r))(1©1©4(2))(m® M)~ (1 f)(&)(r)(1)

= 7(agr-1(a)) [( [ z0@emr e nEEn ds) <t>]
- /G 2(5) (5™ Pty (i (@) (E(s~'7)(0)) ds.

If we write

(2) w(s) () = w;, 1,4(8)() = 2(5)f (s~ w)ay- (a),
then w € C.(G, Cy(G, A)), and a calculation shows that

[(m ® M)~ x Aw)(E)(r)] = [y o $(c)(E)(M](D).

Thus y o ¢(c) is given by the continuous function w, s, defined by
(2). Of course, equation (1) and exactly the same calculation show
that

0 ¢(0(c)) = W;, s € Ce(G, Co(G, B)),

which implies that

(3) \Pl(wz,f,a) =(yog)o Oo(yo ¢)—l(wz,f,a) = Wz, £,®(a)-

Notice that the usual approximation arguments show that the w’s span
a subspace of C.(G, Cy(G, A)) which is dense in the inductive limit
topology, and hence is also dense in Cy(G, 4) x G.

The isomorphism 6 of (4 ® Cyp(G)) xe: G onto A ® # carries the
generator

ligcy6)(@® fig(z) = (m@ M)~ (a® f)(1® 1 ®A(2))

into the generator a ® (M A(z)) for A® % (L*(G)). Given g € A*, the
slice map S, : A® Cy(G) — Cp(G) is completely bounded and i® 71— 1
equivariant. Thus by Theorem 3.5 there is a continuous linear map
Sg x i of (4® Cy(G)) Xg: G into Cy(G) 4. G satisfying

(4) Sg X i(lgecyc)(@® f)ig(2)) = icye)(&(a)f)ic(z)
and

(5) S x i(w)(s) = Sg(w(s)) for w € Co(G, Co(G, 4)).
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The analogue of (4) for the algebra B implies that for g € B* we have
a commutative diagram

(B® Co(G)) Xig: G —— B ®7(LX(G))

ngil Sgl

Co(G) x. G M4 7 (L*G)).
Thus for w € (4® Cy(G)) x G we have
M x A(Sg x i(¥1(w))) = Sg(6(F¥1(w))) = Sg(F(6(w))).
Hence condition (3) of Lemma 5.2 is equivalent to
(6) Sg x i(¥1(w)) = Sgop x i(w) for g € B*,w € (4® Cy(G)) xG.
The slice map S, sends a continuous function y € Cy(G, B) to the
function s — g(y(s)) in Cy(G), so condition (5) can be rewritten
((Sg x D) (w)(s))(u) = g(w(s)(u)) for w € Cc(G, Co(G, 4)).
We can now compute:
Sg X i(Y1(w,1,4))(8)(u) = Sg X {(W;, 0(2))(5) (1) (by (3))
= g(W.,1.0(a)(5) () = 2(s) [~ w)g(B; ' (D(a)))
= 2(8)f(s7'u)g(®(a; ' (a))) = Sgow X (W, 1,4)(5) (W)
Thus (6) holds for w’s of the form w, r,. Since such w’s span a
dense subspace of (4 ® Cy) x G, and both sides of (6) are continuous,

(6) holds. Thus ® satisfies condition (3) of Lemma 5.2, and ® is
completely bounded. This completes the proof of Theorem 5.1. O

There is an analogue of this result for completely bounded maps
¢: A — B which are equivariant for coactions d, ¢ of G on 4, B. This
time we first apply Corollary 4.13, and then use Theorem 4.5 to give a
bounded map (¢ x i) x i from (Ax5G)x;G to (B % G) % G. Again, the
existence of such an extension implies that ¢ is completely bounded;
the proof of this is similar to that of Theorem 5.1, except that it uses
Katayama’s duality theorem ([12], see also [14, §4]) in place of Imai
and Takai’s theorem. It turns out to be quite straightforward, so we
shall omit the details.

THEOREM 5.3. Let J,¢ be coactions of an infinite amenable locally
compact group G on C*-algebras A, B respectively, and let ®: A — B
be a continuous linear map satisfying

®(S/(6(a))) = S;(e(P(a))) fora€ A, f € A(G).
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Suppose there is a continuous linear map ¥ of (4 x5 G) x5 G into
(B x¢ G) %z G satisfying

W(iax6(d(a)(1 ® My))ig(2)) = ipxg(e(P(a))(1 ® My))ic(z)
forae A, f € C.(G), z€ C(G). Then ® is completely bounded. 0O

6. The von Neumann case and multilinear operators. In this sec-
tion we shall briefly outline and discuss normal liftings of completely
bounded operators between von Neumann algebras and some results
on multilinear operators. The situation for normal completely bound-
ed linear operators between von Neumann algebras is simpler than the
C*-algebra situation, because there is a nice fixed point description of
the cross product in terms of suitable actions on a von Neumann al-
gebra tensor product [15]. We illustrate this idea by giving a normal
operator—von Neumann algebra cross product version of the main
action result (Theorem 3.5); there are similar coaction results but we
do not discuss them.

THEOREM 6.1. Let a and B be normal actions of a locally compact
group G on von Neumann algebras M and N, respectively. If ® is a
completely bounded normal operator from M into N such that ®oa, =
Bio® forallt € G, and if ¥: vN(G) — vN(G) is a normal completely
bounded operator such that Yo A; = A; oY for all t € G, then there is a
natural completely bounded linear operator ® x ¥: Mx,G — Nx4G.

Proof. The operator ® ® ¥ may be extended by complete bound-
edness and normality to a completely bounded normal operator from
M® %(L*(G)) into N® Z(L*(G)): see [5, Lemma 1.5] or use the rep-
resentation theorem for a completely bounded normal operator [19].
By [15, p. 23] it is sufficient to show that

(1) Bio(@8Y)=(®2¥) o

for all 1 € G, because ® ® ¥ will then map the G-invariant subalgebra
of M®%(L*(G)) into the G-invariant subalgebra of N ® % (L*(G)),
and these algebras are naturally isomorphic to MX,G and NG,
respectively. By definition & = o; ® 4; and §; = B, ® A, so that (1)
becomes fio PR A 0¥ = ®oa; ® ¥ o A, which holds by hypoth-
esis. 0

There are multilinear versions of the results in this paper based on
the definition of a completely bounded multilinear operator in [4] and
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[20]. We shall state two results of this type for actions of a locally
compact group on a C*-algebra, and indicate how the proofs may be
obtained by combining the techniques of §3 and ([4] or [20]).

PROPOSITION 6.2. Let o be an action of a locally compact amenable
group G on a C*-algebra A, and let g — ug be a unitary representation
of G on a Hilbert space #. Suppose that ® is a completely bounded
n-linear operator from A" into Z(#). If ® is equivariant, in the sense
that ®(a,(xy),...,a/(xn)) = uD(xy,...,Xn)U;, then there are

(1) covariant representations (%, n;, W;) of (4,G,a) for 1 < j < n,

(2) continuous linear “bridging” operators

v, V- Vae W Vs
XA S5 H 5 DIARIF

such that

(a) ®(ay,...,an) = Vomy(a)Vy -+ Va17n(@n) Va,

(b) u Vo = VoWi(t), Wy(0)V; = ViWja(t) (1 < j < n—1), and
W,(t)V, = Vyu, forall t € G,

(©) [|Dlice = IVoll - - | Vall-

Outline of the proof. The basic proof in [4] and [20] is by reduction
to the symmetric case using a standard 2 x 2 matrix symmetrization
[4, 5.3] followed by induction on n with step length 2 [4, 4.1]. The
induction ends with » = 1, which was dealt with in §3, or n = 0, which
is just a fixed intertwining operator on a Hilbert space (note, n here
is k in [4]). The induction starts with the existence of a completely
positive linear operator y: A — % (#) such that ||y| < ||®||., and

%) —yr(x*x)azll - - llan-1ll £ Pr(x*, a2, ..., a1-1,X)
< wr(x*x)|azll - - |an—1]l
for all x,a,,...,a,-1 € My(A4) with (ay,...,a,_1) = (a;_;,...,4)

[4, Theorem 2.8]. The completely positive linear operator y is now
averaged by the invariant mean m of G to obtain a completely positive
G-invariant linear operator ¢ defined by

(@(x)&, ) = m(t — (u;y(a:(x))uic, )

(x € 4;¢,n € #). In inequality () we replace a; by o, (a;) where
o, = a; ® I is the k-fold amplification of a, we replace x by a, x(x),
and act on the resulting inequality by Ad(#; ® I). The G-invariance of
® implies that @, is invariant under the k-fold amplification of the
actions of G, so a similar inequality results with y; (x*x) replaced by

(Ad(ur) o ¥ 0 o) (x*x).
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Averaging this by the invariant mean of G yields inequality (x) with
v replaced by the completely positive G-invariant linear operator ¢.
We now combine the G-invariant Stinespring Theorem (Lemma 3.1)
with [4, Lemma 3.1]. Together these give rise to a covariant repre-
sentation of (A4, G, ) on a Hilbert space .# and a completely bounded
G-invariant symmetric (n—2) linear operator ¥ from 4”2 into B (%)
such that ®(a,,...,a,) = V*n(a;)¥(ay,...,a,_1)n(a,)V, for all
ai,...,a, € A; where n and V are the representation of 4 and the
linear operator from /# into .# given by Lemma 3.1 (note # = 8 of
[4, Lemma 3.1]). This construction has reduced the problem from »
to (n — 2) with the same hypothesis, and completes the sketch. O

PROPOSITION 6.3. Let o and B be actions of an amenable group G
on C*-algebras A and B, respectively. If ® is a completely bounded
n-linear operator from A" into B, which is G-invariant in the sense that

ﬂlq)(al’ RS} an) = q)(al(al)’ ce at(an))a

then there is a completely bounded n-linear operator ® x i from
(A xo G)" into B xg G such that
(D) 1P x illcp = ||Pl|cp, and

2)
(@ X )Y(V1s-. o, 7))
= [[ -+ [ @60, a0 ats2)) a5 3053,

s ’aSISZ"’Sn—l(yn(Sn__ll o 'sl_lt))) dsy---dsy_;

forall y,,...,yn€ C.(G,A) and t € G.

This result is proved from Proposition 6.2 in the same way that The-
orem 3.5 is deduced from Theorem 3.3. The other parts of Theorem
3.5 also carry over but we omit these. We also omit the corresponding
multilinear versions of our results on coactions.

REMARK 6.4. The above multilinear results may be applied in the
study of equivariant completely bounded cohomology. There is a
discussion of completely bounded cohomology for C*-subalgebras of
Z(#) in [3]. Here we shall restrict attention to a simple special case.

Suppose that A4 is a subalgebra of another C*-algebra B, and a: G —
Aut(B) is an action of an amenable group G, which restricts to an
action of G on 4. We let C;b(A, B; G) denote the space of equivariant
completely bounded n-linear maps ®: 4” — B. Observe that the
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usual Hochschild coboundary operator 4 maps equivariant maps to
equivariant maps. Now define the equivariant completely bounded
Hochschild cohomology groups to be those of the complex

) P P)
B¢ = CL(4,B;G) = C4(A4,B;G) = -
Denote these groups by H, (4, B; G). For n > 1 we define operators
J6: Cly(A4,B;G) — Cp(A % G, B %, G)

by j(®) = ® x i, and for n = 0 we define j; = ig: B — M(B %, G).
Then a calculation using property (2) of Proposition 6.3 shows that
Jje commutes with J, so we get induced homomorphisms

Jg: H(A,B;G) — H,(A % G,B % G).

Thus our construction induces a homomorphism from equivariant
completely bounded cohomology into the completely bounded coho-
mology of the crossed product. This may play a useful réle in studying
equivariant cohomology.
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