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Abstract

A ‘transplantable pair’ is a pair of glueing diagrams that can be
used to create pairs of plane domains that are isospectral for the
Laplace operator. We present a host of transplantable pairs worked
out by John Conway using his theory of quilts.

1 Introduction

A ‘transplantable pair’ is a pair of glueing diagrams that can be used to create
pairs of plane domains or other spaces that are isospectral for the Laplace
operator. The pair is metonymically ‘transplantable’ because isospectrality of
the glued spaces can be proven using Peter Buser’s transplantation method,
as explained by Buser, Conway, et al. [I] and Conway [3].

John Conway produced a host of transplantable pairs by applying his
theory of quilts to small projective groups. I helped by watching admiringly.
In this paper I have reproduced his catalog of pairs. The sizes of these pairs
are 7, 11, 13, 15, and 21. In [I] we presented the sixteen pairs of sizes 7, 13,
and 15, which are treelike and thus give planar isospectral domains. We also
presented one of the size 21 pairs, here labeled pair 21(7), which yields the
‘homophonic” domains shown in Figure [l Conway [4, p. 249] dubbed these
domains ‘peacocks rampant and couchant’.

*The author(s) hereby waive all copyright and related or neighboring rights to this
work, and dedicate it to the public domain. This applies worldwide.



Figure 1: Peacocks rampant and couchant

A transplantable pair can be thought of as arising from a pair of finite
permutation actions of the free group on generators a, b, c. These actions are
equivalent as linear representations but (if the pair is to be of any use) not
as permutation representations. In the examples at hand, each representing
permutation is an involution, so these representations factor through the
quotient F' = (a,b,c: a®> = b?> = ¢* = 1), the free product of three copies of
the group of order 2.

From any transplantable pair we can get other pairs through the process
of braiding, which amounts to precomposing the permutation representations
with automorphisms of F', called L and R:

L: (a,b,c) — (aba™',a,c);

R: (a,b,c) — (a,c,cbc™).

Left-braiding a permutation representation p can be viewed as first conju-
gating p(b) by p(a), i.e. applying the permutation p(a) to each index in
the cycle representation of p(b), and then switching p(a) with the new p(b).
Right-braiding is the same, only with ¢ taking over the role of a.

Pairs of permutations that are equivalent in this way belong to the same
quilt. We identify pairs that differ only by permuting a, b, ¢, or by reversing
the pair. A quilt has extra structure which we are ignoring here: See Conway
and Hsu [5]. This structure makes it easier to understand and enumerate the
pairs. But the computer has no trouble churning out all the pairs belonging
to the same quilt.

So despite the title and what you might reasonably expect, the only place
you will find quilts here is in Appendix[A] which reproduces Conway’s original
quilt calculations.

First we will present the glueing diagrams, and then the corresponding
hyperbolic orbifolds.



2 Transplantation diagrams

In the diagrams that follow, the points being permuted are represented by
triangles. The permutations corresponding to a, b, ¢ are represented by lines
of three styles: dotted, dashed, and solid. Black lines separate pairs of points
that are interchanged by the permutation, while red lines (which are also
made thicker) indicate fixed points. Red lines in the interior of the diagram
separate points that are each fixed, rather than interchanged. Sometimes
black lines occur on the boundary of the diagram, which means that the
boundary must be glued up. The computer has taken care to lay out the
diagrams so that there is at most one pair of thin boundary lines of each type
(dotted, dashed, or solid), so that even without the usual glueing arrows there
is no ambiguity of how the boundary is to be glued up.

To refer to these pairs, we will write 7(1) for the first pair of quilt 7,
13a(5) for the fifth pair of quilt 13a, etc. This numbering is canonical, given
the starting triple (a, b, ¢), because the quilt has been explored by a ‘left-first
search’. More canonical, but more cumbersome, are the Conway symbols of
the simplest hyperbolic orbifolds that can be obtained from the pair: See
Section [3]

For historical reasons, the four quilts of size 11 are called 11f, 11g, 11hA, 114.
The missing quilts (whose diagrams actually have size 12) are to be found in
raw form in Appendix [A]



2: x43242

3: %4332

Figure 2: Quilt 7



1: x422422422

4: x636263362

5: x663332

Figure 3: Quilt 13a



3: %x6342242262

4: (x64223362, x63436222)

Figure 4: Quilt 13b



2: %6262422434322

1: %x63362333222

3: x444244222
4: (x62424244322, x62443422242)

Figure 5: Quilt 15



2: xx666362336363322

1: %x6633626332333

8: (%x66342x63323622, +x66364223263%32)

7: (+63633332, x66333323)

Figure 6: Quilt 21



3: (xx5533, 3xx55)
4: (x%x53332, 3xx532)

Figure 7: Quilt 11f



3: 3%3332

6: (%533%32, 3%53x2)
5: (xxx5532, xx%5352)

Figure 8: Quilt 11g

10



21 (x%55%5, X%555x)
1: x%5322+3

4: (2+5322, 2+5232)

3: (0%5352, 0%5532)

Figure 9: Quilt 11h
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1:
2: 3%3332

4: (x%x5%3322, x%522x33)

5: (xx332332, 3xx%3322)

Figure 10: Quilt 11i
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Figure 11: Isospectral hyperbolic hexagons arising from diagram 7(3).

3 Hyperbolic orbifolds

Here are the hyperbolic orbifolds corresponding to these transplantable pairs.
These are the simplest hyperbolic orbifolds that can be produced using the
glueing data. To get them, for the basic triangle we prescribe angles just small
enough to make each interior cone point have cone angle evenly dividing
7, and each boundary corner have angle evenly dividing 7/2. When the

13



members of the pair differ only by permuting the labels a, b, ¢, the resulting
orbifolds are isometric: To get non-isometric pairs we will need to destroy
this symmetry by taking one or more of the triangles smaller. Thus, for
example, from the pair 7(3) we get the isospectral hexagons shown in Figure
[I1} This is presumably the simplest pair of isospectral hyperbolic 2-orbifolds.

Each figure gives Conway’s notation (see Conway [2]) for the associated
orbifolds.

Note. The pairs show here are isospectral as hyperbolic 2-orbifolds.
We can demote an orbifold to a manifold with boundary, and we will still
have isospectrality if we impose Neumann boundary conditions. Dirichlet
boundary conditions also work, provided that the manifold with boundary
is orientable. This will be the case when the diagrams are treelike, or more
generally, when all cycles have even length. If there are cycles of odd length,
when we put Dirichlet boundary conditions we must also use twisted func-
tions, i.e. sections of a non-trivial bundle, which change sign when you travel
around an orientation-reversing path.
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Figure 12: Pair 7(1)
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Figure 13: Pair 7(2)

16



x4332

Figure 14: Pair 7(3)
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x422422422

Figure 15: Pair 13a(1)
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Figure 16: Pair 13a(2)
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x66362432262

Figure 17: Pair 13a(3)
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Figure 18: Pair 13a(4)
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Figure 19: Pair 13a(5)
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Figure 20: Pair 13b(1)
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x666236332

Figure 21: Pair 13b(2)
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x6342242262

Figure 22: Pair 13b(3)
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(+64223362, %63436222)

Figure 23: Pair 13b(4)
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Figure 24: Pair 15(1)

27



6.
N/4 6'\, 6 6

-

x6262422434322

Figure 25: Pair 15(2)
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*x 444244222

Figure 26: Pair 15(3)
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(x62424244322, +x62443422242)

Figure 27: Pair 15(4)
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x6633626332333

Figure 28: Pair 21(1)
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Figure 29: Pair 21(2)
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Figure 30: Pair 21(3)
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*66436232x63322

Figure 31: Pair 21(4)
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Figure 32: Pair 21(5)
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Figure 33: Pair 21(6)
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(x63633332, x66333323)

Figure 34: Pair 21(7)
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Figure 35: Pair 21(8)
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Figure 36: Pair 11£(1)
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Figure 37: Pair 11£(2)
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(x«*5533, 3xx55)

Figure 38: Pair 11f(3)
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(x%53332, 3x%532)

Figure 39: Pair 11f(4)
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XX+x5352

Figure 40: Pair 11g(1)
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*5x5%5

Figure 41: Pair 11g(2)
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Figure 42: Pair 11g(3)
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Figure 43: Pair 11g(4)
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Figure 44: Pair 11g(5)
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Figure 45: Pair 11g(6)
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X*5322%3

Figure 46: Pair 11h(1)
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(X*55x5, X*555«)

Figure 47: Pair 11h(2)
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Figure 48: Pair 11h(3)
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Figure 49: Pair 11h(4)
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XX+x5532

Figure 50: Pair 11i(1)
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3%3332

Figure 51: Pair 11i(2)
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Figure 52: Pair 11i(3)
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Figure 53: Pair 11i(4)
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(xx332332, 3x%3322)

Figure 54: Pair 11i(5)
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A The master at work

Here, in the hand of the master, are quilts, along with associated diagrams
for isospectral pairs (including peacocks rampant and couchant in the hand

of the pupil).
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The 21-octagon map on x?. Octagons are indexed by line, i on tine-
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enerators K G A B notes
g 1 { 191

a,b,c X723 %444 %424242

a,b’,c x*16 %443  *42423 a’ = cac

a’,b’,c _ x~9 %433 %4233 b’ = aba

d,e, £ b %444 *422422422

d,e’, £ %938 %644  *6622342242 e’ = ded

d’,e’ £ W72 %664  *62234263662 4 = fdf

dr, e’ £ «73% %663  *633626362 £/ = effe’

dr,e", £7 W70 %633 *663332 e" = dre’d

g/h,i LIL0E %666  *632663266326

auhf, i (937 %663  *%632666233<<——— N n’ = ghg

g‘,h’ i K70t %643 *63436222,*62633224 g’ = igi

g’,h’ ,4f B3 %644 *6262242243 i’ = g'ig’

3.k, 1 x3361 %663  %63362333222

3,k, 17 X0 x664  *6262234342242 10 = 413

37, k, 17 Y4T %644 *62234494242,¥63422243442 3§ = kjk
4 37,k7,1f KISV %444 frﬁ?zzzuz \ kf = 17x1’

2171 P, 4T s %3 | ¥63‘3’3T57-7 N
Ve 463333273
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