
 

Integer Point Enumeration
In Polyhedra

Based on Computing the ContinuousDiscretely
by Matthias Bean and Sinai Robins

What is a Polyhedron

Polyhedron A set bounded or not that
can be described by the intersectionof finitely Manyhalf spaces and hyperplanes

ConvexPolytope A convex hull of finitelymany pointsin IR

Equivalent to a bounded polyhedron
Et Polyhedron in It
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If we include the livest hats then
becomes the convexPolytope definedby

D Conv o D Co D 1,07

What is the dimension of aPolytope

dim D dim SpanD Ext XY D IX YEP TER

The smallest space our polytope can
comfortably reside in
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Fact a d dimensional polytope has atleast davertices
Simplex a ddimensionalpolytope with exactlydti vertices



Triangulating Over a Polytope

Triangulation splitting up a polytope into simplices
of the same dimension
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Fact Triangulations are not necessarily unique

Thu Every convex polytope can be triangulated
using no new vertices

Why do we care about Triangulation
It makes all of our proofs easier



Integer Point Enumeration

7 an a a faith is the d integer lattice

A grid w a point whenever an coordinates
are integers

Lattice Point Enumerationhe
Lp Pnd
Thenumber of integerpoints in P
discretevolume

Dilation
We can scale our polytopeP by t

is caned the t dilate of p
t LENA Pnd
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Lp t is not unique for a givenpolytope

Why study integer point enumeration

There is a deep Connection between
discrete and continuous volume



Discrete Continuous

For a polytopes clad
Drew d dimensional boxes between the points of
your integer lattice
of Boxes inD Lpl

Volume of each box 4 1

Veryrough volumeapproximationof D 1 41
what if we dilate p by seeing our latticedown

of boxes in Pa LyleVowme of each box IaVoice tall Lt
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What does this tell us about 0 Lrt

Frobenius's Coin Problem
Given n coins of different values what's
thelargest number we can't make using thesecoins

Coins ai i a ER o
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Counts howmanyways we can make n u our coins



The thrhart Series
Ehrplz HE LATE

Ehrhart's Them
If P is an integral convex d polytope
then4pct is a polynomial of degreed
Proof Outline
Lemma
If IEEE YEAH
then f is a polynomial of degree d

g is a polynomial of degreeed get to

Coning over a polytope
Integer point transform Js Z Js Z Zz ta Z

mesne
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Calculating Ehr plz
If Ehrke IEEE É Eft
then our Ehrhart Series is uniquely
determined by glz a polynomial ofdegreeed

For Integral Convex d Polytopes
Let
gez htazdthtg.pt't tht z tho

hit 1
ht Lpc d 1

Similarly there are formulas for hk ht
based on 2,127 4137

So we can calculate giz and therefore
Ihop z by looking at the first d
dilates of P
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teaceey do better

Theorem
If P is an integral convex d polytope with

Ehrplz hizdtha.it't that I

I 2
dt

Then hat hat hi o

d k ti P is the smallest integer dilate of p
that contains an interior lattice Point
Proof Out eine

Ehrhart Macdonald reciprocity
Suppose P is a convex rational polytope

Lpl e 43mmhp.lt
where p is the interior of P



Big Takeaway
To calculate the Ehrhart Series
For a polytopeP we only need to look
at the dilates of until we find an

integer lattice Point in the interior or at

worst d of them
Remember

Since Ehr z is encoded by Lyle
we can find Lp t for any dilate t
by looking at the coefficient of Zt in

the Ehrhart Series
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What about RationalPolytopes
Quasipolynomials periodic functions that
alternate between

polynomials constituents
Degree of a quasi polynomial alt isthe highest degree among itsconstituents



Ehrhart'sTheorem for Rational Polytopes
If P is a rational convex d Polytope

Then 2pct is a quasipolynomial in t of
degree d
The period of a divides the elm of the
denominators of the coordinates of thevertices of P
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