
Mathematical Biosciences 288 (2017) 35–45 

Contents lists available at ScienceDirect 

Mathematical Biosciences 

journal homepage: www.elsevier.com/locate/mbs 

Modeling the population dynamics and community impacts of 

Ambystoma tigrinum : A case study of phenotype plasticity 

Maeve L. McCarthy 

a , ∗, Dorothy Wallace 

b , Howard H. Whiteman 

c , Evan T. Rheingold 

b , 
Ann M. Dunham 

b , Olivia Prosper d , Michelle Chen 

b , Eileen Hu-Wang 

b 

a Department of Mathematics & Statistics, Murray State University, Murray KY 42071, USA 
b Department of Mathematics, Dartmouth College, 27 N. Main Street, 6188 Kemeny Hall, Hanover, NH 03755-3551, USA 
c Department of Biological Sciences, Murray State University, Murray KY 42071, USA 
d Department of Mathematics, 719 Patterson Office Tower, Lexington, KY 40506-0027, USA 

a r t i c l e i n f o 

Article history: 

Received 14 June 2016 

Revised 17 February 2017 

Accepted 21 February 2017 

Available online 24 February 2017 

Keywords: 

Mathematical model 

Phenotype plasticity 

Ambystoma tigrinum 

Predation 

Cannibalism 

Trophic ecology 

a b s t r a c t 

Phenotypic plasticity is the ability of an organism to change its phenotype in response to changes in 

the environment. General mathematical descriptions of the phenomenon rely on an abstract measure 

of “viability” that, in this study, is instantiated in the case of the Tiger Salamander, Ambystoma tigrinum . 

This organism has a point in its development when, upon maturing, it may take two very different forms. 

One is a terrestrial salamander (metamorph)that visits ponds to reproduce and eat, while the other is an 

aquatic form (paedomorph) that remains in the pond to breed and which consumes a variety of prey 

including its own offspring. 

A seven dimensional nonlinear system of ordinary differential equations is developed, incorporating small 

( Z ) and large ( B ) invertebrates, Ambystoma young of the year ( Y ), juveniles ( J ), terrestrial metamorphs ( A ) 

and aquatic paedomorphs ( P ). One parameter in the model controls the proportion of juveniles maturing 

into A versus P . Solutions are shown to remain non-negative. Every effort was made to justify parameters 

biologically through studies reported in the literature. 

A sensitivity analysis and equilibrium analysis of model parameters demonstrate that morphological 

choice is critical to the overall composition of the Ambystoma population. Various population viability 

measures were used to select optimal percentages of juveniles maturing into metamorphs, with optimal 

choices differing considerably depending on the viability measure. The model suggests that the criteria for 

viability for this organism vary, both from location to location and also in time. Thus, optimal responses 

change with spatiotemporal variation, which is consistent with other phenotypically plastic systems. 

Two competing hypotheses for the conditions under which metamorphosis occurs are examined in light 

of the model and data from an Ambystoma tigrinum population at Mexican Cut, Colorado. The model 

clearly supports one of these over the other for this data set. There appears to be a mathematical basis 

to the general tenet of spatiotemporal variation being important for the maintenance of polyphenisms, 

and our results suggest that such variation may have cascading effects on population, community, and 

perhaps ecosystem dynamics because it drives the production of a keystone, cannibalistic predator. 

© 2017 Elsevier Inc. All rights reserved. 
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. Introduction 

Phenotypic plasticity is the ability of an organism to change its

henotype in response to changes in the environment. Although

ome regard phenotype plasticity as a mechanism of evolution

1,2] , it may also be viewed as subject to the laws of evolution

ike any other trait [3,4] . Mathematical treatments relying on this

erspective model evolutionary fitness in response to a varying se-

ection gradient [5] . The resulting selection may be framed as an

ptimization problem for viability over varying selection pressure.
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Fig. 1. Salamander development flow chart. Solid arrows denote maturation from 

one stage to the next; dashed arrows denote contributions by the adult stages to 

the young-of-the-year Y through reproduction. 
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Others argue that plasticity can slow or enhance genetic diver-

gence [6] depending on the extent to which plasticity for a given

organism is adaptive across the full range of its environments. Plas-

ticity may in some circumstances exact a cost from the organism,

which would also affect its viability [7,8] . Clearly, whether plastic-

ity is adaptive or not depends on the organism and the conditions

of the various environments that host it. 

Ambystoma tigrinum nebulosum , the Arizona tiger salamander, is

a classic example of phenotypic plasticity. A species of salamander

widespread in the U.S., the tiger salamander hatches from eggs into

an aquatic larval form. In one growth trajectory, the larval form

matures into an adult salamander capable of terrestrial life (meta-

morph), then becomes sexually mature. Another trajectory includes

remaining in an aquatic form but maturing sexually to carry out

the entire life cycle in the water (paedomorph) [9,10] . Paedomorph

adults are efficient foragers, and will prey on small members of

their own species, as well as on invertebrates in their environment.

Metamorphic adults may also occasionally eat young Ambystoma ,

but inefficiently and in low numbers [11,12] , and unpublished data.

Age-dependent models determine their categories based on

age groups, while stage-dependent models define their categories

based on the life-cycle stage of the individuals [13] . This study

uses a classification scheme, based on the characteristics of vari-

ous stages of the life cycle of this species, to capture the most im-

portant ways in which individual members of a population change

over time [14] . Additionally, the role of the individual in the food

web of a pond changes during the life cycle. Vital rates such as

birth, growth, maturation, fertility and mortality may change sub-

stantially, depending on the density of a particular prey or predator

size class or on external factors such as the existence of predators.

Such models should also thus include quantities describing other

aspects of the food web, as interactions with these will affect the

success of Ambystoma populations via intra- and intergenerational

feedbacks. 

Recent research has focused on the role of predation in affect-

ing amphibian morphological and behavioral plasticity, and such

predator-prey interactions are considered a mediator of pheno-

types [15–18] . These phenotypes may include traits that help an

organism either avoid predators or assist in their own predation.

How valuable such a trait will be depends on abundance of prey,

abundance of predators, and other environmental features. Because

of the complexity of the Ambystoma life cycle, the aquatic stages of

this organism interact with all consumer trophic levels of a pond,

sometimes as predator, sometimes prey, sometimes both [19,20] .

Structured population modeling is a useful tool to capture the

range of population variation and its ecological and evolutionary

implications over time. In particular, the tendency of paedomor-

phic adults to eat smaller members of their species should cre-

ate an evolutionary incentive to produce a majority of metamorphs

that leave the pond and seek food elsewhere. On the other hand,

a permanent pond may be a less risky habitat for adults under

some conditions, and may favor the production of paedomorphs.

Understanding this potential trade-off, and its ecological and evo-

lutionary implications, is the major thrust of this paper. To do so,

we compare population viability values, defined as measures that

allow us to evaluate population success and persistence. 

This study addresses the following questions: 

1. How important is the distribution of phenotypes to overall

Ambystoma biomass, its population distribution among co-

horts, and recruitment of young of the year? 

2. How do different morphological dynamics compare under

various measures of viability, and what tradeoffs are made

at the population level to support plasticity? 

3. How does the distribution of phenotypes affect the biomass

of the trophic levels in the pond? 
4. Does the model provide evidence that metamorphosis rates

vary from year to year? 

To this end a model is derived in Section 2 incorporating small

 Z ) and large ( B ) invertebrates, Ambystoma young of the year ( Y ),

uveniles ( J ), adult metamorphs ( A ) and paedomorphs ( P ). One pa-

ameter in the model controls the proportion of juveniles maturing

nto A versus P . Solutions are shown to remain non-negative. 

The model constructed here is quite sensitive to the choice of

arameters. Careless choice of parameters often drives the Am-

ystoma population to zero. Every effort was made to justify pa-

ameters biologically in Section 3 . 

The first two of these questions are studied through a sensi-

ivity analysis and equilibrium analysis of model parameters. The

econd two questions are answered by varying the parameter asso-

iated with phenotype choice across its range. Section 4 describes

he numerical experiments done with the model and reports the

esults. Section 5 discusses these results. 

. Model formulation 

The model we will look at has several trophic levels. These lev-

ls are connected by birth, maturation, and predation relationships.

The young of the year (Y) mature into a sexually immature ju-

enile ( J ). Juveniles ( J ) can mature into paedomorphs ( P ) which are

exually mature but aquatic, never developing legs and lungs, or

lse they ( J ) can mature into terrestrial adults ( A ) which can live

n land or in water. Fig. 1 describes maturation and reproduction

f Ambystoma . 

Small ( Z ) and large ( B ) invertebrates. 

Minute organisms such as zooplankton ( Z ) are at the bottom

f the food chain. These are eaten by recently hatched salamander

arvae, or “young of the year” ( Y ), by juvenile salamanders ( J ), and

arger invertebrates ( B ). Larger invertebrates ( B ) are large enough to

rey on smaller invertebrates, but too large to be eaten by young

f the year Ambystoma larvae. Systemically, these function as com-

etitors for Z , and an alternative food source for all stages of Am-

ystoma except young of the year ( J, P, A ). 

A fraction of small invertebrates Z will mature into larger ones,

epresented as B . Both the growth rate of small invertebrates and

he maturation rate of a fraction of these into larger invertebrates

re controlled by a logistic term depending on their combined

opulations. This is a simplifying assumption that allows us to

atch the model to invertebrate biomass field data that does not

istinguish between these sizes. Large invertebrates may die or exit

he pond through maturation. This removal is modeled by a linear

death” rate which may be adjusted to give a representative ra-

io of large to small invertebrates. Invertebrate growth is assumed

o occur through reproduction by Z and an additional constant re-

ruitment rate, b . This recruitment rate represents eggs laid by fly-
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Table 1 

Predator food sources. 

Predator, X Food source, P X 

Z n/a 

B Z 

Y Z 

J B + Y + Z

P B + Y + J

A B + e 

Fig. 2. Trophic levels of the entire system, with the lowest trophic level at the top 

of the diagram. Arrows indicate predation. The quantity e is a constant representing 

available food outside the pond. 
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ng insects and also by B . The simplifying assumption that recruit-

ent is constant reflects the assumption that most large inverte-

rates will mature and exit the pond before returning to breed;

hus direct birth by B is ignored. 

Z ′ = logistic growth - maturation into B - pred by B - pred by

 - pred by J 

B ′ = logistic growth & maturation - predation by P, A and J -

eath 

Ambystoma populations Young of the year ( Y ) are eaten by

aedomorphs ( P ) and juveniles ( J ). Juveniles ( J ) are not discrimi-

ating eaters and will consume young of the year ( Y ), as well as

mall and large invertebrates ( Z and B ). Metamorphs, or terrestrial

dults ( A ), develop lungs, are sexually mature, and may leave the

ond to search for food or migrate. These are the creatures people

hink of as salamanders. They are large enough to eat large inver-

ebrates ( B ) but the model assumes they are too large to bother

ith small invertebrates ( Z ). Metamorphic adults ( A ) have been ob-

erved eating young of the year, but are reportedly inefficient at it;

his effect was omitted from the model along with predation upon

uveniles ( J ). In addition the model includes an external source of

ood, ( e ), because metamorphs spend most of their lives outside

he pond ecosystem. Paedomorph adults ( P ) derive all of their diet

rom within the pond. They are efficient predators eating large in-

ertebrates, young of the year, and juveniles ( B, Y , and J ). Table 1

ummarizes the prey sources for each organism in the model. 

Ambystoma populations are controlled by the availability of

rey, which affects both birth and maturation terms in the model.

ote that due to the Ambystoma life stages, energy obtained by

redation is returned to the system as maturation or birth, and

hus does not necessarily add to the quantity of the consumer di-

ectly. Thus the energy flow does not represent strict mass action–

or example the predation of A on B removes mass from B but re-

urns it to Y through a birth rate proportional to the predation rate.

imilarly, the predation of J on B removes mass from B but returns

t to the system in the form of maturation of J to one of two adult

orms. Fig. 1 describes the trophic levels of the model with arrows

ndicating predation ( Fig. 2 ). 
Y ′ = growth from P & A eggs - predation by P, J - maturation to

J - death 

J ′ = maturation from Y - maturation to P or A - death 

A 

′ = maturation from J - death 

P ′ = maturation from J - death 

Predation rates and functional responses 

Model assumptions about predation may be summarized as fol-

ows: 

1. Consumption rate of predator X is capped by maximum daily

rate w X . 

2. Predator X has no preference and simply consumes prey in

proportion to its representation in biomass. 

3. Efficiency of consumption h X depends only on the predator,

not the prey. 

4. Predation follows by a type 2 functional response. 

Except for zooplankton, the base of the food chain, all growth

nd maturation depends on food availability. As the normal size

elations between trophic levels are generally stated in terms of

iomass, this is the unit that will be employed in this model rather

han individual organism counts. Specifying the model means find-

ng maximum consumption, maturation, and reproductive rates for

ll organisms in the model in terms of wet biomass. Predation

erms are the key to developing the model, which uses a type

 functional response to give an expression for consumption per

redator per day that approaches a maximum in the presence of

bundant prey. 

Suppose predator X eats a variety of prey, each denoted U i , then

he total biomass available to predator X is 

 X = �i U i 

here �i U i is the sum over all the prey of X in units of biomass

er unit volume. 

We assume that the total predation of one unit of biomass of X

n all of its possible prey is capped by the maximal consumption

f prey biomass per unit biomass of predator X per day, ( w X ) and

hus represented by a modified Hill function: 

 X H X = w X 
�i U i 

h X + �i U i 

= w X 
P X 

h X + P X 
(1)

The constant h X is the half saturation value for this Hill func-

ion and represents the efficiency with which predator feeds on

rey. Predators may be inefficient, efficient, or very efficient in this

odel, giving varying values of h X that depend on the predator,

s has been observed in a general sort of way. It is also true that

he same predator may be more efficient at catching some types of

rey than others. As a simplifying assumption this model ignores

hat effect, although it would certainly be possible to incorporate

t if the relevant biological measurements were available. Thus h X 
epends only on the predator, X . 

The loss in prey U i biomass to predator X is the product of

he predation rate 
w X P X 

h X + P X 
= w X H X per predator, the fraction of all

rey that is of type U i , and the current predator X biomass. Thus

f U i is one of the quantities eaten by X , we have subtracted from

he equation for U 

′ 
i 

the quantity 

 X 
U i 

�i U i 

H X X = w X 
U i 

h X + �i U i 

X (2)

Note that biomass of any given stage that is removed by pre-

ation is unavailable to mature. Hence predation has a systemic

ffect on maturation rates and need not be included explicitly in

he next section. 

Death, birth and maturation rates, and the choice of mor-

hology 
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We assume that mortality due to either natural causes or pre-

dation by predators external to the system is linear for each or-

ganism. This mortality is modeled as relative rates. The coefficients

that determine those rates, e.g. d X , may be taken as constants or

time varying quantities, rather than density dependent quantities.

Default constant rates are given. 

The lowest trophic level, Z , grows as a logistic curve in the ab-

sence of predators with a recruitment term incorporated to ac-

count for larvae from sources external to the pond. The smaller in-

sects, Z , are reduced by a relative maturation rate, m ZB . The larger

insects, B , are increased by a relative maturation rate, m 

∗
ZB . Because

all organisms grow in size during their time in any given stage, the

gain into compartment B from maturation is set to be greater than

the loss from compartment Z by scaling by the ratio of average

biomass of B per average biomass of Z . Thus m 

∗
ZB is just m ZB scaled

by the appropriate factor. 

For Ambystoma , if all of the X mature into W we get an input

into the W 

′ equation of the form 

m XW 

H X X 

where the constant m XW 

gives the maturation rate per unit time.

This expression gives maximum rates of maturation when the or-

ganism is well fed, and no maturation in the absence of prey. Be-

cause all organisms grow in size during their time in any given

stage, the gain into compartment W from maturation is set to be

greater than the loss from compartment X by scaling by the ratio

of average biomass of W per average biomass of X . Thus m 

∗
XW 

is

just m XW 

scaled by the appropriate factor. 

Only the Ambystoma quantities produce offspring in a different

compartment from the parent. If W gives birth to Y we get an input

to the Y compartment of the form 

a Y W 

H W 

W 

labeling the constant a YW 

. Thus we have constants a YA , a YP , a YK . 

The model includes one point of morphological choice. Juve-

niles have two options when maturing into adults: a terrestrial and

an aquatic or paedomorphic option. The fraction becoming terres-

trial adults is denoted q JA . This may be taken as a constant or may

be a function of the system or may be independent varying quan-

tities, depending on the hypothesis under consideration. 

2.1. Full equations 

Using this notation, the salamander population dynamics are

modeled by the following system of ordinary differential equa-

tions: 

Z ′ = ( a Z Z + b ) 

(
1 − Z + B 

c Z+ B 

)
− m ZB Z −

(
w Y Y 

h Y +P Y 
+ 

w B B 

h B +P B 
+ 

w J J 

h J +P J 

)
Z 

(3)

B 

′ = m 

∗
ZB Z 

(
1 − Z + B 

c Z+ B 

)
− d B B −

(
w J J 

h J + P J 
+ 

w P P 

h P + P P 
+ 

w A A 

h A + P A 

)
B 

(4)

 

′ = a Y P H P P + a YA H A A − d Y Y − H Y Y m Y J −
(

w J J 

h J + P J 
+ 

w P P 

h P + P P 

)
Y 

(5)

J ′ = m 

∗
Y J H Y Y − d J J − H J J 

[
q J m JA + (1 − q J ) m JP 

]
−

(
w P P 

h P + P P 

)
J (6)

A 

′ = q J m 

∗
JA H J J − d A A (7)
 

′ = (1 − q J ) m 

∗
JP H J J − d P P (8)

Default constants described in Section 3 and used in simula-

ions are given in Table 1 . 

.2. Default parameters used in the model 

Carrying capacity Invertebrates in our study include both small

rganisms (Z) and larger ones (B). A carrying capacity is used for

 + B. A study by the EPA [21] includes invertebrate biomass mea-

urements for invertebrates in a variety of ponds, including sev-

ral from colder regions. Biomass is measured in two ways: by

raps and sweep nets that catch floating organisms (maximum of

524 mg/m 

3 in a lakeside prairie marsh in South Dakota), and

y core samples that catch organisms on the bottom (maximum

428 mg/m 

2 , in a permanent pond). Combining these and assum-

ng a pond of one meter in depth, we have a per m 

3 carrying ca-

acity for invertebrates in general of around 14 g per m 

3 , which is

aken to be the default value of c Z+ B . 
Reproduction rate of Z, a Z As a proxy for small invertebrates,

he model uses reported relative rates of brine shrimp increase

n biomass per gram of biomass per day [22] . For the maximum

rowth rate for Z , we will use the maximum of these, setting

 Z = 0 . 422 . 

Maturation of Z into B, m ZB and m 

∗
ZB A fraction of small inver-

ebrates will mature into larger ones, represented as B . The proxy

rganism, Telebasissa salva represents both Z and B when separated

nto two size classes, and has a maturation time of 31.4 days [23] .

ssuming half of small invertebrates will mature into large ones

ives m ZB = 0 . 5 ∗ 1 / 31 . 4 = 0 . 016 . Because the organisms in the B

ompartment are, on average, larger than those in Z , we must

lso scale the input to the B compartment by the ratio of average

iomass of B to average biomass of Z . Johnston et al. [24] give body

ength and dry mass data on a range of invertebrates. The data for

ry mass exhibit a bimodal distribution with a lower mode with

ry mass 0.188 mg and higher mode with dry mass of 0.776. This

atio was used to give m 

∗
ZB 

= (0 . 776 / 0 . 188)(m ZB ) = 0 . 0 6 6 . 

Recruitment rate b For relatively large values of b the popula-

ion drops rapidly to capacity, so the value of b was set arbitrarily

o 0 . 2 . reflecting abundant recruitment. 

Large invertebrate death rates not due to salamander preda-

ion, d B . 

Wissinger et al. [20] report differing ratios of large to small in-

ertebrates in permanent versus autumnal basins, with permanent

asins having higher peak densities of invertebrates, most of which

re small. Autumnal basins have higher standing biomass of mostly

arge invertebrates. We took the reported ratio of standing biomass

f autumnal to vernal ponds (1.86) as a proxy for the B to Z ratio

t equilibrium for the Ambystoma-free model. We then tuned the

eath rate d B to produce this ratio at equilibrium, giving a death

ate of d B = 0 . 002965 . Fig. 3 shows the Ambystoma -free model run

o equilibrium with these values. 

Maximum consumption by Ambystoma per day, w Y , w J , w A ,

 P , w B Secor et al. [25] give data on meal size as a percent of body

ass for five adults of unspecified type. Each meal was consumed

ver a period of days, so we may assume the individuals were eat-

ng maximal amounts. The average daily consumption of these five

ndividuals, as percent of their own body mass, is calculated at

.307%. Thus we set all default values of the constants w Y , w J , w C ,

 A , w P , w K , equal to 0.013. This reflects an assumption that energy

eeds of the organism remain proportional to biomass throughout

he life cycle. The maximum daily consumption for large inverte-

rates ( w B ) is harder to determine because B represents an aggre-

ate of relatively large invertebrate larvae. It is set to be equal to

 . 
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Fig. 3. The model with no Ambystoma . 
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Half Saturation Rates, h X These control the efficiency of the

unctional response of predation to prey availability and arise

n the Hill functions used to describe the predation rates (see

qs. (1) –(2) ). Particularly efficient predators have a low value,

hich causes the predation rate to rise quickly in the presence of

inimal prey. Typically these can only be measured in tank exper-

ments in which the prey have few hiding places. However, relative

fficiencies of organisms have been observed in the field. The val-

es we assign for these parameters should be interpreted has hav-

ng meaning only in their relationship to each other. As default, we

et h X = 0 . 1 for all Ambystoma , which represents an extremely ef-

cient predator, for all predators except the less efficient A . where

 A = 1 . These choices reflect relative efficiencies, but not absolute

fficiencies due to lack of data. 

It is known that some organisms in the B category consume

oung of the year salamanders, so h B is taken to be half of h Y , or

.005. 

External food sources for metamorphs, e It is known that

etamorphs ( A ) has sources of food external to the pond. Data

rom Mexican Cut suggest that metamorphs consume an average

f about 80% of their diet from terrestrial sources. A straightfor-

ard calculation shows that, at equilibrium, e / B is the ratio of prey

onsumed by A outside the pond to prey consumed by A inside

he pond. Equivalently, the fraction of prey from outside the pond

s e/ (e + B ) . The model was run to equilibrium and the constant e

as tuned until the quantity e/ (e + B ∗) = 0 . 8 . This gave e = 1 . 03 . 

Explanation of constants: maturation rates of Ambystoma ,

 YJ , m JA , m JP and m 

∗
Y J , m 

∗
JA 

, m 

∗
JP 

Maturation rates of this organism are known to vary greatly,

rom short seasonal maturation (120 days) in warm areas to 485

ays or more in colder regions. Sexton and Bizer [26,27] report

arvae metamorphosing during the second warm season of their

xistence in montane Colorado, while Collins [28] reports larvae

aturing at the end of a single growing season in Arizona. Further-

ore, maturation rates must take into account the growth rates of

he organism within a cohort, as all units in this study are in terms

f biomass. A wide spread is reported for total time to maturity:

20 days–485 days. As a default value, the model uses an interme-

iate value of 300 days. We will assume that 10% of this period

s spent in the smallest stage Y , with the maturation period for

 is 30 days, and the maturation period of J is 270 days as default

hoices. This gives m Y J = 0 . 033 per day and m JA = m JP = 0 . 0037 per

ay as default values. Wissinger et al. [12] describe young of the

ear in the company of cannibalistic morphs in tank experiments.

et biomass of these ranged from 1.25 to 3.75 g. We will use a

idrange biomass of 2.50 g as the default value. 

Bizer [27] reports a range of sizes at metamorphosis (7.3–

5.6 g) for the cold habitat of Mexican Cut, Colorado. The majority

f individuals were caught in the 11–13.5 g range. (Unpublished)
ata collected by Whiteman at Mexican Cut gives a range of 2–

9.2 g with a mean of 13.9 and median 14.1. We used the mean

f 13.9 g as average weight of a juvenile and as our representa-

ive biomass for juveniles ( J ). The biomass increase in the J com-

artment per unit biomass maturation of Y is then approximately

3 . 9 / 2 . 5 = 5 . 56 giving m 

∗
Y J 

= 0 . 185 . 

Secor [25] uses large adults weighing 30–34 g in tank exper-

ments. Unpublished data collected by Whiteman in Mexican Cut

ives adult metamorph weights in a range of 3–56 g with mean

5.6 g, and paedomorph weights as 6.4–90 g with mean 20.5 g. We

se a mean value of 25.6 g as our representative biomass for meta-

orphs, and mean value of 20.5 g for paedomorphs. The biomass

ncrease in the A compartment per unit biomass maturation of J

s then approximately 25 . 6 / 13 . 9 = 1 . 84 giving m 

∗
JA 

= 0 . 0068 . Simi-

arly, m 

∗
JP 

= 0 . 0055 . 

Birth rates, a YA , , a YP Anderson et al. [29] give total survivor-

hip from egg deposition to metamorphosis as 3%, indicating that

gg mortality was high. Semlitsch [30] reports annual juvenile pro-

uction from 0 to 30 individuals per breeding female per year.

his corresponds to an average of 7.5 individuals per 22 g adult

t 1.25 g per individual, per 365 days, for a relative birth rate of

.0012 g of larva biomass per gm adult biomass per day. ( a YA =
 Y P = 0 . 0012 ). 

Density independent death rates, d A , d P , d Y , d J Trenham

31] gives an overview of studies of annual survivorship of meta-

orphic adults ( Ambystoma californiense ), which ranges from 10%

o more than 90% with a typical value of 60% per year. The 60%

alue gives a daily death rate of 0 . 0014 , calculated as 1 − e ln (. 6) / 365 .

his is higher than the observed juvenile production rate given

bove, and therefore it is not biologically reasonable to include in

he same model. A survival rate of 90% per year gives a daily mor-

ality rate of 0 . 0 0 029 . For the default value in this study we take

 A = d P = 0 . 0 0 029 . 

They note that their own observations indicated no relation-

hip between adult size and survivorship, from which we infer that

uveniles would experience similar mortality rates. However, our

odel explicitly includes intraspecies predation, which will make

ortality higher in the juvenile categories. This seems likely to be

 natural consequence as well as a biological one, so we are setting

he same density-independent mortality rate for juveniles, setting

 Y = d J = 0 . 0 0 029 . 

Morphological choice Upon maturation, normal juveniles ( J )

ay develop into metamorphs, which are terrestrial adults ( A ), or

lse they may remain aquatic paedomorphs ( P ). Again, hypotheses

ave been made about what controls this choice. However, for the

urposes of setting a default quantity we will take q J = 0 . 5 which

ill ensure that 50% of maturing J become A and 50% become P . 

All default constants are summarized in Table 2 . 
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Table 2 

Model parameters. 

Parameter Description Default 

c Z+ B carrying capacity of Z + B 14 g wet biomass/ m 

3 

a Z relative birth rate of Z 0.422g per g per day, 

b recruitment rate of Z 0.20 

a YA , max. relative production rate of Y by A 0.0012 g/g day 

a YP , max. relative production rate of Y by P 0.0012 

w B max. consumption by B per day 0.013g = w Y 

w Y max. consumption by Y per day 0.013 g prey per g Y wet biomass 

w J max. consumption by J per day 0.013 g prey per g J wet biomass 

w A max. consumption by A per day 0.013 g prey per g A wet biomass 

w P max. consumption by P per day 0.013 g prey per g P wet biomass 

h B half saturation for B per day 0.005 (arb, extremely efficient case) 

h Y half saturation for Y per day 0.1 (arb, efficient case) 

h J half saturation for J per day 0.1 (arb, efficient case) 

h A half saturation for A per day 1 less efficient 

h P half saturation for P per day 0.1 (arb, efficient case) 

m ZB , m 

∗
ZB , max. maturation rate of Z into B 0.016,0.0659 

m Y J , m 

∗
Y J , max. maturation rate of Y into J 0.033, 0.185 

m JA , m 

∗
JA max. maturation rate of J into A 0.0 037, 0.0 068 

m JP , m 

∗
JP max. maturation rate of J into P 0.0 037, 0.0 055 

d B death rate of B including other predation 0.002965 

d Y death rate of Y,including other predation 0.0 0 029 

d J death rate of J 0.0 0 029 

d A death rate of P 0.0 0 029 

d P death rate of A 0.0 0 029 

q J fraction of J maturing into form A 0.5 

e terrestrial food source for A 1 .03 

Fig. 4. A typical run of the full model with default parameters and A (0) = 0 . 01 , P(0) = 0 . 01 , J(0) = 0 , Y (0) = 0 . 1 , B (0) = 2 , Z(0) = 14 . 
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3. Methods and results 

All simulations were conducted using Matlab software. With

default parameters, a typical run is shown in Fig. 4 . 

A sensitivity analysis was conducted by varying each parame-

ter from its default level by + / − 10% and recording biomass val-

ues at equilibrium. This was done for three default choices of

q J = 0 . 1 , 0 . 5 , 0 . 9 . Figs. 5 , 6 , 7 show the resulting changes in equilib-

rium biomass of A, P, J , and Y respectively, with respect to the most

influential parameters d Y , h A , h Y and q J . These simulations demon-

strate the importance of the morphological choice parameter q J on

the demographics of the equilibrium Ambystoma populations. Pa-

rameters not illustrated in Figs. 5 –7 had negligible impact on equi-

librium values of any of the Ambystoma populations. 

The importance of q J to the overall behavior of the system was

further explored by varying it across its full range and tracking Am-

bystoma equilibrium populations, both as a total and as percent
f the whole. Equilibrium pattern diagrams in this parameter are

hown for compartment biomasses at equilibrium ( Fig. 8 ), percent

f total biomass at equilibrium Fig. 9 ) and biomass of the trophic

evels at equilibrium ( Fig. 10 ). 

. Discussion 

Returning to the questions raised in the introduction to this pa-

er, it is now possible for the model to at least partially address

hem. 

.1. Morphological choice is critical to the overall composition of the 

mbystoma population. 

The per capita morphosis rate has a more significant influence

n equilibrium ratios among phenotypes than other parameters, as
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Fig. 5. Sensitivity analysis of d Y , h A , h Y and q J at q J = 0 . 1 with q J and d A demon- 

strating the most significant sensitivity. Blue bars indicate a parameter increase of 

10%. Red bars indicate a parameter decrease of 10%. (For interpretation of the ref- 

erences to color in this figure legend, the reader is referred to the web version of 

this article.) 

i  

c  

a  

e  

o  

t  

l  

i

 

T  

c  

d  

e  

i  

A  

A  

o  

t  

t  

e  

t  

Fig. 6. Sensitivity analysis of d Y , h A , h Y and q J at q J = 0 . 5 with q J demonstrating the 

most significant sensitivity. Blue bars indicate a parameter increase of 10%. Red bars 

indicate a parameter decrease of 10%. (For interpretation of the references to color 

in this figure legend, the reader is referred to the web version of this article.) 
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llustrated in the diagrams of Figs. 5 –7 . Varying the morphologi-

al choice parameter, q J , by plus or minus 10% from baseline runs

t q J = 0 . 1 , 0 . 5 , 0 . 9 , had larger effect size than most other param-

ters. Varying q J caused not only large changes in the distribution

f adult phenotypes as expected (over 200% in Fig. 7 ), but also in

he equilibrium biomass of young of the year, Y . Fig. 7 shows the

argest effect size at the highest metamorphic rate, and this trend

s illustrated across a continuum of values in Fig. 8 . 

Predation efficiency of A and Y are also important parameters.

he parameters selected for this model, h A and h Y , appear to be

lose to locally optimal. A slight increase in h A (less efficient pre-

ation) results in lower biomass for all Ambystoma population cat-

gories. A slight decrease in h A (more efficient predation) results

n higher biomass for A but lower biomass for all other categories.

 slight increase or decrease in h Y results in lower biomass for all

mbystoma population categories. This is true at all three values

f q J shown in Figs. 5 –7 . Without specific measurements to justify

his particular choice of parameter, it is still possible to note that

his model suggests that optimal efficiencies of predation should

xist. Metamorphs are assumed to be less efficient predators in

he pond than paedomorphs [11] . The model suggests that a slight
ncrease in predation efficiency for the metamorphic phenotype

ould have mostly negative consequences for the population as a

hole. 

.2. Morphological choice, various measures of viability, and viability 

radeoffs at the population level 

It is possible to imagine various ways in which the paedo-

orph/metamorph distribution could vary in the relative costs and

enefits to each morph [9] . The question of “What is natural selec-

ion trying to optimize” is likely to vary both between species and

etween locations within a species [9,10] . Several possibilities are

iscussed below. 

Fig. 8 shows that a system with no paedomorphs ( q J = 1 ) opti-

izes the total biomass of Ambystoma per cubic meter of aquatic

abitat, and also optimizes young of the year. This is not surpris-

ng, as many salamanders do not have a paedomorphic form, likely

ecause past selection has always favored metamorphosis. Because

ptimizing total biomass doesn’t help explain the production of

aedomorphs, it is probably not the best population viability mea-

ure for this organism. 

A population that produces entirely metamorphs will have a

arger total biomass than one producing paedomorphs, but such
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Fig. 7. Sensitivity analysis of d Y , h A , h Y and q J at q J = 0 . 9 with q J demonstrating the 

most significant sensitivity. Blue bars indicate a parameter increase of 10%. Red bars 

indicate a parameter decrease of 10%. (For interpretation of the references to color 

in this figure legend, the reader is referred to the web version of this article.) 
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a population is more vulnerable to severe winters and terres-

trial predators. If population viability depends on maximizing the

chance of a pond being restocked the following year, it would favor

a situation that maximizes the biomass of paedomorphs, as these

cannot leave the pond and must reproduce locally. Fig. 8 shows

that this population is maximized at around q J = 0 . 9 . That is, 90%

of juveniles are metamorphosing and only 10% remain in the pond

as paedomorphs. Because paedomorphs consume young of the

year, at low levels of q J , where this form dominates, there is not as

much recruitment to the next size level. For this model, a viability

measure that favors the production of many paedomorphs actually

favors a 90% rate of metamorphosis, and absolutely requires phe-

notype plasticity to do so. 

In this model, resources are represented by Z and B , the only

compartments that are not part of the Ambystoma life cycle. Op-

timizing the use of these resources would result in a pond with

Ambystoma being the largest possible percent of the biomass in

that pond. Fig. 9 shows an equilibrium pattern diagram for percent

biomass. Again, a population producing entirely metamorphs max-

imizes the total percent of pond biomass given by Ambystoma pop-

ulations, because that is where Z and B are minimized. Fig. 9 shows

that such a pond is mostly juveniles. 
Perhaps a more useful distribution would be to maximize the

esources devoted to adults in the pond, as these are most likely

o restock that particular pond with young of the year. In this

ase, one would maximize the percent of biomass represented

y the paedomorphic population, which occurs at approximately

 J = 0 . 45 , as in Fig. 9 . In this case the production of the two phe-

otypes is about equal. 

Alternatively, it might be useful to maximize the resources de-

oted to recruitment of young of the year, Y . Fig. 9 shows that the

ercent of biomass devoted to Y is maximized at around q J = 0 . 85 .

his is the point at which the consumption of young of the year

y juveniles becomes a predominant feature of the pond, as the

umber of paedomorphs is relatively small. 

At high rates of metamorphosis any improvement in the pre-

ation efficiency of metamorphs, h A , becomes a significant and

argely negative factor, as shown in Fig. 7 . The choices of q J that

aximize various viability measures could change considerably,

epending on the efficiency of metamorph predation within the

ond. So it is possible that one measure of viability could be the

bility to avoid predators. This would result in less predation by

dults on young of the year, which would translate again into se-

ection for low predation efficiency by adults. Metamorphosis is

ne way to achieve this, and leads to the possibility that the pro-

uction of a high percentage of metamorphs is just a byproduct of

electing for the adult morph that is less likely to cannibalize their

wn offspring. 

In this discussion the word “optimize” is used in its mathemat-

cal sense. We see that for certain choices of q J , different subpopu-

ations of Ambystoma are “optimized”, i.e. at their largest value.

hether these optima lead to increased viability of the overall

opulation is not addressed by the model, although some possi-

le scenarios are suggested. Similarly, the mechanisms by which a

articular q J may be produced are left to a future paper. 

.3. Trophic levels and population dynamics. 

The biomass of trophic levels for a biological system are typ-

cally shown as a pyramid, with a relatively large biomass at the

owest trophic level, [32,33] . The pyramid steps reduce in size

oving up the trophic levels with the smallest amount of biomass

evoted to top predators. By contrast, population dynamics at

quilibrium generally have an inverted pyramid. Since less time is

pent in the younger age categories, most of the biomass is de-

oted to adults, [32,33] . The organism modeled here is an inter-

sting case, as the layers of the trophic pyramid coincide with the

ayers of the age structured pyramid. Considered by trophic levels,

ne would expect more biomass for young of the year, less for ju-

eniles, and even less for adults. Considered as a population model,

ne would expect the reverse. 

In this model the lowest trophic level is Z , followed by Y + B,

hen J , then A + P . Because A also consumes prey from outside the

ond, the top level is somewhat compromised. However the rela-

ionship among Z, Y + B, and J is strictly within pond. Fig. 10 shows

ow the relationship among these three varies with the morpho-

ogical choice parameter, q J . 

At q J = 0 . 2 , where only 20% of juveniles metamorphose, the

rophic levels are in the expected order, with Z ∗ > B ∗ + Y ∗ > J ∗,
hile the population distribution is the reverse of usual. At q J =
 . 8 , two of the trophic levels reverse, with J ∗ > B ∗ + Y ∗. At this

oint all of the Ambystoma population biomasses are arranged in

he expected order, with A 

∗ + P ∗ > J ∗ > Y ∗. At slightly higher lev-

ls of q J the juvenile population outstrips all of the lower trophic

evels in biomass. 

The model thus suggests a modification of the usual rules of

humb. When adult cannibals predominate, the equilibrium pop-

lation distribution behaves like the usual expectation for trophic
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Fig. 8. Equilibrium pattern in q J for biomass per m 

3 at equilibrium. 

Fig. 9. Equilibrium pattern in q J for percent of total biomass at equilibrium. 
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evels. When non-cannibal adults predominate, the population be-

aves more like the usual expectation for population models. 

.4. Variation in morphological choice from year to year, and 

echanisms for this variation 

The model discussed here treats the morphological choice pa-

ameter, q J , as a constant, as a necessary first step in its analysis.

owever, it is known not to be constant, which is the source of

he plasticity that allows it to vary as different viability measures

ome into play. As a rough measure of accuracy, equilibrium values

f the model can be compared to unpublished data from Mexican

ut for annual censuses of a single permanent pond from 1990 to

007, excluding those years without measurable numbers of young

f the year, juveniles or paedomorphs. Ratios of populations can be

ompared to model predictions in those years when counts of all

hree cohorts were nonzero. 
Including all years with three cohorts present, the data from

exican Cut is best approximated at q J = 0 . 85 . This 85% rate of

etamorphosis is exactly in line with a strategy that optimizes

aedomorphs in the model. 

Excluding additional outlier years in which either juvenile or

oung of the year populations were very large, the data is approx-

mated by the model at q J = 0 . 1 . A 10% rate of metamorphosis is

ot optimal by any of the viability measures discussed above, and

uggests a dynamic that is not accounted for by simple natural se-

ection arguments ( Table 3 ). 

It is likely that q J is varying with population and ecosystem

ynamics. This hypothesis is supported by the fact that, at the two

utlier years for J , the observed cohort ratios are approximated by

he model at q J = 0 . 95 , a high rate of metamorphosis (or corre-

pondingly low rate of paedomorphosis). 

There are several hypotheses used to explain the life-stage

hoice of paedomorphosis versus metamorphosis. In particular,

he “paedomorphic advantage” mechanism assumes that if aquatic
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Fig. 10. Equilibrium pattern in q J for trophic level biomass, left. Biomass of trophic levels at points A,B,C of equilibrium pattern diagram, right. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3 

Comparison of field data to model outputs via cohort ratios Y / J and J / P . A) 

All years in which three cohorts were present, B) excluding additional years 

with very large populations of young of the year or juveniles, C) two outlier 

years with unusually large numbers of juveniles. 

Data sets A B C 

average observed YOY/Juvenile 0.2071 0.0894 0.0695 

comparable simulated Y / J 0.1339 0.092 0.0809 

average observed Juvenile/Paedomorph 2 .877 0.494 8 .842 

comparable simulated J / P 3 .5272 0.5874 10 .6610 

best fit q J 0.85 0.1 0.95 

Metamorphosis rate 85% 10% 95% 

Paedomorphosis rate 15% 90% 5% 
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growing conditions are good then paedomorphosis is selected.

Large strong larvae become paedomorphs to take advantage of the

aquatic environment. Small weak larvae become metamorphs to

escape competition with larger individuals within the pond. For

this hypothesis, the per capita metamorphosis rate is positively

density dependent (increasing) [9,34] . Alternatively, the “best of a

bad lot” mechanism assumes that paedomorphosis occurs when

growing conditions are poor and the larvae do not become large

enough to metamorphose [34] . For this hypothesis, the per capita

metamorphosis rate is negatively density dependent (decreasing)

[34] . The model developed here suggests that in years of high pop-

ulation density there is a higher rate of metamorphosis (meaning a

lower rate of paedomorphosis), supporting the “paedomorphic ad-

vantage” hypothesis, and giving evidence against the “best of a bad

lot” mechanism. 

The introduction of functional dependence of the morphological

choice parameter q J on J, A or P would give a better explanation

of the data from Mexican Cut, and a model taking into account

years of zero recruitment might give a different picture of optimal

population strategies. In particular, by comparing model output to

data sets it may be possible to distinguish whether q J is a function

of population density, as argued by the two hypotheses described

above, or more directly a function of prey density. 

4.5. Directions for further research 

The model and results presented here are necessarily the pre-

cursor to further research. We describe some future directions in

this section, although it is easy to imagine many more. 

As with any model, decisions were made to exclude details for

which supporting biological detail was not found. Grouping insects

into just two compartments is one such simplification, and assum-

ing constant maturation and death rates is another. Extensions of

this model could be used to address the implications of more re-

fined insect population dynamics and the role of temperature in

regulating maturation and death rates. 

Modeling the effect of temperature and habitat availability, in

particular, would allow comparisons of Ambystoma populations in
ifferent regions of the country. The model could conceivably ex-

lain some of the macroscopic differences observed in population

ynamics among different ecosystems such as the relatively cold

nd permanent habitat at Mexican Cut versus the warmer, tran-

ient habitats of the Texas playas. 

The parameter ( q ) that governs morphological choice was var-

ed during this study, but a more interesting and accurate way

o handle morphological determination would be to make this

arameter a function of the environment (e.g. food supply or

rowdedness or temperature). Extending the model in this way

ould allow one to test various hypotheses about the trigger for

orphological choice by comparing model predictions with field

bservation. 

Many Ambystoma populations suffer shocks to the system, such

s when a flock of birds settles on a playa in West Texas. The sud-

en appearance and disappearance of large numbers of predators

ill have a big impact on the population of a given playa, and the

mpact is likely to differ depending on seasonality. The model de-

eloped here, with suitable extensions, lends itself to studying the

esilience of Ambystoma populations to sudden population drops. 

. Conclusion 

In sum, our modeling effort s have allowed us to explore

he population, community and evolutionary implications of a
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olyphenic, predatory salamander. Morph production and thus fre-

uency in the population had a large impact on both population

nd community metrics. Our results have also shown the viability

ayoffs to each morph may vary in both space and time, which is

onsistent with empirical studies of polyphenism, [9,10,35] . Thus,

here appears to be a mathematical basis to the general tenet of

patiotemporal variation being important for the maintenance of

olyphenisms, producing different optimal solutions in different

nvironments. Our results suggest that such variation may have

ascading effects on population, community, and perhaps ecosys-

em dynamics because it drives the production of a keystone, can-

ibalistic predator. Because of the critical importance of under-

tanding such cascading affects in biological systems, [36] , further

nalyses of this and similar systems are warranted. 
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