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Model - analyst approach

Theorem (Shimura, Petri, ...)

If Γ Ď PSL2pZq is a neat congruence subgroup, then the algebraic
curve X pΓq “ pΓzHq˚ has a model defined over a number field.

Sketch of proof # 1.

X pΓq compact Riemann surface ùñ algebraic curve over C.
If g ą 1, not hyperelliptic, ωX very ample ùñ X ãÑ Pg´1.
But ΓpX , ωX q “ S2pΓq!
If f pτq “

ř8
n“1 anpf qq

n P S2pΓq is an eigenform, appf q are
eigenvalues of Tp, so all lie in a number field K .
All relations Ri pf1, . . . , fg q defined over K
ùñ X pCq “ V pR1, . . . ,Rmq “ X0pCq, with X0{K .
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Model - geometer approach

Theorem (Shimura, Petri, ...)

If Γ Ď PSL2pZq is a neat congruence subgroup, then the algebraic
curve X pΓq “ pΓzHq˚ has a model defined over a number field.

Sketch of proof # 2.

E elliptic curve, H Ď GL2pZ{NZq, φ : E rNs Ñ Z{NZˆZ{NZ. Let

pE , φq „H pE
1, φ1q ðñ Dh P H, ι : E

„
ÝÑ E 1 s.t. h ˝ φ “ φ1 ˝ ι

Then

‚ SpHq “ tpE , φqu{ „H .

‚ pE , φqσ “ pEσ, φ ˝ σ´1q for σ P GalpQ̄{Qq.
‚ pE , φq is K -rational iff E{K and φ ˝ GalpQ̄{K q ˝ φ´1 Ď H.

‚ SpΓqpCq “ ΓHzH.

Take maximal K such that the above holds.
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Model - the Shimura way

Theorem (Shimura, [Shi67])

F totally real of degree g, B{F quaternion algebra s.t.
B b R » M2pRq bHg´1, o maximal order, Γpoq “ oˆ X B`.
Then X pΓq “ ΓpoqzH has a model over H`F .

Remark

‚ This is only a special case of the theorem.

‚ When g ą 1, this is not(!) the field of moduli of abelian
varieties. Roughly - for any tot. imaginary quadratic K{F ,
there is a family ΣK of a.v. Ax s.t. B bF K Ď EndQpAxq.
Each has a field of moduli kΣ which is not abelian over F , but
over some K 1. Then CF “

Ş

K 1 CK 1 .

‚ Main point - models over CK 1 ùñ model over CF .

‚ Involves choices, but reciprocity laws uniquely determine it.
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Canonical model

Reminder - Connected components

Recall 1 // G 1 // G
ν // T // 1 induces

fK : ShK pG ,X q “ G pQqzX ˆ G pAf q{K Ñ T pQq:zT pAf q{νpK q

and if Y “ T pRq{T pRq:, then

T pQq:zT pAf q{νpK q “ T pQqzY ˆ T pAf q{νpK q “ ShνpKqpT ,Y q.

Moreover, it induces

πK “ π0pShK pG ,X qq » ShνpKqpT ,Y q, ShK pG ,X q
˝ “ Sh1K pG

1,X`q.

Today

‚ Reflex field E “ E pG ,X q, algebraic number field.

‚ (Canonical) model pfK q0 : ShK pG ,X q0 Ñ pπK q0 of fK over E .

‚ Reciprocity laws determining the model uniquely.

‚ AutpC{E q œ πK ùñ model of Sh1K pG
1,X`q over E 1{E .
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Models of varieties

Example (Elliptic Curve)

E{C elliptic curve has a model over K iff jpE q P K . Twists by
different elements of Kˆ{pKˆq2 give different models.

Existence - Why? [Pet17]

‚ Spreading.
Algebraic ùñ defined over k “ k0pα1, . . . , αr q,
k0 “ Qrx0s{P. Replace αj by xj to get a family over S 1 with
kpS 1q “ k, and the fiber at xj “ αj is X . Replace S 1 by an
open subset S to get a smooth fibration over Q̄.

‚ Rigidity.
Countably many Shimura varieties ùñ fibers of small
deformations are isomorphic. But SpQ̄q is dense in S (!).
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Cocharacters

Definition (Conjugacy classes of cocharacters)

G{Q reductive, k Ď C. Write

Cpkq “ G pkqzHompGm,Gkq.

Example (Unitary group)

Let G “ UK{Qp2q for some quadratic extensions K{Q.

Let T “

"ˆ

a 0
0 σpaq´1

˙

| a P Kˆ
*

. Then

X˚pT qK “

"

t ÞÑ

ˆ

tmσptqn 0
0 t´nσptq´m

˙*

m,nPZ
and

X˚pT qQ “

"

t ÞÑ

ˆ

NmK{Qptq
n 0

0 NmK{Qptq
´n

˙*

nPZ
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Conjugacy classes of cocharacters

Galois action

σpAdpgq ˝ µq “ Adpσpgqq ˝ σpµq ùñ Autpk 1{kq œ Cpk 1q

Lemma

Assume G splits over k. Let T be a split maximal torus. Then

W zHompGm,Tkq Ñ G pkqzHompGm,Gkq

is bijective. Here W “W pGk ,T q is the Weyl group.

Proof.

All maximal split tori are conjugate ùñ surjective. If
µ, µ1 P X˚pT q are such that µ “ Adpgq ˝ µ1, let C “ CG pµpGmqq.
Then T Ď C and

AdpgqpT q Ď AdpgqpCG pµ
1pGmqqq “ CG pAdpgqµ1pGmqq “ C

are maximal split tori in a connected reductive group C .
Dc P C pkq : AdpcgqT “ T ùñ cg P NG pT q,Adpcgq ˝ µ1 “ µ.



Motivation - Modular Curves Overview Hodge cocharacter Reflex field Special Points

Hodge cocharacter

Definition (Hodge cocharacter)

pG ,X q Shimura datum. The Hodge character is

x P X ù hx : SÑ G ù hxC : SC Ñ GC

ù µx : Gm
z ÞÑpz,1q
ÝÝÝÝÝÑ Gm ˆGm

„
ÝÑ SC Ñ GC

where SC
„
ÝÑ Gm ˆGm is r b z ÞÑ prz , r z̄q.

Example (Modular curve)

Let G “ GL2pQq, X “ AdpG pRqq ¨ h, hpa` biq “

ˆ

a b
´b a

˙

.

Since z`1
2 b 1´ ipz´1q

2 b i ÞÑ pz , 1q, we have

µhpzq “

˜

z`1
2 ´

ipz´1q
2

ipz´1q
2

z`1
2

¸

, Trpµhpzqq “ z`1, detpµhpzqq “ z

Thus µhpzq „

ˆ

z 0
0 1

˙

.
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Reflex field - definition

Hodge cocharacter is algebraic

The Hodge cocharacters tµxuxPX define cpX q P CpCq. From the
lemma

CpQ̄q »W pQ̄qzHompGm,TQ̄q “W pCqzHompGm,TCq » CpCq.

Definition (Reflex field)

E pG ,X q is the field of definition of cpX q in Q̄. Explicitly, if
HX “ StabGalpQ̄{Qq cpX q, then E pG ,X q “ Q̄HX .

Remark (Finiteness of the reflex field)

E pG ,X q Ď k, since W pkq “W pQ̄q and X˚pT qk “ X˚pT qQ̄.
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Reflex field and Hodge cocharacters

Lemma ( [Kot84])

If µ P cpX q is defined over k, then E pG ,X q Ď k. If G is quasi-split
over k, and E pG ,X q Ď k, then cpX q contains a µ defined over k.

Proof.

pñq If σ P GalpQ̄{kq then σpµq “ µ, hence σpcpX qq “ cpX q, so
GalpQ̄{kq Ď HX . Taking fixed fields E pG ,X q Ď k .
pðq S maximal k-split torus, T “ CG pSq. G q.s. ùñ T
maximal torus. B a k-Borel containing T , C the B-positive Weyl
chamber of X˚pT q b R. Since C̄ is a fundamental domain for W ,
Dµ P C̄ X cpX q. If σ P GalpQ̄{kq, then σµ P C̄ since B is a
k-group, and since cpX q is fixed by σ, µ, σµ are in the same
W -orbit ùñ σµ “ µ.
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Reflex fields of tori

Example (Torus)

T torus over Q, h : SÑ TR. µh : GmC Ñ TC is defined over Q̄,
E pT , thuq fixed field of the sub. of GalpQ̄{Qq fixing µh P X˚pT q.

Example (CM Torus)

pE ,Φq CM type, T “ ResE{QGm. T pRq “ pE b Rqˆ » pCΦqˆ.
Let hΦ : SÑ TR be s.t.

hΦpRq “ z ÞÑ pz , z , . . . , zq : Cˆ Ñ pCΦqˆ.

On C-points, hΦ,C : SC Ñ TC is the map

pz1, z2q ÞÑ pz1, . . . , z1, z2, . . . , z2q : Cˆ CÑ pCΦqˆ ˆ pCΦ̄qˆ.

The Hodge cocharacter is

µΦ “ z ÞÑ pz , . . . , z , 1, . . . , 1q : Cˆ Ñ pCΦqˆ ˆ pCΦ̄qˆ.

Thus E pT , thΦuq is the reflex field of pE ,Φq.
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PEL Shimura varieties

Example (PEL Shimura varieties)

pG ,X q simple PEL datum of type (A) or (C). Then σ fixes the
conjugacy class of h iff it fixes Tr ˝h. Since B acts on
V “W b V0 via W , case by case analysis shows that
F0ptTr ˝hpzquzPCq “ F0ptTrX pbqubPBq. Then E pG ,X q is the field
generated by tTrX pbqubPB .

Remark

Note that this is the field of definition of the moduli problem -
pA, i , s, ηK q s.t. A abelian variety, ˘s polarization,
i : B Ñ End0pAq, ηK level, Trpipbq|T0Aq “ TrX pbq.
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Shimura curves

Example (Quaternion algebra)

F totally real, B{F quaternions, G “ Bˆ, Inc the split places, Ic
the non-split places. Let hpRq : Cˆ Ñ HIc ˆ GL2pRqInc be

a` bi ÞÑ

ˆ

1, 1, . . . , 1,

ˆ

a b
´b a

˙

, . . . ,

ˆ

a b
´b a

˙˙

.

Then cpX q contains µ : GmC Ñ GC,

z ÞÑ p1, 1, . . . , 1q ˆ

ˆˆ

z 0
0 1

˙

, . . .

ˆ

z 0
0 1

˙˙

P GLIc2C ˆ GLInc2C,

so E pG ,X q is the fixed field of the subgroup stabilizing Inc .
If Inc “ tvu, the case of Shimura curve, E pG ,X q “ vpF q.
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Reflex field from Dynkin diagram

Example (Adjoint groups)

Assume G adjoint. T maximal torus in GQ̄ , ∆ a base for the roots
of ΦpG ,T qQ̄. If σ P GalpQ̄{Qq, it acts on X ˚pT q, hence on Φ, and
σp∆q is also a base for Φ. W acts simply transitively on the bases
of Φ, so D!wσ PW s.t. wσpσp∆qq “ ∆. Then σ ˚ α “ wσpσαq is
an action of GalpQ̄{Qq on ∆.
If G is split, choose T split and B a Q-Borel, so σp∆q “ ∆, and
the action is trivial. Since G splits over a finite extension, the
action is continuous.
Every c P CpQ̄q contains a unique µ : Gm Ñ GQ̄ such that
xα, µy ě 0 for all α P ∆, because W acts simply transitively on the
chambers, and the map

c ÞÑ pxα, µyqαP∆ : CpQ̄q Ñ N∆

is bijective. Therefore E pG ,X q is the fixed field of the subgroup
fixing pxα, µyqαP∆ P N∆. Complex conjugation acts as α ÞÑ ´w0α.
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Special points

Definition (Special point)

x P X is special if DT Ď G such that hxpCˆq Ď T pRq. pT , xq or
pT , hxq is a special pair in pG ,X q. When the weight is rational
(SV4) and Z pG q˝ splits over a CM field (SV6), they are called
CM-points and CM-pairs.

Remark

‚ If pT , xq is special then T pRq fixes x. If T maximal and fixes
x, hpCˆq Ď CG pT qpRq “ T pRq, so x is special.

‚ Z pG q˝ is isogenous to G ab ùñ (SV6) means G ab splitting
over a CM field. With (SV2), G splits over a CM field.
(SV4) shows hx : SÑ T factors through GHod , and as it
factors through a CM torus, it also factors through the Serre
group, so for any rep. pV , ρq of T , pV , ρ ˝ hxq is the Hodge
structure of a CM motive.
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Special points and CM

Example (Modular curve)

G “ GL2, X “ H˘ “ CzR. Let z P CzR is s.t. E “ Qrzs is
quadratic imaginary. Embed E ãÑ M2pQq using the basis t1,´zu,
to get a maximal subtorus ResE{QGm Ď G . The kernel of
e b z ÞÑ z : E b CÑ C is spanned by z b 1` 1b p´zq, which is
pz , 1q in our basis, representing z . The map is E b R-linear, hence
pE b Rqˆ fixes z . Thus z is special.
If z is special, it is fixed by some t P G pQq, so Qrzs is quadratic.

Remark

If ShK pG ,X q “ tpA, . . .qu{ „, special points are a.v.s of CM-type.
The theory of CM describes how an open subgroup of AutpCq acts
on such points. Shimura constructs an action on the special
points, that agrees with it.



Motivation - Modular Curves Overview Hodge cocharacter Reflex field Special Points

The homomorphism rx

Definition (action on special points)

T torus over Q, µ P X˚pT q defined over E . For Q P T pE q,
ř

ρ:EÑQ̄ ρpQq P T pQ̄q is stable under the Galois action, so is in
T pQq. rpT , µq : ResE{QGm Ñ T is s.t.

rpT , µqpPq “
ÿ

ρ:EÑQ̄

ρpµpPqq @P P Eˆ.

pT , xq special pair, E pxq the field of definition of µx .

rx : AˆEpxq
rpT ,µq
ÝÝÝÝÑ T pAQq Ñ T pAQ,f q.

Explicitly, if a “ pa8, af q P AˆEpxq, then

rxpaq “
ÿ

ρ:EÑQ̄

ρpµxpaf qq.
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Shimura reciprocity

Definition (Canonical model)

A model MK pG ,X q of ShK pG ,X q over E pG ,X q is canonical if for
every special pair pT , xq and a P G pAf q, rx , as has coordinates in
E pxqab and

σrx , asK “ rx , rxpsqasK

for all σ P GalpE pxqab{E pxqq, s P AˆEpxq with artEpxqpsq “ σ.

Example (Tori)

T torus over Q, h : SÑ TR. pT , hq is a Shimura datum,
E “ E pT , hq is the field of definition of µh. ShK pT ,Hq is a finite
set, and Shimura reciprocity defines a continuous action of
GalpE ab{E q on ShkpT , hq. This defines a model of ShK pT , hq over
E , which is, by definition, canonical.
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Complex multiplication

Example (CM tori)

pE ,Φq CM-type. pT , hΦq as before. Then E pT , hΦq “ E˚, and
rpT , µΦq : ResE˚{QGm Ñ ResE{QGm is given by

rpT , µΦqpzq “
ź

ρ:E˚ÑQ̄

ρpz , z , . . . , z , 1, 1, . . . , 1q

“
`

NmE˚{Qpzq, . . . ,NmE˚{Qpzq, 1, 1, . . . , 1
˘

and we want z 1 P E mapping to it. However, recall that
V “ E b R » CΦ is stable by AutpC{E˚q, hence there is an
E˚-vector space V0 such that V “ V0 b C. z P E˚ acts on V via
multiplication by NmE˚{Qpzq, which on CΦ is NmE˚{Qpzq ˆ 1Φ.
But as an E -vector space, this is a line, so there is z 1 P E such that
this is multiplication by z 1. This is how we defined the reflex norm
NΦ˚pzq. Therefore rpT , µΦq “ NΦ˚ .
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CM tori as moduli spaces

Lemma (CM tori)

ShK pT , hΦq classifies triples pA, i , ηK q s.t. A is a.v. of CM type
pE ,Φq and η : V pAf q Ñ Vf pAq is an E b Af -linear isomorphism.

Proof.

dimE V “ 1. E -action on V gives T ãÑ GLQpV q. If pA, iq is of
CM-type pE ,Φq, there is a : H1pA,Qq Ñ V carrying iA to iΦ. The
isomorphism a ˝ η : V pAf q Ñ V pAf q is E b Af -linear, so is
multiplication by g P pE b Af q

ˆ “ T pAf q.
The map pA, i , ηq ÞÑ rg s is the bijection.

Galois action

Same as classes over Q̄. Let MK be the set of such triples. Then
GalpQ̄{E˚q acts on MK , via σpA, i , ηK q “ pσA, σ ˝ i , σ ˝ ηq.
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Reciprocity law and CM

Proposition (Reciprocity law = CM)

The map pA, i , ηq ÞÑ ra ˝ ηsK : MK Ñ ShK pT , hΦq commutes with
the Galois actions on both sides.

Proof.

Main theorem of CM ùñ E -linear α : AÑ σA s.t.
αpNΦ˚psq ¨ xq “ σx for x P Vf pAq, where s P AE˚ is such that
artE˚psq “ σ|E˚. Then a ˝ Vf pαq

´1 : Vf pσAq Ñ V pAf q is an
E -isomorphism, and so

σpA, i , ηq “ pσA, σ ˝ i , σ ˝ ηq ÞÑ ra ˝ Vf pαq
´1 ˝ σ ˝ ηsK .

But Vf pαq
´1 ˝ σ “ pNΦ˚qf psq “ rhΦ

psq, so

ra ˝ Vf pαq
´1 ˝ σ ˝ ηsK “ rrhΦ

psq ¨ pa ˝ ηqsK .
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