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Motivation

Original system Parameterized system
Xn+1 = ¢(Xn, Z(_)/n)) Xn+1 = ¢(Xﬂ7 Z(yn))
Ynt1 = ¢(Xn7)/n) Vi1 = Q/)(men)

Lorenz 63 system Stochastic closure

a)

c)

Palmer (2001), QJRMS.
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Axioms of quantum mechanics

1. States are density operators, i.e., positive, trace-class
operators p : H — H on a Hilbert space H, with trp = 1.

2. Observables are self-adjoint operators, A: D(A) — H.

3. Measurement expectation and probability:

E,A =tr(pA), P,(Q)=E,(E(R)), A= / adE(a).
R
4. Unitary dynamics between measurements:
pe = U poU".

5. State conditioning by quantum effects:

Vepye

ple = O<e<l.

 tr(Vepye)’



Embedding into a quantum mechanical system

Classical statistical P(M) —E— P(Mm)

® : M — M: Dynamical flow with invariant measure p.
P(p) : Probability densities in L1(1).
P :P(u) — P(u): Transfer operator, Pp = po &1,

L>°(u): Algebra of classical observables.
U: H — H: Koopman operator on H = L?(u1), Uf = fo ®.



Embedding into a quantum mechanical system

Classical statistical P(M) —E— P(Mm)
| Ir
Quantum mechanical O(H) —2— Q(H)

® Embedding of probability densities into quantum states on H:

[:P(M)— Q(H), T(v)=p:= w2 )12

Embedding of observables: m: L>(u) — B(H), (nf)g = fg.
® Unitary evolution: Pp = U*pU.

® Quantum-—classical consistency:

Eppf = Ep(rp)(nf) = tr((P(Tp))(71)).



Embedding into a quantum mechanical system

Classical statistical P(M) —E— P(Mm)
r| Ir

Quantum mechanical O(H) —2— Q(H)

| I

Matrix mechanical Q(Hy) P, Q(Hy)

® Hp C H: Finite-dimensional approximation space, [1; = proj, .

® Projection of quantum states:

Meply
IT) =p = ——-
L(p) PL tr(annL)

® Projection of evolution operators:

UipLUL

—=— U, =T umny,.
tr(UZp/_U[_)7 L L L

PrpL =



Embedding into a quantum mechanical system

Classical statistical P(M) —E— P(Mm)
r| Ir

Quantum mechanical O(H) —2— Q(H)

| I

Matrix mechanical Q(Hy) P, Q(Hy)

Structure preservation

® Unlike a projection I v of a classical probability density, a
projected quantum state 1, pl; is a positive operator.

® Embedding into the infinite-dimensional quantum system on H,
and then projecting to finite dimensions, allows us to construct
positivity-preserving approximation schemes in ways which are not
possible in abelian spaces.



State conditioning by effect-valued feature maps

s — Y TFCIVF)
% (VFRVFR))

Observation map: Z: M — X.

¢ Kernel on observation space: k: X x X — [0, 1].

Feature map: F : X — L>®(u), F(y) = k(y, Z(")).
Operator-valued feature map: F: X — B(H), F=moF.
Projected feature map: F; : X — B(H.), Fr(x) =M F(x)MN,.



Quantum mechanical closure

Original system Parameterized system

Xnt1 = G, Z(vn)) Xni1 = G(xm Z(pn))
Yn+1 = ¢(Xn7)’n) Pn+1 = Q;(men)

® Resolved variables: x, € X.

® Unresolved variables: y, € V.

® Fluxes from unresolved variables: Z:Y = RY, Z = (Zy,...,Zy).

® Surrogate unresolved variables (quantum states): p, € Q(H,).

e Parameterized fluxes: 7 : Q(H,) = RY, Z = (24, ..., 2Z4),

Zk(Pn) = tr(pn(7Zk)).
* Evolution map for quantum states: ) : X x Q(H;) — Q(H.),

Y(Xn, pn) = ﬁn+1‘F(Xn+1)7 Pnt1 = Prpn,  Xnt1 = ¢(Xn, Z(pn))-



Quantum mechanical closure

Original system Parameterized system
Xn+1 = ¢(Xn7 Z(_)/n)) Xnt+1 = ¢(Xﬂ7 Z(pn))
Yn+1 = ¢(Xn7)’n) Pn+1 = Qﬁ(Xn,Pn)
Given: Samples xg,...,xy_1 € X, z0,...,2zy_1 € R with

z, = Z(yn), along dynamical trajectory of the original system.
Build data-driven basis {¢g,...,¢;_1} of Hj.
Compute L x L transfer operator matrix P = [P;],

P = (¢i, Po;).

Compute L x L multiplication operator matrices 21, ey Zy,

Z=[Ziigl,  Zii = (i, (7 Zi)dy)-

Construct matrix-valued feature map, F : X — RLxL,

F(x) = [Fi(9)],  Fii(x) = (91, FL(x)9))-



Quantum mechanical closure

classical evolution Id
Xn Xn+1

Xn+1
quantum feature map

closure terms

L =
Pn transfer operator Pn+1 quantum state update Pn+1
Closure algorithm

©® Compute parameterized fluxes: Z, = (Zp1,...,204),

Znk = tr(p,,Zk).
® Update resolved variables: x,11 = qg(x,,,z,,).
© Compute prior quantum state: pp+1 = Ppn.

O Compute conditional state: p,41 = ﬁn+1\,.-(xn+1).



Lorenz 63 (after Palmer 2001)

él =23 al — 6.2 a3 — 0.49 diaz — 0.57 doas
dy=—62—27ay+0.49a2 — 0.4925 + 0.14 a1 a3
a3 = —0.63a; —13a3 +0.43a31a> + 0.49 aya3

(a1, a2, a3): PCA coordinates.

Resolved variables: (a1, a2) = x € X = R?.

Unresolved variables: a3 =y € Y =R.
Flux terms: Z:Y — R, Z(a3) = as.



Lorenz 63
a
a

as

L63 system

2.3a; —6.2a3 — 0.49a1a> — 0.57 asa3
—62 —2.7ay+0.49a7 — 0.49235 +0.14 a1a3
—0.63a7 — 13 a3 + 0.43 a1a> + 0.49 apa3
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Lorenz 63

a1 =23a; —6.2a3 —0.49a1a, — 0.57 ara3
dy=—62—-27ay+0.49a3 —0.49235 +0.14 a1a3
a3 = —0.63a; —13a3 +0.43a31a> + 0.49 aya3

a1 ar as

1- 1 10
ﬂ QM closure
08 ‘ |—Real system os
t z g
% s ‘ g 08 S o5
R | T r ' I 5
8 g i \ m S 04-
S os © o‘ ‘ i H
: | g M" l \‘w‘ 500
£ It i W H i Il s Y YOO
£ I £ | ! & ommarmadw | vwdoreniiesan
© A . o008 © i
QO AN 02~ 1
o4— L
02— q
EN 5 0 5 10 -10 5 0 5 10 -0 d 0 5 10
Time Shift
0.05 0.05 0.2
|——QM System
|—True system|
oot 004 0.15
2003 2003 Z
&
S0.02 002
0.05
001 001
o |
0 0
30 20 0 0 10 20 30 30 20 40 0 10 20 30 0 20 40 0 10 20 30

Value of Component



Lorenz 96 multiscale (after Fatkullin & Vanden-Eijnden 2004)

J

. h

X = —Xk—1(Xk—2 — Xu1) — xx + F + 7X § Y.k
Jj=1

_ 1
Vik =~ (—Yir1k(Vj2.k = Yi—1,6) — Yjk + hyxi)

Resolved variables: (xx)7_; = x € X = RK.

Unresolved variables: (ka)JJ,fil =yecY=RK

Flux terms: Z: Y — RK, Z,(y) = hy ZJ-le Yik/J.
Chaotic regime: K =9, J =38, hy = 0.8, h, = 1.0.



Lorenz 96 multiscale

J
o X
X = —Xk—1(Xk—2 — Xk+1) — xx + F + 7 Z_:

, 1
Vise = = (=Yjrrk(ran = Yj-1k) = Yik + hyxi)

L96 multlscale

Variable

QM closure
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Lorenz 96 multiscale

Xk = —xk—1(Xk— 2—Xk+1)—Xk+F+ Zyj

_ 1
Vik =~ (—Yir1k(Vj2.k = Yi—1,6) — Yjk + hyxi)

——QM closure
Real system

0.8

Correlation Coefficient

Time Shift



References |

[1] 1. Fatkullin and E. Vanden-Eijnden, “A computational
strategy for multiscale systems with applications to Lorenz 96
model,” J. Comput. Phys., vol. 200, pp. 605-638, 2004. DOI:
10.1016/j.jcp.2004.04.013.

[2] D. C. Freeman, D. Giannakis, B. Mintz, A. Ourmazd, and
J. Slawinska, Data assimilation in operator algebras, 2022.
eprint: 2206.13659 (math.ST).

[3] D. C. Freeman, D. Giannakis, and J. Slawinska, Quantum
mechanics for closure of dynamical systems, 2022. eprint:
2208.03390 (math.DS).

[4] D. Giannakis, "Quantum mechanics and data assimilation,”
Phys. Rev. E, vol. 100, 032207, 2019. DOI:
10.1103/PhysRevE.100.032207.


https://doi.org/10.1016/j.jcp.2004.04.013
2206.13659
2208.03390
https://doi.org/10.1103/PhysRevE.100.032207

References I

[5] T. N. Palmer, "A nonlinear dynamical perspective on model
error: A proposal for non-local stochastic-dynamic
parametrization in weather and climate prediction models,”
Quart. J. Roy. Meteorol. Soc., vol. 127, pp. 279-304, 2001.
DOI: 10.1002/qj.49712757202.


https://doi.org/10.1002/qj.49712757202

