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Motivation

Original system

xn+1 = ϕ(xn,Z (yn))

yn+1 = ψ(xn, yn)

Parameterized system

xn+1 = ϕ̃(xn, Z̃ (ỹn))

ỹn+1 = ψ̃(xn, ỹn)
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Figure 2. (a) Lorenz attractor, (b) truncated Lorenz equations (see (8) in text) using stochastic forcing with 
random forcing updated every 0.05 Lorenz time units, (c) truncated Lorenz equations using random forcing 

updated every 0. I Lorenz time units (F. Selten, personal communication). 

We might naively consider, instead of neglecting the third EOF, parametrizing it in 
terms of the first two EOFs. i.e. 

h1 = 2.3~1 - 6.2~3 - 0.49ala2 - 0.57a2a3 
U2 = -62 - 2 .7~2  + 0 . 4 9 ~ ;  - 0.49~: + 0.14ala3 (7)  
a3 = f (a17 a2). 

Whilst an astute choice of parametrization, f, might well improve the skill of this model 
as a short-range forecast model (producing trajectories which shadow the full system for 
short periods of time), (7)  like (6) is climatologically doomed to failure! The reason we 
can be sure of this is (e.g. Gulick 1992) the Poincar6-Bendixon Theorem: Consider a 
two-dimensional ( 2 - 0 )  autonomous system: i = f (x, y ) ,  j = g(x, y ) ,  and a trajectory 
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Palmer (2001), QJRMS.



Axioms of quantum mechanics

1. States are density operators, i.e., positive, trace-class
operators ρ : H → H on a Hilbert space H, with tr ρ = 1.

2. Observables are self-adjoint operators, A : D(A) → H.

3. Measurement expectation and probability:

EρA = tr(ρA), Pρ(Ω) = Eρ(E (Ω)), A =

∫
R
a dE (a).

4. Unitary dynamics between measurements:

ρt = Ut∗ρ0U
t .

5. State conditioning by quantum effects:

ρ|e =

√
eρ

√
e

tr(
√
eρ

√
e)
, 0 < e ≤ I .
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Embedding into a quantum mechanical system

Classical statistical P(M) P(M)

Quantum mechanical Q(H) Q(H)

Matrix mechanical Q(HL) Q(HL)

P

Γ Γ

P

Π′
L Π′

L

PL

• Φ : M → M: Dynamical flow with invariant measure µ.

• P(µ) : Probability densities in L1(µ).

• P : P(µ) → P(µ): Transfer operator, Pp = p ◦ Φ−1.

• L∞(µ): Algebra of classical observables.

• U : H → H : Koopman operator on H = L2(µ), Uf = f ◦ Φ.
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• Embedding of probability densities into quantum states on H:

Γ : P(M) → Q(H), Γ(ν) = ρ := ⟨ν1/2, ·⟩ν1/2.

• Embedding of observables: π : L∞(µ) → B(H), (πf )g = fg .

• Unitary evolution: Pρ = U∗ρU.

• Quantum–classical consistency:

EPpf = EP(Γp)(πf ) ≡ tr((P(Γp))(πf )).
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• HL ⊂ H: Finite-dimensional approximation space, ΠL = projHL
.

• Projection of quantum states:

Π′
L(ρ) = ρL :=

ΠLρΠL

tr(ΠLρΠL)

• Projection of evolution operators:

PLρL =
U∗
LρLUL

tr(U∗
LρLUL)

, UL = ΠLUΠL.
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Structure preservation

• Unlike a projection ΠLν of a classical probability density, a
projected quantum state ΠLρΠL is a positive operator.

• Embedding into the infinite-dimensional quantum system on H,
and then projecting to finite dimensions, allows us to construct
positivity-preserving approximation schemes in ways which are not
possible in abelian spaces.



State conditioning by effect-valued feature maps

ρ|F(x) =

√
F(x)ρ

√
F(x)

tr(
√
F(x)ρ

√
F(x))

• Observation map: Z : M → X .

• Kernel on observation space: k : X × X → [0, 1].

• Feature map: F : X → L∞(µ), F (y) = k(y ,Z (·)).
• Operator-valued feature map: F : X → B(H), F = π ◦ F .
• Projected feature map: FL : X → B(HL), FL(x) = ΠLF(x)ΠL.



Quantum mechanical closure

Original system

xn+1 = ϕ(xn,Z (yn))

yn+1 = ψ(xn, yn)

Parameterized system

xn+1 = ϕ̃(xn, Z̃ (ρn))

ρn+1 = ψ̃(xn, ρn)

• Resolved variables: xn ∈ X .

• Unresolved variables: yn ∈ Y.

• Fluxes from unresolved variables: Z : Y → Rd , Z = (Z1, . . . ,Zd).

• Surrogate unresolved variables (quantum states): ρn ∈ Q(HL).

• Parameterized fluxes: Z̃ : Q(HL) → Rd , Z̃ = (Z̃1, . . . , Z̃d),

Z̃k(ρn) = tr(ρn(πZk)).

• Evolution map for quantum states: ψ̃ : X ×Q(HL) → Q(HL),

ψ̃(xn, ρn) = ρ̃n+1|F(xn+1), ρ̃n+1 = PLρn, xn+1 = ϕ̃(xn, Z̃ (ρn)).



Quantum mechanical closure

Original system

xn+1 = ϕ(xn,Z (yn))

yn+1 = ψ(xn, yn)

Parameterized system

xn+1 = ϕ̃(xn, Z̃ (ρn))

ρn+1 = ψ̃(xn, ρn)

Given: Samples x0, . . . , xN−1 ∈ X , z0, . . . , zN−1 ∈ Rd with
zn = Z (yn), along dynamical trajectory of the original system.

• Build data-driven basis {ϕ0, . . . , ϕL−1} of HL.
• Compute L× L transfer operator matrix P = [Pij ],

Pij = ⟨ϕi ,Pϕj⟩.

• Compute L× L multiplication operator matrices Z̃1, . . . , Z̃d ,

Z̃k = [Zk,ij ], Zk,ij = ⟨ϕi , (πZk)ϕj⟩.

• Construct matrix-valued feature map, F : X → RL×L,

F (x) = [Fij(x)], Fij(x) = ⟨ϕi ,FL(x)ϕj⟩.



Quantum mechanical closure

xn xn+1 xn+1

ρn ρ̃n+1 ρn+1

classical evolution Id

quantum feature map

transfer operator

closure terms

quantum state update

Closure algorithm

1 Compute parameterized fluxes: z̃n = (z̃n,1, . . . , z̃n,d),
zn,k = tr(ρnZ̃k).

2 Update resolved variables: xn+1 = ϕ̃(xn, zn).

3 Compute prior quantum state: ρ̃n+1 = Pρ̃n.

4 Compute conditional state: ρn+1 = ρ̃n+1|F (xn+1).



Lorenz 63 (after Palmer 2001)

ȧ1 = 2.3 a1 − 6.2 a3 − 0.49 a1a2 − 0.57 a2a3

ȧ2 = −62− 2.7 a2 + 0.49 a21 − 0.49 a23 + 0.14 a1a3

ȧ3 = −0.63 a1 − 13 a3 + 0.43 a1a2 + 0.49 a2a3

• (a1, a2, a3): PCA coordinates.

• Resolved variables: (a1, a2) = x ∈ X ≡ R2.

• Unresolved variables: a3 = y ∈ Y ≡ R.
• Flux terms: Z : Y → R, Z (a3) = a3.
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ȧ2 = −62− 2.7 a2 + 0.49 a21 − 0.49 a23 + 0.14 a1a3
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Lorenz 96 multiscale (after Fatkullin & Vanden-Eijnden 2004)

ẋk = −xk−1(xk−2 − xk+1)− xk + F +
hx
J

J∑
j=1

yj ,k

ẏj ,k =
1

ε
(−yj+1,k(yj+2,k − yj−1,k)− yj ,k + hyxk)

• Resolved variables: (xk)
J
k=1 = x ∈ X ≡ RK .

• Unresolved variables: (yj ,k)
J,K
j ,k=1 = y ∈ Y ≡ RJK .

• Flux terms: Z : Y → RK , Zk(y) = hx
∑J

j=1 yj ,k/J.

• Chaotic regime: K = 9, J = 8, hx = −0.8, hy = 1.0.
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Fig. 8: Autocorrelation plots of the x1 components of the True and Deterministic
QMCl Systems of L96

Fig. 9: Heat maps of the slow variables for the deterministic QMCl and the true L96
systems

This manuscript is for review purposes only.
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