ON GALOIS INERTIAL TYPES OF ELLIPTIC CURVES OVER Q
LASSINA DEMBELE, NUNO FREITAS, AND JOHN VOIGHT

ABSTRACT. We provide a complete, explicit description of the inertial Weil-Deligne types
arising from elliptic curves over Q, for ¢ prime.

1. INTRODUCTION

1.1. Motivation. In the classification of finite-dimensional complex representations of the
absolute Galois group of a local field, it has proven very useful to classify by restriction to
the inertia subgroup [8, 26, 7, 22|. In this article, we will pursue an explicit classification for
such representations coming from elliptic curves.

Let ¢ be prime and let F' O Q, be a finite extension with algebraic closure F&. Let Wp
be the Weil group of F, the subgroup of Gal(F?'|F) acting by an integer power of the
Frobenius map on the maximal unramified subextension. Let (p: Wrp — GL,(C), N) be an
n-dimensional (complex) Weil-Deligne representation (Definition 2.1.2). Let Ir < Wg be
the inertia subgroup. An inertial (Weil-Deligne) type (also called a Galois inertial type) is a
pair (7, N) where 7 = p|;, for a Weil-Deligne representation (p, N). To ease notation, we
will often abbreviate the pair (7, N) by 7 (and indeed often we have N = 0 anyway).

Already the case n = 2 is interesting and rich, and it is this case we will consider here.
Inertial types for 2-dimensional representations were introduced by Conrad—Diamond—Taylor
[10] and Breuil-Conrad-Diamond-Taylor [4] in the study of deformation rings of Galois
representations and were used in the proof of modularity of elliptic curves over Q. Diamond—
Kramer [15, Appendix| described the analogously defined type (as in Diamond [14]) of the
mod p Galois representation py, attached to an elliptic curve £ over F' in terms of the
J-invariant of F; in particular, they give a description of the restriction of pg, to Ir in as
much detail as possible using only j(FE).

Types have also been studied in the context of Galois representations attached more
generally to classical modular forms. For example, in Loeffler—Weinstein [23, 24| an algorithm
to determine the restriction to decomposition groups of such representations was described
and implemented; this includes a description of the inertial type. By counting the number
of inertial types attached to modular forms, Dieulefait—Pacetti-Tsaknias [16] have given a
precise generalization of the Maeda conjecture.

Additionally, inertial types have played a prominent role in the mod p and p-adic Langlands
program. Henniart [5, Appendix| showed that there is an inertial Langlands correspondence
between 2-dimensional Galois inertial types of F' and smooth representations of GLy(OF),
where OF denotes the ring of integers of F. Indeed, the Breuil-Mézard conjecture [5] for Q,
can be seen as a refinement of Serre’s conjecture over (Q, where inertial types are a crucial
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input. The inertial Langlands correspondence for general n > 2 was proven by Paskunas
[26].

Diophantine applications provide another important motivation to study inertial types for
GLs. In Bennett—Skinner [2], the image of inertia argument was introduced and successfully
applied to solve certain Fermat equations. Recently, further refinements and applications
of this argument were obtained by Billerey—Chen-Dieulefait-Freitas [3]: we may be able
to distinguish between the mod p representations attached to elliptic curves over a global
field by showing they have different images of inertia [3, Section 3]. Therefore, the more we
know about inertial types of elliptic curves, the greater the applicability of this argument.
In this direction, Freitas—Naskrecki—Stoll [18, Theorem 3.1| describe the possible fixed fields
of the restriction ﬁE7p| Iy, to inertia for elliptic curves F over Q; with certain reduction types
at ¢ = 2,3, and they applied this to study solutions of the generalized Fermat equation
22+ 3 = 2P

In light of these applications, the goal of this paper is to give a complete, explicit descrip-
tion of the inertial types for all elliptic curves E over Q;. Our main theorem (Theorem 1.2
below) has already been applied to the determination of the symplectic type of isomorphisms
between the p-torsion of elliptic curve by Freitas—Kraus [19].

1.2. Main result. Our main result (combining Propositions 4.1.1, 4.2.1, and 5.2.1 and
Theorems 6.1.6 and 7.1.2) is as follows. Let E be an elliptic curve over F' = Q,. Attached
to E is an inertial Weil-Deligne type 75 obtained from the action on the (dual of the) p-adic
Tate module for a prime p # ¢, independent of p (for details, see section 3.1). If E has
potentially good reduction, then this good reduction is obtained over a minimal field L O F
and we define its semistability defect to be e := [L : F].

Main Theorem. Let E be an elliptic curve over Q, with conductor Ng and inertial Weil—
Deligne type 1g; if E has additive, potentially good reduction, let e be its semistability defect.
Then Tg is classified up to equivalence according to Table 1.

The notation in Table 1 is explained in section 2.5. In Table 1, the exceptional (or
primitive) supercuspidal representations are labelled as such and collected in the last rows
of the table, whereas the nonexceptional (imprimitive) supercuspidal representations are
labelled simply supercuspidal, for brevity.

All types in Table 1 arise for an elliptic curve over Q,: see Examples 5.2.2 and 6.1.7.

Our method of proof of our Main Theorem is by direct, exhaustive calculation: we deduce
the inertial type associated to an elliptic curve over Q; in terms of its reduction type. We
have endeavored to streamline these calculations while still remaining comprehensive and as
self-contained as possible. Indeed, many of our calculations can be found in other places
in the literature: for example, the 3-adic types are already implicitly given in the proof of
the modularity theorem [4], Dieulefait-Pacetti-Tsaknias [16] more generally identify local
invariants of Galois orbits of classical newforms (relevant here for weight £ = 2). More
recently, Coppola [11, 12] has studied wild Galois representations (¢ = 3 and e = 12; ¢ = 2
and e = 8,24) over more general local fields.

1.3. Outline. The paper is organized as follows. In sections 2-3, we establish background
by briefly reviewing some facts concerning 2-dimensional Weil-Deligne representations, in-
ertial types, and elliptic curves. In section 4, we compute types in the case of potentially

multiplicative reduction for all primes ¢ and for additive, potentially good reduction for
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Reduction type ‘ 14 ‘ e ‘ ve(NE) ‘ TE Description

good - - 0 trivial trivial
multiplicative | - - 1 TSt,0 special
additive, >3- 2 TSt,0 & Eg
potentially 4 Tst,2 @ €4 special
multiplicative 2 ) 6 Toe2 ® E48
2 £ cinal series
>5(3.4.6]( 72 (L Le) principal series
3,4,6 | (£+1) Tse,0(u,2,€) supercuspidal
2 2 €3 .. .
principal series
3 4 Tps,3(1,2,3)
3 4 Toe3(—1, 2 »3) supercuspidal
4 2 Tee,3(—1,1,4)
3 6 4 Tps,3(1,2,3) @ e3 principal series
6 4 Tee,3(—1,2,3) ®e3
19 3 Tse,3(£3,2,6) supercuspidal
5 Tse3(=3,4,6); (j=0,1,2)
4 E_4 . .
2 principal series
additive, 6 €48
potentially 3 2 Tse,2(5,1,3) supercuspidal
good 4 g Tps,2(1,4,4) ®eq (d =1,—4) | principal series
Tee2(5,4,4) ®eq (d=1,—4)
6 4 TSC2(5 1,3)@5 4
6 Te,2(5,1,3) ® 43
5 Tee,2(—4,3 ,4), - dal
5 Tee2(—20,3,4) percuspida
8 6 Toe,2(—4,3,4) ® €3,
TSCQ( 20, 3, 4) X eg
8 TSCQ( 4,6, )®€d (le,—4)
3 Tex,2
4 Tex,2 ® €4 exceptional
24 6 Tex2 ® €48 supercuspidal
7 Tex,1 Q€q (d=1,—4,48)

TABLE 1. Inertial WD-types for elliptic curves over Q,

¢ > 5. The remainder of the paper is concerned with additive, potentially good reduction
first for ¢ = 3 (section 5) then ¢ = 2 (sections 6-7 for the nonexceptional and exceptional
cases).
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2. TWO-DIMENSIONAL WEIL-DELIGNE REPRESENTATIONS

In this section, we quickly recall background on Galois representations of local fields and
types. Our main references are Rohrlich [27], Carayol [9], and Bushnell-Henniart [6].

2.1. Notation. Let ¢ be prime and let F' O Q, be a finite extension with algebraic closure F
and maximal unramified extension F'"® C F*. Let Op C F be the valuation ring of F
with maximal ideal p, uniformizer w € p, and residue field k of cardinality q := #k. Let
v: F* — Z denote the valuation of F' normalized with v(w) = 1, and let |-|,: F* — RZ,
be the associated normalized absolute value. Let Wr < Gal(F® | F) be the Weil group of F
and Ir < Wp its inertia subgroup, fitting into the exact sequence

(2.1.1) 1l—=Ip - Wpr—7-—1.

For F' = Qq, for brevity we replace F' by ¢ in the subscript, writing e.g. I, < W,.

Let W2" denote the maximal abelian quotient of Wr and let Arty: F* = W2P be the Artin
reciprocity map from local class field theory, the isomorphism of topological groups sending
@ € O to the class of a geometric Frobenius element Fr € W2", characterized by Fr(z%) = =
for x € k. The map Artp allows us to identify a character x of Wy with the character
X := x o Artp of F*, and conversely. We call a continuous homomorphism y: Wy — C*
with open kernel a quasicharacter, and if |x(g)| = 1 for all ¢ € Wi then we call x a (unitary)
character. The conductor of x is the ideal cond(x) := p™ where condexp(x) := m € Z>g
is conductor exponent, the smallest nonnegative integer such that the restriction x|, ypm to
1+ p™ < Of is trivial. Let w: Wr — C* be the quasicharacter corresponding to the norm
quasicharacter |-|,, so that w(g) = ¢~ for g|pw = Fr® with a € Z.

Definition 2.1.2. A (n-dimensional) Weil-Deligne representation is a pair (p, V) such that

e p: Wr — GL,(C) is a homomorphism with open kernel, and
e N € GL,(C) is nilpotent and satisfies

(2.1.3) p(9)Np(g) ™t =w(g)N for all g € W.

An isomorphism (or equivalence) of Weil-Deligne representations from (p, N) to (p/, N') is
specified by an element P € GL,(C) such that p'(g) = Pp(g)P~" for all ¢ € Wr and
N'=PNP~".

2.2. Classification. Every 2-dimensional Weil-Deligne representation arises up to isomor-
phism from one of the following three possibilities.
e Principal series. Let x1,x2: Wr — C* be quasicharacters such that y;x;' # w®l.
The principal series representation associated to x1, x2 is (PS(x1, x2),0), where
PS(x1, x2) == x1 @ Xe-

Its conductor exponent is given by

(2.2.1) condexp(PS(x1, x2)) = condexp(x1) + condexp(x2).
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e Special or Steinberg representations. Let x: Wrp — C* be a quasicharacter. The
special or Steinberg representation associated to x is (St(x), V), where

(2.2.2) St(x) = ywdx and N = (8 é) .
We have
(2.2.3) condexp(St(y)) = 2condexp(x), if x is Ijamlﬁed;
1, otherwise.

o Supercuspidal representations. The Weil-Deligne representations (p,0) where p is
an irreducible 2-dimensional representation of Wy are called supercuspidal. Super-
cuspidal representations are classified by their projective images in PGLy(C): see
Bushnell-Henniart [6, sections 41 and 42| or Carayol [9, section 12]. We say that
p is nonexceptional (or imprimitive) if its projective image is dihedral, otherwise p is
exceptional (or primitive) and has projective image A, or Sy. (Since Wr is totally
disconnected, the projective image A5 cannot occur.)

2.3. Supercuspidal representations. Since they will command significant attention here,
we explore supercuspidal representations further.

Nonexceptional supercuspidal representations. Let K O F be a finite extension and let
x: Wxg — C* be a quasicharacter. We say that y* := y o Artx factors through the norm
map Nmgr if there exists a character gA: F* — C* such that

XA = HAONIHK|F.

Suppose further that [K : F] = 2, and let s € Wy be a lift of the nontrivial element in
Gal(K | F). Since W < W is normal, the s-conjugate of x

XSZ Wk — C~
X°(9) = x(s"'gs),

is independent of the choice of s, and by local class field theory we have (y*)* = x* o s.

(2.3.1)

Lemma 2.3.2. We have x = x° if and only if x* factors through the norm map.

Proof. We claim y* factors through the norm map if and only if ker Nmy p(K*) C ker y*:
the direction (=) is clear, and to show (<), the assignment 04 (z) = x*(y) if Nmgr(y) = =
is well-defined, and we may then extend from Nm g p(K*) to F*. By Hilbert’s Theorem 90,
ker Nmycp(K*) = {z/s(z) : @ € K*}, and x*(z/s(x)) = 1 if and only if x*(z) = x*(s(z))
for z € K*. Thus x* factors through the norm map if and only if y*(z) = x*(s(z)) =
(x*)*(z) for all z € K* if and only if y = x*. O

Suppose that xy # x°. Then the nonexceptional supercuspidal representation attached to x
is (Ind%f{ X, 0), the induction of x from Wy to Wr. When no confusion can result, we write
simply Ind y. The condition y # x* is necessary to ensure that Ind y is irreducible. If ¥ is
the quadratic character of Wy corresponding to K, then

2 condexp(x), if K'|F is unramified;

2.3.3 dexp(Ind x) =
( ) condexp(Ind x) {condexp(x) + condexp(¢k), otherwise.
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When det(Ind x) = w, then y satisfies
(2.3.4) O ) -t =
as quasicharacters of F*.

Exceptional supercuspidal representations. Exceptional representations only exist for residual
characteristic £ = 2, so suppose that ¢ = 2. Let L O F be a (tamely) ramified cubic
extension, and let M O L be a ramified quadratic extension (ramified is necessary, see [6,
§42.1, Proposition, p. 257, part (1)]). Let x be a character of W), such that x* does not
factor through the norm map Nmy ;. Given the data (L, M, ), by Bushnell-Henniart [6,
p. 261] there is a exceptional supercuspidal Weil-Deligne representation (p,0) such that

(2.3.5) plw, = Ind%ﬁ{ X-

Conversely, every exceptional supercuspidal representation is uniquely determined by such
a triple (L, M, x), up to equivalence |9, Lemme 12.1.3].

2.4. Inertial types. An inertial Weil-Deligne (or WD-)type is an equivalence class of Weil-
Deligne representations (p, N) under the equivalence relation (p, N) ~ (p/, N') if and only
if there exists P € GLy(C) such that p'(g) = Pp(g)P~! and N’ = PNP~! for all g € Ip.
(The content is in the restriction to g € Ir; we might think of this as being an equivalence of
Weil-Deligne representations over F™*.) Such an equivalence class is determined by the pair
(1, N) where 7 = p|y, is the (common) restriction to I for a WD-type, with the evident
notion of equivalence, so this definition agrees with the one given in the introduction. Except
for the special (Steinberg) representations we have N = 0, so (except in the short section 4.1)
we drop N from the notation and write simply 7.
We record the following classification of all inertial WD-types.

Proposition 2.4.1. Let 7: Ir — GLy(C) be an inertial WD-type. Then exactly one of the
following holds:

(i) 7 is the restriction of a principal series, i.e., there exist x1, x2: Wr — C* such that
7 =PS(x1, x2)|1r = X1l1p & Xal1,;

(ii) 7 = St(x)|1 is the restriction of a special series for x a character of Wg;
(iii) There exists a character x: Wx — C*, where K D F is the unramified quadratic
extension, such that x # x° and

7= (Indy” X)lre = Xlre ® X°|10}

(iv) There exist a ramified quadratic extension K O F, and a character x: Wx — C*
such that x|1,, # X°|1, and

I
7 = IndJ? (|1, ) or
(v) T is the restriction of an exceptional supercuspidal Weil-Deligne representation.

Proof. For (i)—(iv), see Breuil-Mézard [5, Lemme 2.1.1.2, Théoréme 2.1.1.4] and for (v) see
Bushnell-Henniart |6, §41 and §42]. O

According to Proposition 2.4.1, we may say that an inertial type [p, N] is principal series,

special, or (nonexceptional or exceptional) supercuspidal according as (p, N).
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2.5. Notation. We conclude this section with the notation we will use throughout, in one
place for convenience.

o We write g4: Ig, — C* for the quadratic character associated to the (ramified)
quadratic extension Qg(v/d) of discriminant d € Z, (well-defined up to Z)?).

e We write 74, to denote the special (Steinberg) type (2.2.2), with nonzero nilpotent
monodromy operator N; in all other cases, N = 0.

e To identify the nonspecial, nonexceptional types, we use the notation

Wi
(251) T*<d7 f7 T)] = (Indng(\/a> X(d,f,r)) ‘If

where:
— % € {ps,sc} is either principal series or (nonexceptional) supercuspidal;
— d is the discriminant of K := Qu(v/d), with [K : Q] < 2;
— for £ # 2, let u € Z; \ Z)* be a nonsquare;
— X(d,fr): Wk — C* is a character;
— [ is the conductor exponent of the character x (as a power of the maximal ideal
in the ring of integers of K);
— r is the order of the character y on the inertia subgroup Ix C Wi; and
— j is an additional label (only needed for ¢ = 3, see Table 4).
e For { = 2, two exceptional (octahedral) representations 7oy ; for i = 1,2 are explicitly
given (see section 7.2).

3. BACKGROUND ON ELLIPTIC CURVES

In this section we organize some facts about elliptic curves and provide a few preliminary
results on their inertial types. Throughout this section, let F be an elliptic curve over F
with conductor Ng.

3.1. Inertial types. There is a Weil-Deligne representation (pg, N) attached to E which
is obtained as follows (for complete details we refer to [27, §4 and §13-15]). We start with
the representation pg, : Gal(F*|F) — GLy(Q,) defined by the action of Gal(F® | F) on
the étale cohomology group HL(E xr F* Q,) for some prime p # ¢; this is equivalent to
working with the p-adic Tate module but with the contragredient representation, i.e., into
the dual of the p-adic Tate module.

Next, we consider two cases: either E has potentially good reduction, hence pg ,(I/r) has
finite order, or E has potentially multiplicative reduction and so pg,(Ir) is infinite. In the
first case, we take N = 0 and pg is obtained by extension of scalars of the restriction pg ,|w,
via an embedding ¢: @, — C; the C-equivalence class is well-defined, independent of choices.
When FE has potentially multiplicative reduction, then N = ({}) and pg = St(x) where x is
the quadratic character of W such that E' ® y has split multiplicative reduction—note this
is the only type arising from a representation with nontrivial nilpotent endomorphism. In
either case, we define the inertial WD-type 75 of E to be the equivalence class 7 = [pg, V]
as defined in section 2.4. Finally, we note that the conductors of pg, and 75 are both equal
to Ng (see e.g. [27, §18| and [13, Remark 2.14]).

Example 3.1.1. For a quadratic extension Qg(\/a) D Qy of discriminant d and character x4,
let E; be the quadratic twist of E/Q, by d. The inertial type 74 of E, satisfies 75 >~ 75 ® €4,
7



where €4 = x4|z, is the restriction of the twisting character to inertia. Note the nilpotent
operator remains unchanged as pg (/) is finite if and pg, ,(1;) = (prp @ Xxa) (L) is finite.

The following summarizes the possibilites for Ng in the case F = Q.

Lemma 3.1.2. Let E/Qy be an elliptic curve. We have

2, ifl>5:
0 S OI“dg(NE) S 5, Zf€ = 3;
8, ifl=2.
Moreover, if E has additive reduction then (* | Ng.
Proof. See e.g. Silverman [30, Ch. IV, Theorem 10.4]. O

Remark 3.1.3. Elliptic curves defined over ramified extensions F//Qy or F//Q3 can have con-
ductors whose valuations are higher than those given by Lemma 3.1.2.

3.2. Potentially good reduction. We set up some preparatory facts in this section. Sup-
pose throughout that F/F has potentially good reduction and inertial type 7. Thus N = 0.

Let m € Z>3 be coprime to ¢, and let L := F"™(E[m]) where F'"" is the maximal unramified
extension of F. The extension L is independent of m (see Serre-Tate [29, §2, Corollary 3])
and it has two other equivalent descriptions:

e [ is the minimal extension of "™ where E achieves good reduction; and

e [ is the fixed field of ker r.

We call L the inertial field of E. Write ® := Gal(L | F"™) and define the semistability defect
of E to be e =e(E/F) := #®. The following describes the possibilities for ®.

Lemma 3.2.1. Exactly one of the following possibilities hold.
(i) ® is cyclic of order 2,3,4,6.
(ii) £ =3 and ® ~ Z/37 x Z/AZ is of order 12;
(iii) £ =2 and ® ~ Qg is isomorphic to a quaternion group of order 8; or
(iv) £ =2 and ® ~ SLy(F3) is of order 24.

Proof. See Kraus [21, pp. 354-357]. O
The next lemma already determines the inertial type of F/Qy in the simplest case.

Lemma 3.2.2. Suppose e(E/Q,) = 2. Then 7 is principal series, and the following state-
ments hold.

(a) If ¢ > 3, then Ng = (% and T ~ PS(x, x¢)|1, = €0

(b) If ¢ =2, then Ng = 2%,2° and

E_4, ZfNE = 24,‘
T~
£48, ZfNE = 26.

Proof. Since e(F/Q,) = 2, there exists a ramified quadratic extension Qy(v/d) 2 Q; such
that the quadratic twist E, has good reduction (see e.g. Freitas-Kraus [19, Lemmas 3-4])
and therefore its inertial type 74 is trivial. Thus

T ~7Tg, ®¢cq~eq >~ PS(xa, Xd)l1,
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is principal series. We have d = ¢ if ¢ > 3; if { = 2, we have d = —4, +8. The claim on the
conductor follows from ord,(Ng) = condexp(7) = 2 cond(x4) by (2.2.1). O

We conclude this short section with a preliminary step to determine all the exceptional
supercuspidal types arising from elliptic curves over Q9; these will be given explicitly in
Section 7.

Lemma 3.2.3. Suppose F' = Qy and E has potentially good reduction. Then T is exceptional
supercuspidal if and only if e = 24.

Proof. Suppose 7 is exceptional. From the group structure of the image of the projective
representation obtained by postcomposing with GLy(C) — PGLy(C), by Bushnell-Henniart
[6, section 42.3] it follows that e > 12, so e = 24 by Lemma 3.2.1.

Conversely, suppose e = 24, and let pp3: Wy — GL2(Qs3) and ps: Wo — GLo(F3) respec-
tively be the 3-adic and mod 3 Galois representations associated to F, restricted to W5.

By Dokchitser—Dokchitser [17, Lemma 1], there is an unramified twist of pg 3 factoring
through the Galois group of K := Qy(FI[3]) (over Q3), so the images of the projective
representations Ppg3: Wy — PGLy(Qs) and Pps: Wy — PGLy(F3) are isomorphic as ab-
stract groups. By hypothesis and Lemma 3.2.1, 7 is irreducible with image isomorphic
to & ~ SLy(Fs3), so ps(Wa) = GLo(F3) is surjective |17, Table 1|. Thus Ppgs has image
isomorphic to PGLy(F3) ~ Sy, so pgs ® C and hence 7 are exceptional supercuspidal. [

4. INERTIAL TYPES: UNIFORM CASES

Beginning in this section and continuing through the rest of the paper, we seek to describe
explicitly the inertial types arising from elliptic curves over Q,. In this section, we treat two
cases where the answer is close to uniform in ¢: elliptic curves with potentially multiplicative
reduction and the case where £ > 5. Throughout, we use the notation collected in section 2.5.

4.1. Potentially multiplicative reduction and special types. We begin with a general
result on inertial types for elliptic curves with potentially multiplicative reduction. These
are the only types with a nonzero nilpotent operator, more precisely N = (J §).

Proposition 4.1.1. Let E be an elliptic curve over Q, with potentially multiplicative reduc-
tion, conductor Ng, and inertial type 7. Then the following statements hold.

(a) If E has multiplicative reduction, then Ng = € and T ~ Tg 4 S special.
(b) Suppose E has additive (but potentially multiplicative) reduction. Then (* | Ng, and
T 1s special. Moreover:
(1) If € > 3, then Ng = (% and T ~ Tgy 4 @ 4.
(ii) If ¢ = 2, then Ng = £* (5, and

-~ Tst,2 @ €y, if Np = 0%
| Tst2 ®ess or Toi2 ®egs if Np = (5.
Proof. We recall from section 3.1 that pg = St(x) and 7 = St(x)|;, for some quadratic
character y of W,.

In part (a), we have Ny = cond(7) = ¢ and by the conductor formula (2.2.3) it follows
that y is unramified; in this case,

(4.1.2) 7= (x@St(W)]r, = xlr, ® St(1)]r, = St(1)[1, = Tse-
9



We turn to part (b). We have ¢? | Ng, and formula (2.2.3) gives Ng = cond(7) = £*™, so
X is ramified with cond(x) = ¢™. If £ > 3, then any quadratic character x: W, — C* has
conductor ¢ and satisfies x|;, = €. Thus Ng = ¢, and 7 =~ 75 ® &4, proving (i). Otherwise,
we have ¢ = 2, and we conclude similarly, as in Lemma 3.2.2: we have x|;, = €_4,e45 of
conductors 2% 23 proving (ii). O

4.2. Inertial types for ¢ > 5. The preceding section treated all cases of potentially mul-
tiplicative reduction, so for the rest of this paper we turn to the case of potentially good
reduction. In particular, N = 0. Here we treat the case £ > 5 where the results are uniform.

Proposition 4.2.1. Let ¢ > 5. Let E/Qy be an elliptic curve with additive potentially good
reduction, semistability defect e > 3, and inertial type 7. Then the following statements hold.
(a) Ife | (€ —1), then T =~ 15 4(1, 1, €) is principal series.
(b) Ife| ({4 1), then T ~ Ty o(u, 2, e) is supercuspidal.

Proof. Lemma 3.1.2 implies that 7 has conductor £?, and Lemma 3.2.1 shows that the image
of 7 is cyclic of order e = 3,4,6. From the classification in Proposition 2.4.1, 7 is reducible
with finite image, hence it is either principal series or nonexceptional supercuspidal induced
from the unramified quadratic extension F' = Q2 of Q.

Suppose that 7 is principal series. Then, 7 = x|, & x'|1,, where ¥ is a character of W of
conductor £ and order e. To ease notation we write y also for x*. Thus, x|;, factors through
(Z/0Zy)* ~ F; a cyclic group of order £ — 1, so e | ({ —1). Let uw € Z; and x. be as in
section 2.5. So the reduction of u generates F,'. We have x(u) = (¢ = exp(2mic/e) with
ged(c,e) = 1. Since e = 3,4,6, we must have ¢ = +1 (mod ¢), so x|;, = x! and either
choice gives 7~ 7. 4(1,1, €).

To finish, suppose 7 is supercuspidal. Then, 7 = x|z, ® x " '|,, where x is a character
of Wg of order e. Since 7 has conductor £?Op, it follows that y viewed as a character
of F* has conductor (Op and satisfies X|Zex = 1 by (2.3.4). Now x| factors through
(Zg2 [0Zg2)* ~ F)y soe | (2 —=1) = (4 1)(¢ —1). Let u € Z} be as in section 2.5, so
its reduction generates F);. Then u‘*! generates (Z,/(Z¢)* < (Z¢/lZ2)*. The condition
X|Zg< = 1 implies that e | (¢ +1). We again have x(u) = (¢ and as in the previous paragraph

we must have x|7, = x*' and either choice gives 7 ~ 7. ¢(u, 2, €). U

5. INERTIAL TYPES FOR ¢ = 3

In this section, we treat the case ¢ = 3; see Breuil-Conrad-Diamond-Taylor [4] for the
application of these types to the modularity of elliptic curves.

5.1. Setup. Throughout this section, we let K = Q3 or K = Q3(v/d) where d = —1,43.
Let Ok be the valuation ring of K and p its maximal ideal. When K is quadratic, let
Xa: W3 — C* be the quadratic character associated to K and let s € W3 be a lift of the
nontrivial element of Gal(K | Q3). Recall that 5 = x 43|z, is the unique nontrivial quadratic
character of I3; we have cond(e3) = 3.

We begin with some explicit class field theoretic results on structures of finite quotients
of Of.
Lemma 5.1.1. Let K/Qs be one of the extensions above, f = p* and f = Zsz N §, with k > 1
integer. Table 2 gives the structure and explicit generators for the group (O /§)* /U, where
U={1} if K = Q3 and U = Nmg|g,((Ok /§)*), Nmgq, : (Ox/f)* = (Zs/f)*, otherwise.
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’ K ‘ f ‘ (O /f)* /U ‘ Group structure ‘
Qs 3k >1) (—4) Z/(2-31)
Qs(v-1)| 3kk=>1) (V-1+2) Z)(4- 351
Qs(v3) | prk>1) (V3-1) z/(2-31))
pF(k =1,2,3) (—w + 4) 723130

Qs(v=3) phe>4) |(w—1)x(—w+4)|Z/3x2z/2 30z ))

TABLE 2. The group structure of the group (O /f)* /U (w = %‘73)

Proof. The proof is by induction on k.

O

Lemma 5.1.2. Let K/Qs be one of the quadratic extensions above, and f = p*, with k > 1
integer. Let U = Nmpq,((Ok/f)*) and f = ZsN§. Then, we have

(1) (Zs/f)* =

U ZfK = Q3(\/__1)7

(ii) (Zs/ )" U = (=1) ~ Z)2Z if K = Qs(VE3).

Proof. The proof uses induction on k£ the same way Lemma 5.1.1 does.

O

Keeping the above notations, let H := ker(Nmg/q,), and recall that U = Im(Nmgjq,).
Both H and U are subgroups of (O /f)*.

Lemma 5.1.3. Let K/Qs be one of the quadratic extensions above, and f = p*, with k > 1

integer. Let U = Nmpq,((Ok/f)*) and H := ker(Nmp/q,), and recall the exact sequence

Then H ~ (Ok/f)* /U, and the group structures of U and H NU are given in Table 3.

1=>U—= (Ok/H)* = (Og/f)* /U — 1.

’ K ‘ f ‘ U ‘ Group structure of U ‘ HnU ‘
(V] Fk=>1) [@ Z/(35) (1)
Q:(v3) | prk=1) | (@) z/(3L7)) {1}
pE(k=1,2,3) | (4) z/(313)) {1}
BV Rz @] z/erE) )

TABLE 3. The group structures of U and H N U.

Proof. The proof is an induction which combines Lemmas 5.1.1 and 5.1.2.

Using Lemma 5.1.3, we identify H = ker(Nmpjq,) with (O /f)*/U.

Corollary 5.1.4. Let K/Qj3 be one of the quadratic extensions above, and f = p*, with k > 1

integer. Let U = Nmg g, ((Ok/§)*), and x : (Ok/f)* = C* a character. Then, we have

(i) For K = Q3(V=1), Xlzz =ex <= xlv =1 <= x(4) =x(-1) = 1.
(ii) For K = Q3(v/=£3), Xlzy =€ex <= xlv =1 and x(-1) = -1
<~ x(4) =1 and x(—1) = —1.

11



Proof. This follows from Lemmas 5.1.2 and 5.1.3. O

Corollary 5.1.5. Let K/Qs be one of the ramified quadratic extensions above, and f = p*,
with k > 1 integer. Let U = Nmpo,((Ok/)*), and x : (Ok/§)* — C* a character. Then,
X factors through the norm map if and only if x|y is trivial.

Proof. This is a direct consequence of Lemmas 5.1.1, 5.1.2 and 5.1.3. O

We recall that x(q4 s, denotes a character of Wy where K has discriminant d, whose order
on Ik is r and conductor exponent is f. When x4 s |v = €k, it is enough to give its values
on the generators of (O /f)* /U by Corollaries 5.1.4 and 5.1.5. We fix (s = —(3 so that
(¢ = (3. In Table 4, we list the types for Q3, with generators of (Ok/f)*/U being as in
Lemma 5.1.1 (see also Corollaries 5.1.5 and 5.1.4).

| K | f | Xy on generators || T | condexp(7) |
Q3 32 C3 7—ps,i’)(la 27 3) 4
3 c Tes(—1,1,4) >
GV—D G res(1.2.3) i
@3(\/§> (\/@2 _Cg Tsc,3<3a27 ) 3
— ( —3)2 —Cg Tse3(—3,2,6) 3
Q3<\/_3) (\/__3)4 C?n - {’f] TSC,S(_37 47 6)] (j = 07 17 2) 5

TABLE 4. Types for Qg

5.2. Result. The hard work now begins, with the following proposition.

Proposition 5.2.1. Let E be an elliptic curve over Qg of conductor Ng and inertial type T.
Suppose that E has additive, potentially good reduction and semistability defect e > 3. Then
T is (nonexceptional) supercuspidal and is given by one of the following cases:
(a) If Np = 3%, thene =4 and 7 ~ 7o 3(—1,1,4).
(b) If Ng = 3%, then e = 12 and 7 = 74 3(3,2,6) or 7 = Tsc3(—3,2,6).
(c) If Ng = 3%, then e = 3,6, and:
(i) If e =3, then T ~ T 3(1,2,3), Tsc 3(—1,2,3);
(i) If e =6, then T ~ Tps3(1,2,3) ® €3, Tae3(—1,2,3) ® e3.
(d) If Ng =3, then e = 12 and 7 = 7y 3(—3,4,6); with j = 0,1,2.

Proof (a). Suppose Np = 3%. Since the conductor exponent is 2, we are in the case of
tame reduction. Hence, e = 4 and @ is cyclic by Lemma 3.2.1. Assume for purposes of
contradiction that 7 is a principal series; then 7 ~ x|z, ® x~!|1,, where x is a character of W;
of conductor 3 and order 4, which is impossible. So, 7 must be nonexceptional supercuspidal.
Noting that e =4 | (3 + 1), we conclude that 7 ~ 7. 3(—1,1,4) by a similar argument as in
the proof of Proposition 4.2.1(b). O

Proof (b) and (d). Suppose Ng = 3™ with m = 3 or m = 5. Since m = condexp(7) > 1 is
odd, 7 is obtained by induction of a character x from a ramified quadratic extension K | Q3
(|7, Chap. IV, §15]). By Proposition 2.4.1 (iv), we conclude that 7 is irreducible; hence,

e = 12 by Lemma 3.2.1. Let d = 43 be the discriminant of K. Then, by the conductor
12



formulas, m = condexp(x)+vs(d) = condexp(x)+1. So, we conclude that condexp(x) = 2,4
according as m = 3, 5.

Suppose m = 3. By Lemma 5.1.1, we have
(O /p*)* /U = (u) ~ Z/6L,

where u = /3 — 1, —w + 4 for d = 3, —3, respectively. '

Since x is primitive, we must have x(u?) = (i', hence x(u) = +¢, with j = 1,2.
By Corollary 5.1.5, x does not factor through the norm. Furthermore, since X|Z§ = €k,
Corollaries 5.1.4 implies that y(u) = —¢J, with j = 1,2. This gives two conjugate characters
of I. Thus, we can take X|7, = X(4,2,6), iving 7 ~ 74 3(d, 2, 6).

Next, suppose that m = 5 and d = 3. From Lemma 5.1.1 and Corollary 5.1.5, x|, must
induce a non-trivial character on

(O /") U = (u) ~ Z/18Z

where u = v/3 — 1. Moreover, the order of x(u) is not a divisor of 6, otherwise y would have
conductor exponent < 3. x|, has order 9 or 18 and so 9 | e = 12, a contradiction.

Finally, suppose m = 5 and d = —3. From Lemma 5.1.1 and Corollary 5.1.5, x|r,, must
induce a non-trivial character on

(O /") U = (wy) x {uy) ~ 7Z/37 x 7./67Z

where u; = w — 1 and uy = —w + 4. The primitivity of x implies that x(u;) = ¢;'. By
Corollaries 5.1.4 and 5.1.5, the condition x|;x = ek, and the fact that x|z, does not factor
through the norm, imply that y(—1) = x(u3) = —1. (Recall that we have chosen (5 = —(2 so
that (2 = (3.) Since there are no other constraints, we must have y(us) = (¢ = (—1)*¢3* with
i = 1,3,5, which is the same as y(uy) = —(3’ with j = 1,0,2, respectively. Thus, we have
six possible choices for x|, , giving three pairs of conjugate characters on Ix. Therefore, we
can choose X = x(—346), for j = 0,1,2. Thus 7 ~ 7 3(—3, 4, 6)j. d

Proof (c). Suppose Ng = 3*.
First suppose that 7 is a principal series. Then 7 = x|z, @ x|, where x is a character
of W3 with conductor 32. By Lemma 5.1.1, we have that x|z, factors through

(Z3)3°73)" ~ (—1) x (4) ~ 7./27 x 7./ 3Z.

Since y is primitive at this conductor, we have y(4) = (i'. Twisting by €3, we can assume
that x(—1) = 1. Thus, there are two possibilities for x|z,, which are (2,3 and X(_1%2,3)' Thus
T = Tps3(1,2,3) (hence e = 3) or 7 =~ 7,5 5(1, 2,3) ® 3 (hence e = 6).

We are left with the case where 7 is supercuspidal. In this case, since condexp(r) = 4
is even, it follows that 7 is an induction of a character y from the unramified extension
K = Q3(v/—1) (see |7, Chap IV, § 15] ). Therefore y has conductor 32 and y|;, gives a
non-trivial character

(Ok/(3%)" JU = (u) ~ Z/12Z

where u = /—1+ 2. By Corollary 5.1.4, x(4) = x(—1) = 1. By primitivity, y(«) must have

order 3, 6 or 12 (Lemma 5.1.1). However, by Lemma 3.2.1, the case e = 12 only arises for

non-abelian inertia. Thus x(u) has order 3 or 6, meaning that y(u) = ¢}, with j € {1,2,4,5}.
13



Therefore, there are four possible choices for x|, , which divide into two pairs of conjugate
characters. (Note that Corollary 5.1.5 implies that y does not factor through the norm.)

Finally, observe that § = x - (x3|x) is a character of W also of conductor 32 such that
d(u) has order 3 or 6, and

6(z) = x(z)x3(Nmgjo, (7)) = x(2)e3(2®) = x(z) = 1, for all x € Z.
Therefore, 0 \le( must be one of the previous four characters. Thus, up to twisting by &3, we

can assume that y(u) = ¢J, for j = 2,4. This is the same as requiring that y(u) = ¢3!, and
this gives two conjugate characters. Thus we can take x|r,, = X(-1,2,3), and we conclude that
T~ Tee3(—1,2,3) and e =3 or 7 =~ T 3(—1,2,3) ® €5 and e = 6. O

Example 5.2.2. Case ¢ = 3 for potentially good reduction e= 1 : 11al (good reduction) e=
2:99d2 Ng = 3%, e=4: 36al Ng = 3% e=3: 162bl (principal series), 162d1 (supercuspidal)
Ng = 3% e=6: 162c2 (principal series), 162al (supercuspidal) Ng = 33, e=12: 320c2, 3202
: 27al, bdal Np = 3%, e=12 : 192a2, 576f2 : 243al, 243bl, 972al

6. NONEXCEPTIONAL INERTIAL TYPES AT ¢ = 2

In this section, we begin our consideration of inertial types for the case ¢ = 2. We treat all
inertial types but for the exceptional supercuspidal types, leaving the latter for Section 7.2.

6.1. Setup and statement of result. In this section, we let K = Q,(v/d) be one of the
seven quadratic extensions of Qs, so d = —4,5, £8, —20, £40. The unique unramified one is
Q3(v/5)/Q,, the remaining have conductor 22 or 23. We write Ok for the ring of integers
of K, and p for the prime of K. Let s € G be a lift of the non-trivial element of Gal(K | Qs).

Let 4 be the restriction to I of the character of G5 fixing K = QQ(\/E), SO £4 1s nontrivial
except for d = 5. We define them explicitly:

e ¢, has conductor 22 and is defined on (Zy/2%Z,)* by
e_4(—1)=—-1
e 5 has conductor 2% and is defined on (Z,/23Z,)* by
es(—1) =1, &5(5)=—L.

e ¢ g has conductor 2, satisfies ¢ g = ¢_;3, and is defined on (Z,/23Z,)* by

e_g(—1)=—-1, e_g(5)=-1.
e Since we are restricted to inertia, we have

€8 = €40, €-8=E_40, €E—4=E_2-

Lemma 6.1.1. Let K/Qq be one of the extensions above, f = p* and f = Zy Nf, with k > 1
integer. Table 5 gives the structure and explicit generators for the group (O /§)* /U, where
U={1} if K =Q: and U = Nmgg,((Ok/f)*), Nmgjq, : (Ox/f)* = (Z2/[)*, otherwise.

Proof. The proof is by induction on k. O

Lemma 6.1.2. Let K/Qy be one of the quadratic extensions above, and f = p*, with k > 1
integer. Let U = Nmpq,((Ok/f)*) and f = Zy N §. Then, we have

(i) (Zo) f)* =U if K = Qqy(y/¢), for c = +5,—1;

14



] K \ f | (Ok/§)*/U | Group structure |

Q, 21 (1) x (5) Z]2 X L./4
2kk‘:1,2 w—1 7./(3 - 2k 1
Qa(v5) 2’(“(k' > 3)) 2w —<1> % (20 —1) Z/2/>E 73 21—2
P {0} Trivial
c 8291/6)—5 P (Ve) Z/2
’ p*(k > 3) (Vo) x (2v/e—1) | Z/4 x Z)2IF]
Qa(ve) | pFk=1,...,4) (Ve—1) 7/215)
c= 42,410 pF(k > 5) (=3) x (/e —1) 7.2 x 7,/2L%)

TABLE 5. The group structure of the group (O /§)*/U. (Here w = 1+2\/5_>

(ii) (Z2/ [)* /U = (5) = Z)2Z if K = Qa(y/¢), for c = £10,£2.
Proof. The proof uses induction on k& the same way Lemma 6.1.1 does. O

Lemma 6.1.3. Let K/Qy be one of the quadratic extensions above, and f = p*, with k > 1
integer. Let U = Nmpgq,((Ok/f)*) and H := ker(Nmp/q,), and recall the exact sequence

1—U— (Og/))* 5 (O /H)*JU — 1.

Then the image p(H) is given in Table 6, and the group structures of U and H NU in
Table 7.

Proof. 0
Using Lemma 6.1.3, ....

Corollary 6.1.4. Let K/Q, be one of the quadratic extensions above, and f = p*, with k > 1
integer. Let U = Nmg g, ((Ok/§)*), and x : (Ok/f)* = C* a character. Then, we have

(i) For K = Q2(V5), Xlzx = ex <= xlv =1 <= x(4) =x(-1) = 1.
(i) For K = Qa(Vec), c=—1,-5, x[zx =ex <= xlu=1 <= x(4) =x(-1)=1.
(111) For K = Qy(y/¢), ¢ = 2,10, Xlzx =ex <= Xlv=1and x(-1) = -1
< x(4) =1 and x(—1) = —1.
(iv) For K = Qa(Vc), c = =2,-10, x[zx = ex <= x[v =1 and x(-1) = -1
< x(4) =1 and x(-1) = —1.

Proof. This follows from Lemmas 6.1.2 and 6.1.3. O

Corollary 6.1.5. Let K/Qs be one of the ramified quadratic extensions above, and f = p*,
with k > 1 integer. Let U = Nmpo,((Ok /f)*), and x : (Ok/§)* — C* a character. Then,
X factors through the norm map if and only if x|y is trivial.

Proof. O

Next, we define the following types, with generators as in Lemma ?77.

The main result of this section is as follows.
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K f o(H) Group structure
25(k = 1,2) (w—1) 7./3
QZ(\/S) Qk(k > 3) <(w _ 1)2) Z/S . 2k_3
p Trivial Trivial
p? Eﬁi Z§2
p° —1 7./4
&/ p! (V-1) x 2v=1-1) Z.)A X 7.)2
p° (V1) Z/4
PPk >6)  (V=I) x ((2v=1—1)?) Z/4x 7/2"5"]
p Trivial Trivial
-
— p? -5 7,/4
BV p! (V=5) x (25 1) 74 x 7.)2
p° (v=5) 7./4
pk(k > 6) (—=5) x (/=B —1)  Z/2 x Z/21*3")
p Trivial Trivial
p? <\/§1; 1) TZ/Q 1
p? rivia
N A p! (Vo1 7/
’ p? (=3) x (Ve —1)*) Z/2 x 7./2
p° (=3) x (e —1)% YAD) ><£/4
pr(k>7) ((ve—1)?) 7,/2!'5%)
p Trivial Trivial
c p? (Ve —1) 7.)2
c ;@ 2_(2\/_ —>10 p’ (1) Trivial
’ pt (Ve—=1)%) 7.2
PRk >5) (=3 x((Ve—1)?2)  Z/2x2z/2\F]

TABLE 6. The group structure of p(H), where H = ker(Nmg/qg,)-

Theorem 6.1.6. Let E be an elliptic curve over Qy with additive, potentially good reduction,
conductor Ng, semistability defect e, and inertial type 7. Suppose that e # 2,24. Then T is

given by one of the following cases:
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] K \ f \ U | Group structure | HNU |
2 (1) Trivial Trivial
Q:(v5) > (3) Z/2 Z/2
%’z(l{ > 3)) <—lz >>< B Z)2x7Z/(2"2) |Z/2 x7Z]2
pi(k=1,2 1 Trivial Trivial
el EE=3. e 0 7 7/

’ pF(k > 7) (~1)x (1) |z/2xz)2 =) | 2/2 x 7)2
Q2(v/¢) pPk=1,...,4) (1) Trivkia; Trivial
c=-1,-5 E’E k> 5)) 25; Z](2157)) Z/2

pi(k=1,2 1 Trivial Trivial
@V FE=3...0] B Z/2 Z/2
’ pr(k > 7) (3) z/(2'7)) 72
TABLE 7. The group structures of U and H N U.
] K \ f \ (d, f,r) \ X(d,f,r) O1 generators \ T \ cond() \
Q9 21 (1,4,4) 1,1 Tos2(1,4,4) 28
2 (5, 1,3) (3 TSC,Q(E), 1,3) 22
Q:(v5) 241 (5,4,4) 1,4, —1,1 Tee2(5,4,4) 28
p° | (£8,5,4) —1,14, 1 Tee2(£8,5,4) 28
Q(VE2) | 5| (185.9) ~1,1, -1 Tee2(£8,5,2) 28
p° | (£40,5,4) —1,1,1 Tee,2(£40,5,4) 28
QVEL) | s | (a0, 5.2) ~1,1, -1 Teen(£40,5,2) | 28
— 9] (4,34 i Tee2(—4,3,4) 2
Q=) pe | (—46,4) L1, rea(—4,6.4) | 28
p3 (—20,3,4) 1 Tee2(—20,3,4) 2°
Q2(v/=5) |p®| (—20,6,4) 1,1, Tee2(—20, 6, 4) 28
p® | (—20,6,4); 1, —1,1 Tse,2(—20, 6,4)j 28
TABLE 8. Inertial types for Q,
Case ‘ Ng e T
(@) | 22 3 7e2(5,1,3)
(b) 24 6 Tsc,2(57173) ®e_1
(¢) | 2° 8 Tuca(—4,3,4), T 2(—20,3,4)
(d-l) 26 6 7'5072(5,1,3) (858,7'5072(57 1,3) ®€_8
(d—ll) 8 TSC72(_4, 3, 4) & £g, 7'5072(—20, 3, 4) X £
(e'i) 28 4 Tps,2(1747 4)>Tps,2<17474) ®8*17TSC,2<57474>77—SC,2(57474) ®871
(e—ii) 8 TSC72(—4, 6, 4), Tsc,2(_47 6, 4) ® £g

In particular, T is nonexceptional supercuspidal in all cases except when
e=4and Np = 2% and 7 ~ Tpso(1,4,4), Tps2(1,4,4) @ €4

i which case T 1s principal series.
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The proof of Theorem 6.1.6 will be given in section 6.6 after treating various cases in the
next few sections.

Example 6.1.7. e = 1 : 1lal (good reduction) e = 2 : 176b2, 704a2, 704k2 correspond
to characters -1, 2, -2 respectively e = 3 : 20al Ny = 2% e =6 : 80bl Ny = 2%, ¢ = 8 :
96al, 288al Ny = 26, ¢ = 6 : 320c2, 320f2 Np = 26, e = 8 : 192a2, 5762 Np = 2%, ¢ = 8
: 256b1, 256c1 Np = 28 e = 4 : 256al, 256d1 (supercuspidal) N = 2% e = 4 : 768bl,
768h1 (principal series) Explicit curves giving the exceptional types are already given in the
corresponding section.

Throughout, let £ be as in Theorem 6.1.6: E is an elliptic curve over Q; with addi-
tive, potentially good reduction, semistability defect e # 2,24, conductor Ng, and inertial

type 7 := pg|L,-
6.2. Principal series. We begin with the relatively easy case of principal series.

Proposition 6.2.1. Suppose that T is a principal series.
Then Np =28 e =4, and T =~ Tpso(1,4,4), Tps2(1,4,4) @ € _4.

Proof. We have cond(7) = 22" with 1 < m < 4 by the formula (2.2.1) and Lemma 3.1.2.
Thus 7 = x|, ® X |5, where x|, factors through (Zy/2™Z,)*. If m < 3, then x|, is at
most quadratic, so e < 2, contradicting our running hypothesis; thus m = 4. From Table 77,
we know that x|;, factors through

(Zy)2'79)* = (—1) x (5) ~Z/2 x Z/4

and primitivity forces x(5) = =i.
Twisting by £_4 alows to assume x(—1) = 1. Thus x[s, = X(1,44) O X 44) = X(_114 4 We
conclude that 7 ~ T,52(1,4,4) or 7 >~ Ty2(1,4,4) ® e_4. O

6.3. Quadratic inductions, conductor 8. Having dealt with 7 reducible, we consider in
the remaining subsections inertial types induced from a quadratic extension K | Q.. Here,
we rule out the possibility that M has conductor 8 = 23.

Proposition 6.3.1. Suppose that 7 s irreducible and induced from a quadratic exten-
sion K |Qy. Then K is either unramified or it has conductor 2.

Proof. We work by contradiction, so suppose that 7 is induced from one of the quadratic
extensions of conductor 2%. More precisely, assume that pp ~ Ind%{ x for a character
xX: Wk — C*, where K = Qq(y/c) with ¢ = £2, +10 (or d = £8, £40).

The condition x|;x = &g implies x(5) = x(-3) = —1 as =3 = 5 (mod 8). On the
other hand, the conductor formula condexp(7) = 3 + condexp(x) and Lemma 3.1.2 imply
condexp(x) < 5. Since all characters of conductor at most p* have x(—3) = 1 (Lemma ?7),
we must have cond(7) = 2% and condexp(x) = 5. By Lemma ?7?, y|;,. factors through

(O /p°)* = (=3) x (Ve —1) x (=1) ~Z/2 x Z./4 x 7./2.

Observe that primitivity forces only x(—3) = —1 which we already know. To determine the
value of y on u = /c — 1, observe that

X(u)x*(u) = x(=(Ve - 1D)(Ve+1)) = x(=1)x(c — 1) = ea(—1)ealc = 1) = 1,
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therefore x*(u) = x~!(u) for all choices of ¢ (or equivalently d). This forces x(u) = +i as
otherwise x is quadratic and factors via the norm; in particular, e = 8. Moreover, for the
uniformizer /¢ in K, we have

X' (Ve) = x(=Ve) = ea(-1)x(V)

and we conclude that x/x*® is quadratic; thus y/x® factors via the norm by Corollary ?7.
Therefore pg is triply imprimitive in the language of Bushnell-Henniart |6, section 41.3].
From Gérardin |20, section 2.7], it then follows that p has projective image Dy ~ Cy x Cs.
On the other hand, by Dokchitser-Dokchitser [17, Lemma 1], there is a twist of p which
factors through Q(E|[3]), so Pp ~ Ppy 5. Therefore, since e = 8 (hence ® ~ Qg is quaternion
of order 8 by Lemma 3.2.1), oy 3(Gq,) < GLy(F3) is the 2-Sylow subgroup [17, Table 1] for
which Ppy 3(Go,) % Cy x Cy, giving a contradiction. O

6.4. Quadratic unramified inductions. We now consider the case of inertial types in-
duced from the unramified quadratic extension K = Q(v/5).

Proposition 6.4.1. Suppose T is (nonexceptional) supercuspidal, obtained by inducing a
character x of Wy, where K = Qy(\/5). Then T is given by one of the following cases:

(a) If Ng =22 then e =3 and T ~ 7y 2(5, 1, 3).

(b) If Ng =2, then e =6 and T ~ Ts.2(5,1,3) ® £_4.

(¢) If Ng =25, then e = 6 and 7 ~ T4 2(5,1,3) @ £5, Tec2(5, 1,3) ® £_5.
(d) If Ng =28, then e = 4 and 7 ~ Ty 2(5,4,4), Tec2(5,4,4) @ £_4.

Proof. Since K | Qy is unramified then I, C Wi and we are in case (iii) of Proposition 2.4.1.
So 7 has abelian image and e = 3,4,6 (we excluded e = 2,24 at the start). The conductor
of 7 is 2™, which means that y has conductor p™ with m < 4 by Lemma 3.1.2.

In this case the determinant condition is XlZ; = 1; in particular, xy(—1) = x(5) = 1.

Suppose m = 1; then Ny = 22, and the reduction is tame, hence e = 3. From Lemma ?7?,
we have (Ok/p)* = (w) ~ Z/3, where w = @ So, x(w) = ¢f* and x does not factor
through the norm by Corollary ??. Thus there are two conjugated possibilites for x|z, and
we can take |1, = X(5,1,3). Thus 7 ~ 7, 2(5,1, 3), proving (a).

Suppose m = 2. From Lemma ??, x|, factors through

(O /p*)* = (=1) x (w) ~7Z/2 x 7./6.

and primitivity of x implies x(w) = ¢ and again, by part 3) of Corollary ??, we conclude y
does not factor via the norm. Thus there are two conjugate choices for x|;,, giving rise to
the same type 7/, showing that there is a unique type of conductor 2*. But, twisting an
elliptic curve with inertial type 7w 2(5,1,3) by —1, gives an elliptic curve of conductor 2*
and inertial type 7y2(5,1,3) ® e_4. Since 7’ is the unique inertial type of conductor 24, we
must have 7/ = 7y 2(5, 1, 3) ® €_4, proving (b).

Suppose m = 3. From Lemma ??, we know that x|;, factors via

(Ok /p*)*JU = (uy) x (w) ~ Z/2 x 7./6.

where u; = 2w+1, and primitivity of y implies y(u;) = —1. Furthermore, we have y(w) = Cg
with 0 < 57 <5. For u = u; or u = w, we have
(6.4.2) X(u)x*(u) = x(Norm(u)) =1 = x*(u) = X" (u)
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and so x does not factor through the norm if and only if 7 # 0, 3 (see Corollary ??). This gives
four possibilities for x|;, yielding two pairs of conjugate characters, and hence two possible
inertial types of conductor 2°. But, twisting an elliptic curve with inertial type 74 2(5, 1, 3)
by 2 and —2 gives an elliptic curve of conductor 2° and inertial type 7s2(5,1,3) ® eg and
Tse2(D, 1,3) ® e_s, respectively. So, T 2(5,1,3) ® e and 7y 2(5, 1,3) ® e_g must be the two
inertial types of conductor 2°. This proves (c).

Suppose m = 4. From Lemma ??, we know that x|;, factors via

(O /P JU = (uy) x (w) ~ 7Z/2 x 7./]12

and primitivity of y implies that x(w) has order 4 or 12. In the latter case, the image of 7
has size e = 12, a contradiction. So x(w) = =i. Since there are no further constraints we
can have y(uy) = £1. This gives four possible characters. Observe that 0 = x - e_4|x also
has conductor p*, satisfies § |ZQX = 1 and it does not factor through the norm. Moreover, it
satisfies 0(u1) = —x(u1) and since equation (6.4.2) holds for all u € O (note it depends

only on the determinant restriction and not in the conductor), we conclude § # y ' = x*.
Hence the possibilities for x|;, are

X (5,4,4)5 Xf5,4,4)7 X(5,4,4) - €—4, OT (X(5,4,4) ‘574)87
therefore 7 o~ 74 2(5,4,4) or 75 2(5,4,4) ® e_4, as desired.
(Note that the twisted types 7e2(5,4,4) ® e also have conductor 2® but they do not
appear above due to the relations x‘(*57474) = X(5,4,4)€—g and (X(574’4)€,4)S = X(5,4,4)58-) O

6.5. Quadratic inductions, conductor 4. We conclude with the case of conductor 4 = 22.

Proposition 6.5.1. Suppose T is (nonexceptional) supercuspidal, obtained by inducing a
character x of Wy where K O Qy has conductor 4 = 2. Then 7 is given by one of the
following cases:

(a) If Ngp = 2°, then e = 8 and T ~ Ty 2(—4,3,4), Tec2(—20, 3,4).

(b) If Ng = 2%, then e = 8 and T ~ Ty 2(—4,3,4) ® €3, Tee2(—20, 3,4) ® es.

(c) If Ng = 2%, then e = 8 and T =~ Tyeo(—4,6,4), Toc2(—4,6,4) ® es.

Proof. The quadratic extensions of conductor 2% are K = Qy(1/c) withc= —1 or ¢ = —5. In
both cases, we have X|ZQX =e_4s0x(—=1) = =l and x(5) = 1, hence y does not factor through
the norm by Corollary ??. Moreover, the conductor formula (2.3.3) and Lemma 3.1.2 imply
condexp(x) = m < 6. Since all characters with of conductor exponent < 2 satisfy y(—1) =1
we have 3 < m < 6.

We conclude that cond(7) = Np = 2F with k = 5,6,8, thus x is of conductor p™ with
m =k — 2 =3,4,6, respectively. We split in cases according to K.

Case 1. Suppose that K = Q(y/c) with ¢ = —1; this is the case d = —4.

Suppose m = 3. By Lemma ?? and primitivity, we know that x|, factors through

(Ox/p?) = (Vo) = Z/4

and satisfy y(y/c) = £i. Thus, there are two possible conjugate choices and we can take
X|1e = X(-4,3,4)- Thus 7 >~ 7. 2(—4,3,4). This proves (a) for d = —4.
Suppose m = 4. By Lemma 7?7, we have that

(Onc/p')* = (Ve) x (22 1) = 74 < 2.



The previous case and primitivity implies x(2y/c — 1) = —1. Since x(—1) = x(\/¢)* = —1,

we have x(y/c) = +i. Therefore, there are two conjugate choices, and a unique type of

conductor 2°. But, twisting an elliptic curve with inertial type 7y.2(—4,3,4) by 2 gives an

elliptic curve with conductor 2° and inertial type 72(—4,3,4) ® . By the uniqueness of

the type at conductor 2°, we must have 7 ~ 7.2(—4,3,4) ® 5. This proves (b) for d = —4.
Finally suppose m = 6. By Lemma 7?7, we have that

(Ox/p)* = (5) x (V&) x (2V/e—1) ~ 22 x /4 x Z/4

and primitivity forces x(2y/c — 1) = +i. As in the case m = 3, we have x(y/c) = =+i.
As x(5) = 1, this gives rise to four characters. Now observe that § = x - eg|x also has
conductor p°, satisfies § |sz = €_4, and it does not factor through the norm. Moreover, it

satisfies 6(5) = —x(5) and since x*(5) = x(b) we have § # x*. We conlude the possibilities
for x|, are

X(—4,6,4)5 Xf_4,6,4)a X (—4,6,4) '58|K7 (X(f4,6,4) '58|K)S7
yielding 7 = 7y 2(—4, 6,4) or Ts2(—4,6,4) ® eg, proving (c) for ¢ = —1.

Case 2. Suppose that K = Q(y/c) with ¢ = —5; this is the case d = —20. For m = 3,4,
the same argument as for d = —4 applies (see Lemma ?7 for group structures). This proves
(a) and (b) for d = —20.

To conclude, suppose m = 6: we will show there is no inertial type in this case. We have

(Or/p%) = (5) x (V) x 2v/c = 1) /2 X Z/4 x L[4
and similarly as above, we have
x(5) =1 x(-1)=-1, x(Vo)==i, x(2Vc-1)= =i
Note that
X*(2ve = Dx(2ve — 1) = x(Nmgg, (2ve — 1)) = x(21) = e_4(21) = 1,
therefore
X'(2ve—1)=—x(2Ve—1), and x*(Vec)=x(=vc) = —x(Vo).

We conclude that x/x® restricted to inertia is quadratic and so factors via the norm on Oj.
Observe that 1 4 y/c are uniformizers and we have

X (L4 Ve)x(1+ ve) = x (Nmgjg, (1+ Ve)) = x(6) = x(u)x(1 + Vo)*,
where u = (—d — 2)/3. Thus x*(1 + /¢) = x(u)x(1 + v/c). Moreover, we have

u=52-/c - (2y/c—1) (mod p°)
hence
x(u) = x(6)*x(Ve)P’x(2ve —1) = 1+ (£0)* - (+1) = £1,
and we conclude y/x® is a quadratic character. By Corollary ?? it factors via the norm, so

pE is triply imprimitive. This leads to a contradiction as in the proof of Proposition 6.3.1.

We conclude there are no types arising from an elliptic curve for m = 6 and d = —20. 0]
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6.6. Proof of theorem 6.1.6. We are now ready to prove the main result of Section 6.

Proof of Theorem 6.1.6. Since e # 24, by Lemma 3.2.3 and Proposition 2.4.1, 7 is either
principal series or nonexceptional supercuspidal.

The case when 7 is principal series is treated by Proposition 6.2.1. These types all have
conductor 2%, and correspond to case (e-i) of the theorem.

Next, suppose that 7 is nonexceptional supercuspidal with conductor 2% induced from a
quadratic extension M. Then, by Proposition 6.3.1, M has conductor 1 or 4, and these are
covered in Propositions 6.4.1(d) and 6.5.1(c), respectively. This completes the proof of (e).

We are left with the nonexceptional supercuspidal types of conductor # 28. These are
covered by Propositions 6.4.1(a)—(c) and 6.5.1(a)—(b). This implies parts (a)—(d) of the
theorem. Finally, the last part of the statement follows from the fact that principal series
only appear in case (e-i).

O

7. EXCEPTIONAL INERTIAL TYPES FOR E/Q,

Finally, we consider exceptional inertial types which arise only for ¢ = 2.

7.1. Setup and result. Let » = £1, £2 and define the following elliptic curves over Qg
(7.1.1) By, ry? =2 + 3z +2 and Ey,: ry? =2® — 3z + 1.

These curves have potentially good reduction with semistability defect e = 24. We denote
by 7;, the inertial type of E;,. We have N = 0 for all 7,r as above. For reasons that will
shortly be clear, we also set Tex1 := 711 and 7Tex 2 := T2 1. Our final result is as follows.

Theorem 7.1.2. Let E/Q, be an elliptic curve with potentially good reduction, semistability
defect e = 24, conductor Ng and inertial type 7. Then, one of the following cases holds:

(a) [f NE = 23, then T ~ Tex,2-
(b) If Ng = 2%, then T > Tex2 ® £_4.
C) [f NE = 26, then T ~ Tex,2 0% €8, T = Tex,2 X E_g.
(d) If Ng =27, then 7 is isomorphic to one of Tex1, Tex1 ® € 4, Tex1 ® Eg OT Tex1 K €_g.

Proof. Let K = Q2(E[3]), G = Gal(K | Qy) and L = Q3"K be the inertial field of E. From
the proof of Lemma 3.2.3, we know that G ~ GLy(IF3) ~ S, a double cover of P(pg 3) ~ Ss.

From [1, Table 10| we see that all the S, extensions K/Qy are of the form K = Qq(E;,[3]),
where E;, is one of the curves defined in (7.1.1). Therefore, there is a choice of 4, such
that both 7 and 7;, fix the extension L/QY*. We have Gal(L|Q4") ~ & ~ SLy(F3) by
Lemma 3.2.1, and since there is only one irreducible GLy(C)-representation of SLy(F3) whose
image is contained in SLy(C), we conclude that 7 ~ ;.

Note that, for r = —1,2, -2, the curve E, _, is the quadratic twist of Ey 1 by —4,8, =8,
respectively, therefore 751 ™~ Tex o @ €4, To, 2 ~ Tex2 ® €5 and Ty ~ Tex o ® €_g. Similarly,
we obtain 7 1 ~ Tex 1 @ €4, T12 X Tex1 @ €g and Ty g ~ Tex1 @ €_g. Finally, observe that
the conductor of Ej 1 is 27 and that of Fy _; is 2%, thus the eight types split in the 4 cases of

the theorem according to their conductors. 0
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7.2. Explicit characters. Recall that, as in previous sections, we aim for an explicit de-
scription of the types in Theorem 7.1.2 in terms of characters. As explained in section 2.3,
an exceptional type is determined by a triple (L, M, x), where L/Q, is a cubic extension,
M | L a quadratic extension and x: W), — C* a character such that x # x® where s is
conjugation on M | L. Furthermore, we only need to specify x on Ij;.

We now define the inertial types 7! and 72, respectively, as the types associated with the
triples (Lq, My, x1) and (Lq, My, x2) given as follows :

(i) Let Ly = Ly = Qy(u), where u is a root of x® — 2;

(ii) Let M; = Qq(b;) for ¢ = 1,2 be the degree 6 extensions defined by the Eisenstein
polynomials

fi =% — 62° 4+ 182% — 3223 + 3622 — 242 + 10;
fo = 2% — 1982° + 107282 — 884343 + 2492642* — 9882z + 918;

we have L; C M; with M;/L; quadratic ramified;

(iii) Observe that b; is a uniformizer in M;, and Oy, = Zs[b;]. Write py, = (b;) for the
unique prime ideal of Oyy,. Define x;: Wy, — C* to be a character of conductor p}\}h such
that (X1|IMI)A is given by

X1 () = x1'(u2) = x1' (ug) = x{'(us) = =1 and  x{'(us) =1,

where
(7.2.1) (O /oag,)* = (ua) x (ug) x (uz) x (ua) x (us)
(7.2.2) ~ ZJ16 X Z/AXZ]AXZ]2 X Z]2
and

I : b§+1’ ug = 2by + 1,

up = by +1, us = 2b3 + 1

ug = by + 1, AT

We define also xo: Wy, — C* to be a character of conductor p?\/lz, whose restriction x| Int,
is given by (XQ‘IMQ>A(1 + bQ) = 1.

Lemma 7.2.3. We have Tex1 =~ 7' and Tex s =~ 72

Proof. We will write E for E4; or E5_4. Let 7 be the inertial type of £ and (L, M, x|r,,) be
the triple determining 7, so that L/Qs is cubic (tamely) ramified, M | L is quadratic and the
Weil-Deligne representation (pg,0) attached to E satisfies that pg|w, is a nonexceptional
supercuspidal respresentation obtained by induction of x from W), to Wy. Furthermore,
since pg () ~ SLy(IF3) it follows that M /L is ramified, otherwise pg(l3) would not have an
order 8 subgroup isomorphic to the quaternion group.

From [17, Lemma 1| there is an unramified twist p = pgp ® p which factors through
K = Qy(E[3]) and, since p|, = (pr @ p)|1, = pE|n, the inertial WD-type of (p,0) is also 7.

Write K, C K for the subfield generated by the x-coordinates of the 3-torsion points of E.
From the proof Theorem 7.1.2, we have that G := Gal(K | Q) ~ GLy(F3) and P(pg) = P(p)
factors via G, := Gal(K, | Qa) ~ S4.

From all the above, we know that the image of p has order 48, p|y, is an nonexceptional

supercuspidal representation and p|w,, = x® x*®, where s is conjugation in M | L and x # x°.
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Let H C G be the subgroup fixing M. Since M is of degree 6 and p|w,, = x® x?, it follows
that H is cyclic of order 8. There are three order 8 cyclic subgroups of GLy(IF3) all belonging
to the same conjugacy class, so one of them corresponds to H. Since e = 24, |H| = 8 and
M | Q. is totally ramified of degree 6, we see that x is of order 8 but x|, has order 4.

Case E = E5_1. We have T = Tey 5. From [17, Proposition 2| we obtain that K/Q, is the
splitting field of the Eisenstein polynomial

hi =28 — 827 + 262° — 462° + 502* — 3823 + 2242 — 8x + 2.

One checks that fy splits completely over K. In particular, My C K. In fact, one verifies
that M, is the subfield of K fixed by H (i.e., fixed by one of the cyclic subgroups of order 8
in G). Since L, is the unique cubic subfield of M, it follows that, up to replacing M, by one
of its two other Galois conjugated fileds inside K, we have L = Ly, C M, = M. To finish
this case we need to show x|, = Xxa|r,,-

Let py and py, be the unique prime ideals in M and L, respectively. The curve E/L
has conductor p} and v,, (A(M|L)) = 2, hence y has conductor p3, by the conductor
formula (2.3.3). We note that (O /p3,)* is generated by by + 1, therefore y(by + 1) = +i.
This gives two choices for x|r,, which are conjugated by s, so we can take x|;,, = X2
hence 7 = 72, as desired.

Case E = FEy 1. We have T = T 1. From [17, Proposition 2|, we obtain that K/Q, is the
splitting field of the Eisenstein polynomial

hi = 28 — 2827 + 2362° — 2802° — 1042* — 39222 — 16422 — 112z + 2.

As above, one checks that f; splits completely over K, and that M; is the subfield of K fixed
by H; also, Ly is the unique cubic subfield of M; and so, up to conjugating M;, we have
L =1L, C M = M. Now it remains to check x|7,, = x1|1,,-

Let pys and py, be the primes in M and L, respectively. We have v,, (A(M | L)) = 6 and the
curve E/L has conductor pi’, hence x has conductor pi} by the conductor formula (2.3.3).

Recall from (7.2.1) that (O /pli)* is generated by uy, us, us, u4, us of orders 16, 4, 4, 2,
2, respectively. Since x is primitive, we must have y(ug) = +i. Also, since y fixes K and
has order 4 on inertia, it follows that x? fixes K, and x?|;,, has order 2. The field K, is the
splitting field of z* — 423 + 4z + 2 (obtained from the 3-division polynomial of Ej ;). From
local class field theory, we know that x? fixes K, if and only if it is trivial on the norm group
Normg, /(K,). Using the Magma routine NormEquation we check which u; are norms from
elements in K, and we conclude that

|IM

XA(ur) = X (u2) = x*(wa) = xX*(us) =1, x*(ug) = —1.
Similarly, we check which u; are norms from K /M to conclude that x(u;) # 1 for all 4. It
follows that
x(ur) = x(u2) = x(us) = x(us) = =1, x(us) = %1
where the two options are s-conjugated characters. Therefore, we can take x|r,, = X1i|1,,
hence 7 = 7!, as desired. O
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