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The following are notes taken from a seminar taught by Don Zagier at the Uni-

versity of California, Berkeley, in the Fall semester, 2000.

1. PREVIEW

What follows is a preview of what these notes will cover; we defer proofs to the

corresponding sections in the text.

Complex multiplication on elliptic curves over C. Let

§(7) = ¢~ + 744 + 196884q + 21493760¢> + . ..

J(Z:IZ) = j(r) for (i Z) € SLy(Z).

be the modular j-function, where 7 € § = {r € C : Im(7) > 0} and q = 2",
Then

If 7 =u+ivand u € Q, v2 € Q, then 7 is an CM point. This is equivalent to

the requirement that [Q(7) : Q] = 2. In fact, we will see that j(7) € Z, i.e. j(7) is
an algebraic integer. For example, j(iv/2) = 8000.
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Associated to 7 is a lattice L, = Z7 +Z, and hence an elliptic curve E. = C/L.,
and conversely. E has complex multiplication iff [Q(7) : Q] = 2.

An elliptic curve E is a curve of genus g = 1 with a point O € E(C). The group
law (with O as the identity) is unique, and conversely any curve with an abelian
group law is elliptic. As a consequence of the Riemann-Roch theorem, such a curve
can be given an affine model y* = f(z), where f(z) € C[z], deg f = 3 with no
double roots, together the point the infinity O. We can write y? = 23 — 3Az + 2B,
where the double root condition is equivalent to A% # B2. Then we have

3

. A

If E,E' are elliptic curves, we can consider Hom¢(F, E’), and in particular
End(E) = Homc(E,E). When E is defined over C, either End(E) ~ Z or
End(E) ~ ¢p C C, an order in an imaginary quadratic field of discriminant D,
namely Z + Z((D + v/D)/2), for D < 0, D = 0,1 (mod 4). The integers always
occur because we have the multiplication by n map, [n|: F — FE.

3

Ezample. Let E : y? = 22 — . We can indeed “multiply” by complex numbers:

[’L](.’E,y) = (_vay) = (xlvy/)
since if (z,y) € E then (z/,y’) € E. By composition, we can multiply by any
Gaussian integer [a + bi]. Here the lattice L, is given by 7 =i, and j = 1728 € Z.
Ezample. Let E : y* = 2% — 352+ 98. Then 7 = (1 ++/=7)/2, j(r) = —3375 € Z.
Here End(E) = 0_7 =Z + Z((1 +/—7)/2). If we let

u=(1+vV=-7)/2, A= (T+V=-7)/2, B=(-7T+21V/-7)/2,

(2, ) = (u (m N mi) oy (1 . @_BM)) )

has that (2’,y’") € E whenever (z,y) € E.
In algebraic terms, the complex multiplication map can be very complicated; on

the other hand, it is just the map C/&_7 1a+v=n /2]

then

N

Traces of singular moduli. Modular forms (of weight k) are holomorphic func-
tions on $ with

f (‘”*b) — (cr + d)* f(7) for (‘CL Z) € SLy(Z).

ct+d

There exists a meromorphic modular form g(7) of weight 3/2 such that if 7 € 9
of discriminant D then Tr j(7) is the Dth Fourier coefficient of g.

Class field theory. If K = Q(v/D), let D be the actual discriminant, so &p = &
is the maximal order. Then for 7 € $, let D(7) = D be the discriminant and
Am? + Br+C =0for A,B,C € Z.

Then the maximal unramified extension of K, the Hilbert class field H, is gener-
ated by j(7)) over K. This is the only case where H is completely determined, and
it has been a main problem of number theory to compute the Hilbert class field in
a general situation.
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The Kronecker limit formula and Kronecker’s solution of Pell’s equation.
There exist solutions to Pell’s equation u?> — Dv? = 1 (D > 0, D not a square)
constructed using elliptic functions, with applications to explicit class field theory
and the class number formula. For 7 € § and s € C with Res > 1, we define the
(nonholomorphic) Eisenstein series of weight 0

1 Im(7)*
E =— —_—
(7,5) 2 Z |mz + n|?s
m,n€Z
(m,n)#(0,0)
These are similar to the ordinary Eisenstein series

1 ! 1
Ek(T) = 72 7(mT+n)k € M,

for k =4,6,8,.... We have that
at +b
E =F|—— .
(7,) <c7'—|—d’8>
If 7 is a CM point, then
2 Z, 1
4~ (Am? + Bmn + Cn?)*

1|\D
E(T,S):2‘4

If h = 1, this matches the Epstein zeta function

Gl = Y G

TE€Z?

If A is an ideal class, K = Q(v/D), then we define the partial zeta function

1
(k,a(s) = 5
KA %N(a)

The Kronecker limit formula calculates ¢/(7) where

E(r,s) = ﬁ + (1) 4+ O(s — 1).

This gives information about special partial zeta functions, Epstein zeta functions,
and Eisenstein series, all at once.

There is also an application to the Chowla-Selberg formula: If T is a CM-point,
then j(7) € Q. This is equivalent to proving f(7) € Q for all modular functions
f over @, meromorphic functions in § invariant under SLy(Z) or a congruence
subgroup. This follows from the fact that f(7) is algebraic over j(7). It is also
equivalent to saying there exists {2, € C* such that f(7)Q-% € Q for all modular
forms of weight k and all k& (to see this, set fi € My, fi(7) = Q,, so that for

f e My, f/ff e My).

Application to Diophantine equations (Villegas). We have a functional equa-
tion

L(87¢k) = CL(k - 3,¢k_1)
for some constant c; so if k is even, one may look at the central critical value
L(k/2,4"*~1). We obtain a value for L(1, s), which tells us on the BSD whether there
is a point on the corresponding elliptic curve. This can be used to (conjecturally)
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answer the question of Sylvester, asking for the primes which are sums of 2 (rational)
cubes, e.g. 13 = (7/3)3 + (2/3)3.

L-series and CM modular forms. To every elliptic curve E/Q, we can associate
an L-series

pe/es =[] (1- 2+ p)

p p

for a, € Z where |a,| < 2,/p (we must omit in finitely many cases the last term in
the denominator). If E : y? = f(x), then

flz
ap =p—#{(z.y) €Fp 1y’ = f2)} = - ) (;) '
z (p)
If £ has CM, then there is a closed formula for a,. In the first example,
Z (x3x> _J0, p=3 (mod4)
p B +24, p=1 (mod4), p= A% +4B%

z (p)

This is due to Gauss, with a formula to determine the appropriate sign. For the
second,

3 (:ﬁ 35x+98) o, (p/7) = —1
p C 424, (p/7) = +1, p= A> + 7B

z (p)

Question. Is there an elementary proof of this?

When E has CM, its L-series L(F, s) arises simultaneously as a theta series, an
L-series of a Hecke character, and a Hasse-Weil zeta function. This shows that the
three kinds of L-functions, those from algebraic geometry (like Dirichlet L-series),
those from algebraic number theory (like the Riemann ¢ function, L(s, X), (x(s),
Artin L(s,7), Hecke Lk (s,) for an adelic character ¢), and those arising from
automorphic forms are linked in an important way (as contended by the Langlands
program). In general, these three can be quite different.

If Q(x1,...,r2y) is a positive definite quadratic form Z2" — 7Z, then
> ¢ =0q(r) € My,
TEZL2N

is a modular form for some congruence subgroup. We may also insert a homoge-
neous polynomial P(z1,...,xap) of degree d that is spherical, and then

3 P@)q?® = 0g,p(1) € Mypa.

I€Z2h,

These O series in fact span the space of modular forms (there are also special types
such as Eisenstein series).

If h =1, @ is a binary quadratic form of discriminant D < 0 and hence arises
from an order Op; we say 0g.p € Mgy is a CM modular form. Then d =k — 1,
and 9 corresponds in some sense to the polynomial P(x).
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Other topics. There are also some other topics which arise in this context, in-
cluding factorization of (norms of) (differences of) singular moduli (the values
J(2i) = 2333113 and j((1 + /—67)/2) = —2'53353113 demonstrate this compact-
ness), Heegner points (in some cases, an elliptic curve can be shown by CM theory
to have a nontrivial solution), special values of Green’s functions, and a higher
Kronecker limit formula. These topics are not covered here.

2. COMPLEX MULTIPLICATION ON ELLIPTIC CURVES OVER C

Elliptic Curves over C. We begin with a review of the theory of elliptic curves
over C. For more information about the material in this section, consult [7], [9],
[18], and [4].

Theorem. The following are equivalent definitions for an elliptic curve E over C:

(i) A compact curve (Riemann surface) E of genus 1 (one topological hole),
with a marked point O € E;
(ii) A curve E which is also an (abelian) group;
(iii) E = {(z,y) € C?: y* = 23 — 3Az + 2B} U {o0};
(iv) E=C/L for a full lattice L.

Proof. (iv) = (i): Choose a fundamental domain for L, which will be the shape of
a parallelogram. Identifying the edges, we get a torus.

(iv) = (ii): £ = C/L is the quotient of an abelian group by a subgroup.

(i) = (iv) [18, Proposition VI.5.2]: If F is a curve of genus 1, let w = dz/y be
the invariant holomorphic differential on E. We then map z — fg w € C. In fact,
since any two paths from O to z differ by something homologous to an element of
Zw + Zws where 71, 2 generate the first homology of the torus and fw w = w;, we
have a map E — C/L, and this is a complex analytic isomorphism of Lie groups.
For a topological proof, we can take the universal cover, which is C modulo the
fundamental group of E (a lattice).

(i) = (ii) [18, Proposition I11.3.4]: If P;, P, € E, we need to produce a Ps(=
Py + P,) and check that it satisfies the axioms of a group law. Let V' be the set
of meromorphic functions f on E with a pole of order < 1 at Py, P», and no other
poles. By Riemann-Roch, dimV =2. So V = C& Cf for some nonconstant f. Let
g(z) = f(z) — f(0). If g had no pole at P, or P», the dimension of V' would drop to
just a constant, so g must actually have only a simple pole at each of these points.
Since principal divisors have degree zero, we have

(9) = (0) + (P3) — (Pr) — (P2)

for some P3. This definition is compatible with the group law.

(i) = (iii) [18, Proposition III.3.1]: By Riemann-Roch, we find that there are
no functions with only a simple pole at O, but there is one with a double pole at
O, which we call . Continuing, we find a function y with a triple pole at O and
further a relation between 1,z,, z2, zy,y?, 2> in degree 6. We can reduce this to
obtain a Weierstrass equation of the form above and check that this does indeed
give an elliptic curve.

(if) = (i). Since the only surface with a group law must have topological Euler
number zero, we find y =2—-2g=0so0 g =1. (]
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The group law on the elliptic curve can also be characterized by the following:
if P,P,P; € EN{ C P2 where { is a projective line ax + by + cz = 0, then
Py + P, + P3 = O. The function defining ¢ has divisor —3(0) + (Py) + (P») + (Ps).

We let Jac(E) be the set of degree zero divisors Div®(E) modulo principal divisors
(f); then Jac(E) = E = C/L [18, Proposition II1.3.4]. Recall that if D = >, n;(2;)
for m; € Z, z; € E, then D = (f) is principal iff Y ,n, = 0 and >, n;z; = 0.
If f is principal, look at [, f'(2)/f(z)dz and [,, z(f'(z)/f(z)) dz around the
boundary of a fundamental domain. For the converse, we can use the group to
replace ny(x1) + na(z2) with a term of the form (z1 + x2), so we can reduce this to
zero, which therefore must be constant so f is principal.

Elliptic functions. As a reference for elliptic functions, consult [11], [20], [3].
From now on, let E = C/L, L = Zwy + Zws, where Im(w; /wa) > 0.

We let C(E) be the set of meromorphic functions on E, which if we extend
by periodicity is the same as the set of meromorphic functions f on C such that
f(z4+w) = f(2) = f(z + we) for all z € C, which are doubly periodic and also
called elliptic functions.

Proposition. If f € C(E) has zeros and poles z; € C/L with multiplicities m;, we
have Y, m; =0 and ), m;z; € L.

The reverse implication, that given the z; and m; satisfying these conditions we
can construct a (unique) elliptic function with the designated zeros and poles is due
to Abel-Jacobi, as we will see below.

Proof. (See also [18, Proposition VI.2.2], [7, Proposition 9.2.5].) If near z; we have
f(z) =clz—z)™ (1 +...),s0 f'(2)/f(2) = m;/(z — z;) + ... has a simple pole
with residue m;. If we choose the fundamental domain such that no z; is on the
boundary of a fundamental domain (which we denote OL), we have by integrating
along the edge that

f'(2)
dz =73 ,m; =0;
oL f(2) '
by a direct calculation involving the periods of the lattice we find
f'(z)

z dz =) .muz; € L.
o 1) T 2

Let z € C/L; the function

1 1 1 1 "2z 322
0=+ ¥ (o) —a+ X (B E+)
0#weL w
1 "1 9 "1 "
is even, doubly periodic, and has a unique double pole at zero [18, Proposition
VI1.3.1]. This function is called the Weierstrass p-function. Since

2
o' (2) :75+202+...
we have
©%(z) = = + St = 4p(2)° — g20(2) — g3
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g3 is in fact a constant because the difference p?(2) — 4p(2)% — gop(2) is elliptic
but has no pole and thus must be constant [18, Proposition VI.2.1]. Thus y? =
423 — gox — g3 is an explicit way to get a Weierstrass equation for F.

If 7 € 9, ¢ = €27, then we let L, = Z7 + Z (substitute 7 = w; /ws to get a new
lattice and then rescale our functions). We then have

E=E, =C/L~{(z,y):y*> =2* — 3E4(7)x + 2E4(1)},
where E4(7), Eg(7) are the Eisenstein series of weight four and six [16, §VI1.4.2]:

12«1
E4(T):WZ J:1+240(q+9q2+28q3+-~+03(n)qn+-~)
€L

216

Eo(r) = e

Z % =1-—504(q+33¢° +244¢> + - - - + o5(n)q" +...).

The way to remember these formulas is to let 7 — 00, so that the lattice becomes
compressed and we approach a degenerate (singular) curve, y? = (z —a)?(z — ) =
23+ 022 + - = (z — @)?(z + 2a) which after scaling becomes y? = (z — 1)?(z +
2) = 23 — 3z + 2 which give the coefficients 3 and 2 on the standard model y? =
3 — 3Ax + 2B.

Complex multiplication. We look at
Hom¢(E =C/L,E' =C/L')~{a€C:aL C L'}

(see [18, Proposition IV.4.1]). Topologically, if we have a map f: C/L — C/L we
can lift it to C — C. f is a homomorphism of groups which is complex analytic, so

locally near 0 it has power series f(z) = 3277, a;27 (f(0) = 0). Now f(z1)+f(22) =

f(z1 4 22) for small 21, z9, so in particular f(2z) = 2f(z) for small enough z and
therefore

Zaj(Qj —2)z2=0
j=1

which implies a; = 0 for all j # 1. We extend this to all of C by f(z) = nf(z/n)
for appropriate n so that f(z) = az for some o € C. We have shown:

Proposition. We have
End¢(E) = Home(E,E) ={a € C:alL C L}.

Therefore Z C End¢(E) = €, but it may be bigger. Since a € & iff oL C L iff
awy = awi + bws, aws = cwy + dws for some integers a, b, ¢, d, we conclude
w1 ar +b

wQZT:cr+d

so cr?+(d—a)T—b = 0. In other words, a = c7+d, ar = at+b,soa € ZT+7Z = L,
so Og C Zt + Z. This quadratic equation must have discriminant < 0 (since it
must have complex roots), so in this way we obtain an an order in an imaginary
quadratic field [18, Proposition VI.5.5].

Theorem. If E = E,, then ¢ = End(E) = Z if 7 is not imaginary quadratic;
otherwise, O is an order in an imaginary quadratic field Q(\/ﬁ), D <0.
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Since D < 0, we have D = 0,1 (mod 4) (if AT2+B1+C =0, D = B2—4AC <0
so D =0,1 (mod 4), and conversely), and we write
Op ={(m+nVD)/2:m,n€Z, m=nD (mod2)}
= Z+ Z(D +VD)/2

_Jz[y—n], D=0 (mod4),D=—4n;
~\zla+vD)/2, D=1

Let E:y? =23 — 3Ax + 2B (A3 # B?); we define
J(E) = (124)*/(A° — B?),

the modulus of E; since we can always map (z,y) — (c®z,c%y) and (4, B)
(c*A, ®B), the ratio A3/B? and hence j is well-defined up to change of coordinates
18, §3.1].
Definition. We say E has CM if End(E) = Op for some D, i.e. there exists 7 € $
with [Q(7) : Q] = 2 such that E = E,. If E has CM, j is called singular.

So far, A, B may be in C, but we will show that j € Q.

j is Algebraic. The Eisenstein series Ey, Fg are in fact modular (more on this
below):

Ey(1)=1+240g+ ..., 80 E3(1) =1+ 720q + - - - € My2;

Ee(t) =1-504g — ..., s0 E2(1) =1 —1008q + - - - € Mys.
Therefore E§ — EZ = 1728 + -+ € M2 so [16, §VI1.4.4]
ES_EZ
A(T) = 25 =q—24¢> +252¢° —--- — 6048¢° + ...
(1) = —Tmag =9~ 24" +252q 6048¢" +

=q[J(-q")** #0€e M.
n=1

Remark. Note —6048 = —24 - 252, and the multiplicativity of the coeflicients of A
was first proved by Mordell.
We let

Eur)? 1
J(E)=3§(E,) =j(1) = A“ET; =3 + 744 + 196884q + 21493760¢% + . . ..
T
at +b a b
If r— o for v = (C d) € SLy(Z) =T1 =T, we have

Ly =[r,1] =[at + ber +d] = (T + d)L(a‘r+b)/(CT+d)
so j(1) = j(v(7)) for all v € T.
Theorem. If E has CM, then j(E) = j(1) € Q.

Proof. (See also [18, Appendix C, Corollary 11.1.1].) Let End(F) = €p and 7 € 9,
and assume A2+ Bt +C = 0, A,B,C € Z, ged(A,B,C) = 1, A > 0. Then
7= (—=B+VD)/2A, D = B? — 4AC < 0.

If « € End(E), a(Z7 +7Z) C ZT + Z, so at = aT + b, a = cT + d; that is to

say, there exists M = “ b> € M5(Z) with det M = ad — bc = n > 0. Then

c d
er? + (d — a)T — b = 0, so there exists u € Z such that ¢ = Au, d — a = Bu,



10 COMPLEX MULTIPLICATION

—b = Cu after matching coefficients, and certainly ¢t € Z such that a +d =t. We
have therefore that

M= (Z Z) B <(t _qu)/Q (t fgifyz) €t

where .#,, C M3(Z) denotes integer matrices with determinant n.

Therefore, there is a one-to-one correspondence between matrices M € .,
subject to the above conditions and integer pairs (¢,u) € Z; this is also in bijection
with elements A = (t +uv/D)/2 € Op with

N(\) =\ =n, trA=A A4+ A=t

(note det M = n = (t? — B%u?)/4 + ACu? = (t* — Du?)/4 so that e.g. D = B
(mod 2)).

Now we have an explicit description of the ring End(E) = €p. L, =Z1r+Z C
K = Q(v/D), with L, a proper @p-module. If a C K is an ¢p-module with aa C a,
then o ~ ca has the same multiplier, so we let C1(D) be the set of proper &-modules
modulo K*, the class group, which is known to be finite. We let # C1(D) = hp,
the class number.

So C/a = E, has CM by Op. For fixed D, the set of elliptic curves with
CM by Op is in bijection with ClI(D), which is finite. On the other hand, if
y? = 23 — 3Ax + 2B, A% # B2 and o € Aut(C) = Gal(C/Q), then A3 # B?7,
and have the curve E : y? = 2% — 34°2 4+ 2B°. But ¢ maps preserve addition,
multiplication, so algebraic properties (including the endomorphism ring) are also
preserved. Thus

#{j(F): E has CM by 0p} = h(D),
and there exists a subgroup G C Gal(C/Q) of index < oo (< h!) such that o € G,
E ~ E°?, which implies j(E}),...,j(Exr) € C¢¥ = H/Q is finite. A complex number
with only finitely many conjugates is algebraic, so H?Zl(X —j(Ey)) € Q(x). O

We have actually proven:
Theorem. For all D < 0, D = 0,1 (mod 4), there exist exactly h(D) noniso-
morphic elliptic curves with End(E) = 0p = Z + Z(D + v'D)/2. Denoting these
Ey, ..., Ep, we have hp(X) = [['_, (X — j(E))) € Q[z].
Ezample. f D=—7, (D) =1,80a=Z+Z(1++V/-7)/2,j=7((1++V/-7)/2) =
3375, h_s(x) = x + 3375.
Ezample. Tf D = —20, h(—20) = 2, and h_y(z) = 22 — 12640002 — 681472000.

3. COMPLEX MULTIPLICATION: A MODULAR POINT OF VIEW

Theta series. We want to now utilize the correspondence between elliptic curves
and modular forms. For more information on modular forms, consult [13], [21], and
[18, Appendix C, §12].

If E =C/L, L = Zwy + Zwy, wao(Zt +Z) = wol,, 7 = wi/ws € 9, then
E ~C/L; = E,, so we can restrict our discussion to these curves. We have

_ B at +b B 1 ab _
L,y.,- = LZIIdb =7 <CT+d> +7Z = (CT+d) L. for (C d> el = SLQ(Z),
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so 7 ~ v(7). We defined the Weierstrass p-function

which we write now as

p(z, 7+Z (z+m7+n) _(MTin)2).

m,ne”Z

We have p(z +m7 +n,7) = p(z,7) and

z ar+b\ 9
o (g ) = e+ Pt

This behaves like a modular form of weight 2.
The most famous of these series are theta functions [7, §10.2]:

0(z,7) = Ooo(2,7) = Z exp(min?t + 2minz).

We have 0(z+ 1,7) = 0(z,7), 0(—=z,7) = 0(2,7), and

0(z+7,7) = Z exp (7ri(n2 +2n)7T + 27rinz)

= exp(—miT — 2miz) Z exp (mi(n + 1)*7 + 2mi(n + 1)2)

= exp(—miT — 27miz)0(z, 7).

These series also carry the properties of a modular function, but they are not quite
elliptic, since

0(z 4+ m7 4+ n, ) = exp(—mim?*t — 2wimz)0(z, 7).

We define
000(2,7’) = 9(2,7’)
90%(2,7) =0(z+1/2,7)
9%0(2,7) =0(z+71/2,7)
6‘%%(2,7') 0z+(14+7)/2,7)

by adding the 2-torsion points of E = C/L. These satisfy similar formulas as the
above. We map [7, §10.3]

C/L >z (0oo : 6oy : 0100 ) € P2

Nl=

1
3
We have 01 1 (z,7) =0 iff z € L, since the total number of zeros plus poles is zero,

and by takmg fBL 2)/0(z) dz, we see we have a unique zero, so it must be at the
origin and the zero must be simple. (Alternatively, one can prove this fact using
the Jacobi triple product [10, §3.2, Theorem 2].)

Ifn;€Z,2z €C/L, Y ,n;=0,>,n;z € L, then we let

f(z)= HQ%%(Z — 2, 7)™

i
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This is a doubly periodic function iff the above conditions are satisfied (just sub-
stitute z — z 4+ 7 in the above formulae). We now have constructed an explicit f
with the desired zeros and poles which is elliptic.

Proposition. A function f is elliptic iff it has zeros and poles at z; € C/L of
multiplicity n; with Y .n; = 0 and Y. n;z; = 0, and conversely, there exists an
elliptic function f with the prescribed multiplicities under this hypothesis.

Modular forms. For I' = SLy(Z), M), = My(T') is the space of modular forms of
weight k& on I, that is to say f: $ — C is holomorphic, f satisfies

! (Z:ig) = (er + d)* f(r) for (Z Z) €T,

and has less than exponential growth, i.e. f(x + iy) = O(y°) + O(y~°) for some ¢
(which implies f(z +4y) = O(1) + O(y~*)) [16, §VIL.2.1].
We know that dim M}, < oo [16, §VIL.3.2, Theorem 4], and in fact

k dim Mk Mk
<0 0 -
odd 0 -
0 1 C
2 0 -
4 1 CE,4
6 1 CEg
8 1 CEs = CE?
10 1 CE19 = CE4F;
12 2 CE12 & CA

where the dimension cycles with period 12. The generating forms Es; are Eisenstein
series,

1 1 4k &

Ei(r)=5 Y ————p =1+ o a(n)g”

1) 2 d(m,n) 1(m7+”)k (= By, ok-1(n)g
ged(m,n)=

where o;—1(n) = X2y, d*~! and By, is the kth Bernoulli number.
So M, = C(E4, Eg), that is to say the modular forms are generated by E, and
Eg. This is also true of Gy € C(Gy4,Gg). Recall

p(z) = 2—12 +3G4(1)2? +5Ge(T)z* +..., 2—0
hence
¢'(2)* = 4p(2)* — Ga(7)p(2) — Go(7).

This gives a recursion for each G}, as a polynomial in the earlier Gy, for k > 6.
We have found that there is a bijection

{E/C elliptic curve} <— {L C C lattice}/C* <—— /T’
ol Jw
C/L 1L
Zwy + Lws ——— w1 /wo
IZr+72<——-T7T
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There is a map j : /T — C by

. _ E4(7')3 _ 1728E4(T)3
T (1) = A(T) - Ey(r)3 — E6(T)27

and similarly one for the set of elliptic curves by j(E;) = j(7). Indeed, there
exists a unique 7 € § such that f(7) = E4(7)® — MA(7) = 0 for any A € C
(the integral [,, f'(z)/f(2) dz vanishes exactly once, so this zero must be ) [16,
§VII.3.3, Proposition 5].

We can modify the above bijection as follows:

{E/C CM elliptic curve} <— {7 € /T : [Q(7) : Q] =2}

These sets are now countable, and if D < 0, D = 0,1 (mod 4) is fixed, then the set
with CM by Op is in fact finite, as we shall see.

Quadratic forms. For more information, consult [5, §VIL.2] and [11, §8.1].

Definition. Let 2p be the set of positive definite quadratic forms of discriminant
D, i.e.

2p{Q =[A,B,C]: Q(z,y) = Az* + Bay + Cy*, A,B,C € Z, D = B* — 4AC}.

We denote by 2% C 2p be the subset of primitive quadratic forms, i.e. those
with ged(A,B,C) =1, A > 0.
a b
cd
that Q/T < oo (it is a class number).

Let Op = Z 4+ Z(D 4+ vVD)/2 € K = Q(vD) be an order in an imaginary
quadratic field. We define

For v = < ) € I', we have (Q o v)(z,y) = Q(azx + by, cx + dy). We will show

ClI(D) = {a C K : (Z-rank 2) proper Op-modules, mult(a) = Op}/K*

where mult(a) = {\ € K : Aa C a}. We let h(D) = # CI(D).
Since 2% /T ~ C1(D), we know

2p = | | n2,,:

n?|D

and thus #2p =3 2 p h(D/n?).

To each Q = [A, B, C] we associate ZA +Z(B ++/D)/2 = a. We do this because
the root 7 = (=B + V/D)/2A of At?> + BT + C = 0 gives rise to the correct
lattice Zr 4+ Z. We have mult(a) = Op, since Aa C a iff M4, \(B + vVD)/2 C
ZA + Z(B + v/D)/2, which can be written in matrix form

N ((B +X5)/2> _ (ccz Z) ((B +;4/5)/2>

for some a,b,c,d € Z. For a fixed choice of a basis, we have mult(a) ~ End(E) —
M5 (Z).
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Relation to CM points. Recall that 7 has CM iff there exists M = (Z Z) €

M5(Z), det(M) > 0 with 7 = M7 for M not a scalar matrix (also see [2, I, §5]).
We let tr(M) =t and det M = n = (t> — Du?) /4.
We are therefore interested in the set of matrices

Me My ={M € My(Z) : det M =n, tr M =t}.

We may assume that t2—4n = Du? < 0 (so that M is an elliptic hyperbolic isometry
and therefore has at least one fixed point). In order to study M7 = 7, we look at
the map 7 — M7 = 7/ for fixed 7 € §. We have an induced map j(r) — j(7'),
which runs over a finite set as follows: since j(MT) = j(yMT) for v € I', we have

(") 7" =Mr, M€ M} ={j(M7): M €T\ M}

We relate two matrices if they differ by multiplication by an element of SLy(Z),
therefore by the calculation

a b\ (a V\  [(ad +bc ab +bd
cd)\cd d) \dc+cd Ve+dd )’

and the assumption ged(c,d) = 1, we may assume M = (a b

0 d> with ad = n,

a,d > 0. We then multiply

IR

to bring 0 < b < d. We have shown [16, §VIL.5.2, Lemma 2]:

Proposition.
a b
F\///nz{(o d) cad =n, 0§b<d},

so #(U\ Mn) =3 g, d = 01(n).
In particular,
{J(M7): M e #,} ={j((ar+b)/d):ad =n, 0 <b< d}
and 7 has CM iff j(7) is in this set.
The modular polynomial ¥. The next major result needed in this section re-
gards the classical polynomial .
Theorem (Modular equation). For all n > 1, there exists a polynomial
U, (X,Y) e ZIX,Y]
such that
{j(MT7): M e T\ A,} = {roots of U,,(X,j(7))},
i.e.
U, (X)) = [ X—iMr)= ] (X —j((ar +b)/d))
MEeT\ Ay, ad=n
0<b<d

with deg ¥,,(X, j(7)) = o(n).
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Ezample. We have U(X, (7)) = X — j(7),
Uy(X,Y) = Y3 — (X2 — 1488X + 162000)Y2
+ (1488 X2 + 4077375X + 8748000000)Y
+ (X3 — 162000X 2 + 8748000000X — 157464000000000).

and
Us(X, (7)) = (X = jBm))X = 5(7/3)(X = j((T +1)/3)(X = j((T +2)/3));
for j(7) = ¢~ + 744 + 196884q + ... for ¢ = €>™'7 this gives
U3(X,5(7)) = (X —q 2 — 744 — 196884¢> + ...)
(X —q7Y3 — 744 — 19688443 + ...)
(X = (2P — 744 — 1968842 3 + )
C(X =GP — 744 — 196884Csq"? + ... ) € ZICI[X]((¢"?)).

Proof of theorem. (See also [2, I, §4, Theorem 1].) ¥,,(X, j(7)) is holomorphic in 7,
I-invariant under 7 +— 7, M7 +— M (y7) = (M~)(7) and is bounded at infinity (it
has a finite pole of order n); any modular function satisfying these is a polynomial
in j(7) (see [17, §6, Proposition 12] or [11, §5.2, Theorem 2]).

A priori, ¥,,(X,5(7)) € Z[G.][X]((¢"/™)) since j((aT + b)/d) = Chq /¢ + .. ..
The coefficients of fractional powers of ¢ sum over a fixed power of a primitive
nth root of unity, hence all powers are integral. Moreover, the Galois group acting
on j(MT) just permutes the factors, hence ¥, (X, (7)) € Z[X]((¢g)). Inverting,
q=j(r)7t = 7445(1)72 — --- € Z((1/5)), so ¥, (X, j(7)) € Z[X]((1/5)), therefore
by the above ¥, (X, j(7)) € Z[Y][j]. O

We have shown [2, I, §5, Theorem 2]:

Corollary. j(7) € Z.

If 7 has CM, there exists M € .#,,, M not a scalar matrix, such that M7 = 7.
Then ¥, (j(7),j(M7)) = 0, and j(7) is a root of ¥, (X,X) € Z[X]. To avoid
trivialities, we must check that this polynomial is monic and not identically zero.
To do this, we will prove the following below:

Claim. U, (X,X) = £X°) + . where a(n) = > max(d, n/d) > o(n) when
n is not a square.

A word on the polynomial ®. In parallel to
\I/n(Xaj(T)) = H (X—j(MT)),
MeT\ A,

we let

o,(X, ()= [[ X-ir)

MeD\.#2

where .#,) runs over primitive matrices (i.e. ged(a,d) = 1). The same proof as
above shows @,,(X,j(7)) € Z[X, j(7)]. We have

\I/n(ij(T» = H (I)n/ZQ(ij(T))'
£2|n

U,, has better analytic properties (because there is no primitivity condition), but
®,, is better algebraically (it is irreducible).
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Cyclic isogenies and the modular group. For the results of this section, con-
sult [11, §5.3]. We are therefore interested in roots of ®,(X,j(7)), i.e. 7,7 € /T
such that U(j(7),7(7')) = 0; this is the same as 7 ~ 7", 7/ ~ n7”, for some 7",

where ~ denotes equivalence under I'. But any v € I" can be written v; (g (1)) Yo,

so after scaling we obtain
0—Z/nZ — E — E — 0,

a cyclic isogeny, corresponding to the inclusion of lattices F = C/L «— C/L' = E',
with deg(E’ — E) = n. In other words, ¥, (5(7),j(7')) = 0 iff there exists a cyclic
n-isogeny E' — E.

To study these, we must define congruence subgroups. We have SLo(Z) =11 =

Ty(1) =T1(1) =T(1), but we also have for v = (z Z) € I' the subsets

To(N)={y:¢=0(mod N)} DT (N)={y:a=1 (mod N),c=0 (mod N)}
ODI(N)={v:a,d=1 (mod N),b,c=0 (mod N)}
Since I'(N) «T';, we have an exact sequence
1—-TI(N)—>Ty — SLy(Z/NZ) — 1.

These are the modular groups. Just as 'y \ $ parameterizes elliptic curves, Io(N)\ 9
parameterizes triples (E, E’, ¢) with ¢ : E — E’ a cyclic N-isogeny. There are only
finitely many sublattices of index N, so there are only finitely many E’ for a fixed
E. Equivalently, we can look at the kernel

1—-Z/NZ—E—E —1,

which corresponds to a subgroup of order N in E. In sum [18, Appendix C, §13],
7, §11.3],

Yo(N)=To(N)\ o« {(E,C): E,C =7Z/NZ C E}
Yi(N)=T1(N)\$H«— {(E,P) : E,P € E of order N}

Y(N)=T(N)\ 9« {(E,P1,P): P, P; € E a basis for N-torsion}

We can also take their compactifications Xo(N), X1(N), and X (N).
We have a map j : To(N) \ 9 = Xo(N) — $ ~ P{. Thus
{(X,Y)eC?:9,(X,Y) =0} = {(j(F),j(E")) : E' — E n-cyclic}
= {([E],[E"]) € X(1)®: E — E’' n-cyclic}.
So we have a map j : Xo(N) — X(1)2 — P! x P! by (E,E’) — ([E],[E’]), and

hence we obtain a model for this curve. This is generically one-to-one, but may be
singular [18, Theorem 13.1].

A CM elliptic curve is cyclically isogeneous to itself, E 2. B ~ E. If we look
on the diagonal,

(X, X)=0=T, C X1 x X;.
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If 7 € 9, 7= 1 where Q € 2% (which is to say B2 —4AC = D, AtT>+B7+C =0,
A >0, ged(A, B,C) =1). From before,

End(F) ~{M € My(Z) : M7 =7}U {0}
«— Op={(t+uVD)/2:t,ucZ, t=Du (mod 2)}

where we associate to A = (t + uv/D)/2 the matrix

M= ((t _iU)/Q (t Jr_gg)m) '

We have tr M = Tr A =t, det M = NA =n = (t* — Du?)/4.
Therefore

|_| 29 = U{ﬁxed points of M € .#,,}.
D n

For fixed n, we have t? —4n = Du? < 0; hence |t| < 2y/n, which allows only finitely
many ¢, hence only finitely many u (if we assume n is not a square), and thus
finitely many D.

Calculation for n = 2. We will now give an extended derivation of the fact that
Py (X, X) = (X —8000)(X + 3375)%(X — 1728).

The first term corresponds to j = 20% = 8000, D = —8; j = —3375 = —15°
corresponds to D = —7, with the curve 2 = 2% 4 352z — 98; and j = 1728 = 123,
with the curve y? = 2% — 2. Since |t| < 2¢/2 < 3, we have t = 0, 41,42, which gives
d = —8, =7 (twice), and —4 (twice, but we count it only have the time because of
the extra involution of ¢ in the fundamental domain—more on this below).

We can find these roots from another point of view. We want all E such that
there exists a 2-isogeny F — E,0 — (T) = F - E — 0 where 2’ = O so T is a
2-torsion point, which is to say we want the set

((E,T):T€E, 2T =0, E/(T) C E}

for a fixed isogeny. In the Weierstrass model y? = 2° + A2z? + Bz, —(z,y) = (z, —y)
so 2T = O iff y = 0; after translation we may assume that 7" = (0,0). (Note that
this implies X (2) is rational, as we can always rescale A — A\A, B +— \2B, so we
have a unique choice A2/B € C determining the curve uniquely.)
To E and T we want to associate E' = E/(T), so to P = (z,y) € E we associate
P*=P+T = (z%,y*) = (B/z,—By/2?), and (P*)* = P. We have
zx* =B
r4+a*=x+Bj/x=¢
y+y* =yl - B/z*) =1
yy*=—-B(x + A+ B/z) = —-B({+ A)
This implies n?> = (£2 — 4B)(€ + A), so we obtain the curve E' : n? = & +
A€? — 4B¢ — 4AB. According to our model, we take £ — & — A = ¢ and have
n? = ((¥—A)? —4B) 9.
So E/(T) = E', E/(T") = E, and Y"? = X3 + A’X"? + B'X' for T' = (0,0),
hence A’ = —2A, B’ = A> —4B. A” = 4A, B" = A”> —4B"? = 16B, so E" ~ E.
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So we have a general description for 2-isogeny:

2 /9\3 2 /2\3
J(E) = 1728M = 1728((11_22//1)) =J
where we let t = A2/B, and
J(E) = 17285;; ’_4221/25 - 1728(t1+_ié}23 =7
We can now look for a relation between these two functions. Rewriting, we have
o 443123 L 41 +1?)3
ST N I T

and we get ®o(X,Y) = 0. Setting them equal, we have j = j' iff
(B — A?/4)(B — A?/3)® = B(B + A%/12)3.

If A=0, 7 =j = 1728, so this gives one solution. Since A’ = —2A, B’ = 4B =
A% — 4B so A? — 8B = 0 is another solution ((1—2)(1—8/3)3 = (1+2/3)3): A% =
8B = 8000. What is left is a quadratic equation: letting A = B/A?, ' = 1/4 — ),
B A\, A 1, we obtain (A — 1/8)(A\? — 1/4\ +4/81) = 0. We find the final root

n $H
1 5y=T
A==+ ——— | = —3375.
s T
Therefore if B 2 E, we have one of the following curves: If D = —4, we have

y?> = 23 + Bz, and
2 2
y° y(z*—B)
(@,y) <2ix2’ 2(1 — i)x2> '

If D = —8, we have y? = 2% — 30c?z + 56¢3, and

y2 _y(zZ — 8cx — 2¢2)
(z,y) — <4C 2z —4c)’ 2v/=2(x — 4c)? )

And if D = —7, we have y? = 23 — 35c%z — 98¢?, with a complicated rule.

4. A CLASS NUMBER RELATION AND TRACES OF SINGULAR MODULI

For the development of this section, see [22].

Hurwitz-Kronecker class number relation. For K = Q(v/D), we have the
class group
Cl(D) ={a C K : a Z-rank 2, mult(a) ~ Op}/K*
We let # CI(D) = h(D). We define
h(D)
(1/2)w(D)
where w(D) is the number of roots of unity in Q(+v/D), thus

(D) =

1/3, D=-3
W(D)=41/2, D=-4
h(D), otherwise.
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We have 2p D 29, together with an action of I, and
'\ 2% ~ClyD)
[A,B,C] — (z — N(z)/N(a)), a = ZA+Z(B + VD)/2.

where Q — 7, a root of A7? + BT+ C = 0. Let

hD)=#T\2p)= > 1

Qer\29

and thus
1
h' (D) = —
o= ¥ g
€r\29,
where #I'g is the stabilizer of Q by I' = PSLy(Z). We let H(D) be the same

expression dropping the primitivity condition (though we now may no longer have
the full endomorphism ring), i.e.

1
QeM\2p Q
H(D) is called the Hurwitz class number.

Ezample. The first nontrivial example is d = —D = 15, and we have the roots
T=(1+4++vV-15)/2, 72 —7+4=0,and 7 = (1 +/—-15)/4, 27> — 7 +2 = 0. We
find A(15) = H(15) = 2, and

j_ 101025+ 85995v/5
- : :

respectively.
Continuing in this way, we have

|D| | (D) | HD) || |D| | M(D) | H(D)
3 1/3 | 1/3 || 23 3 3
4 | 1/2 1/2 || 24 2 2
7 1 1 27 1 4/3
8 1 1 28 1 2
11 1 1 31 3 3
12 1 4/3 || 32 2 3
15 2 2 35 2 2
16 1 3/2 || 36 2 5/2
19 1 1 : : :
20 2 2

Letting H(D) = H(—D), we have
Theorem (Hurwitz-Kronecker). For all n > 0, n not a square, we have
Z H(4n —t*) = Zmax(d, n/d).
[t|<2vn d|n

If we formally define H(0) = —1/12, then the formula is also true when n is a
square.
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Proof. We have the modular polynomial ¥,,(X,Y"), where the degree of ¥,, in both
X and Y is o(n). For n not a square, we can write

U, (X, X) = [[ #n-re(X)

t2<4n

where

Ap(X)= I (X —ilr))/ e
QeT\2p

Since deg 7;(X) = H(D), deg ¥, (X, X) = Y12y, H(4n — t*). We have

U, (j(r), () =aF+-- = T] G(r)—il(ar +b)/d))

ad=n
0<b<d

Tl = o/ + of1)).
M
Counting the order of the poles, we indeed have k =) ., max(a,d). O

Traces of singular moduli: definitions. With h(D) = h, we showed that for
the quadratic forms I'\ 2% = {Q1,...,Qn} the numbers j(7q,),...,j(7q,) are
conjugate algebraic numbers. Thus

h(D)

Te(j((D+VD)/2)) = Y j(rq,)-

i=1

This does not quite have the right analytic properties, so we replace 2%, with 2p,
and count with multiplicities 1/#I'¢ as above.

Note that when we defined j(7) = E4(7)3/A(7) = ¢~ + 744 + ..., we could
have replaced the constant with any other and still have a modular function; we
may also choose to define J(7) = j(7) — 744 so that J has no constant term.

Definition. We let

)= 3 #iQJ(rQ)

Qer2p
where d = —D.
Ezample. Following the computation above, we have the following values:
d | H(d) t(d)
3| 1/3 —248 = (0 —744)/3
4 | 1/2 | 492 = (1728 — 744)/2
7 1 —4119
8 1 7256
11 1 —33512
12| 4/3 53008
15 2 —192513
16 | 3/2 287244
19 1 —885480
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In the following discussion, we need the following modular forms:

Ey(1) =1+4240(q+9¢* +--- + o3(n)g" +...)
1

- - 3 _ 2y _n\24
A(T)—1728(E4 Eg) qg(l q")

77(7-) — q1/24 H (1 - qn) — q1/24 _ q25/24 _
n=1

oo

Oi(r)= > (~1)"¢" =1-2¢+2¢" —2¢° +...

n=—oo

Definition. We define the weight 3/2 modular form

B Ey(41) 1+240¢" + ...
9(r) = a(7) e = (=20 424"+ ) o

= ¢ ' — 2+ 248¢% — 492¢* + 4199¢" — . ...

A quick check suggests:
Theorem. Write g(1) = "

n=-—1

Bnq". Then t(n) = —B,, for alln > 0.
This theorem will follow from the following:
Theorem. For alln > 0:

(1) Z H(4n - 702) = Zmax(d, Tl/d) 4 {1/67 n a square;

r2<4n d|n O, else.
2 .
(i) Z (n— TQ)H(4n — r2) = Zmin(d, n/d)3 _ n/2, n a square;
r2<dn dn 0, else.

—4, n a square;
(iii) Z t(dn —r?) =<2, 4n+1 a square

r2<dn 0, else.
—8n, n a square;
(iv) Z r?t(dn —r?) = —24003(n)+ ¢ 4n+ 1, 4n+ 1 a square;
1<r<2y/n 0, else.
If we take H(0) = —1/12, we can replace these with the simpler expressions:
(i) > H@An—1?)=> max(d,n/d).
r2<dn dn
(i) > (n—r)H(n —r?*) => min(d,n/d)’.
r2<dn dn
(i) Y tdn—r?)=o0.
r2<4n+1
(iv) Z r?t(4n — r?) = —24003(n).
1<r<v4an+1

In fact, these relations completely determine t and H successively, as we will see
below.
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Ezample. Let n = 3. We compute inductively in pairs. By (1) and (2),
H(12)+2H(11)+2+4+2(1/3) =34+3=6
3H(12) +4H(11) —2—12(1/3) =1+1 =2
Solving these we find H(11) = 1, H(12) = 4/3. Similarly, once can compute ¢(12)
and t(11).
Traces of singular moduli: proofs I. See [22, §2].

Proof (Equalities (iii)—(iv) imply the first theorem). We show that B,, satisfy the
same equations (iii) and (iv) as t(n). Since ¢ is unique (as the above example
suggests), this will imply the result.

We have

g(r) =q ' —2+4248¢° —---= > Bug" € M,(To(4)).
n=0,3 (4)
But also we have
0(r) = q" =1+2¢+2¢" +-- € M ,(To(4))
nez

with nonzero coefficients only when n = 0,1 (mod 4). We multiply these:
g(m)0(T) = (¢ —2+248¢° +.. . )(1+2¢+2¢* +...) = ¢ " +0+--- € Ma(T(4))

which has every coefficient 2 (mod 4) equal to zero. Applying the Us operator
which acts by >, ang"” — >, a2,q", we obtain an element of M (T'¢(2)) with only
even coefficients, which then lives in M5(T'(1)); but this space is empty, therefore
the form is constant and thus identically zero. In other words,

() (E0) =S )

n

= Z (Z B4n7‘2> qn =0.
For the other, use the Rankin-Cohen bracket; check that ¢’ (7)0(7) —3¢g(7)0'(1) €

M,(To(4)) is modular with all coefficients with n = 2 (mod 4) equal to zero, so
that we actually have an element of M4(SL2(Z)), hence a constant multiple of Ej:

(9’0 —390") |Uy = (zd: dqud> (Z qrz) _ 3(; qud> (Z 2 qrz)

= 2(4 — 72— 3r")Byq".

U,

Uy

We now proceed to ([22, §3]):
Proof of (i) and (ii). For all n € N, we have ¥,,(X,Y) € Z[X,Y] with
(X, i) = [[ X—jMm)= [] (X —j((ar +)/d)

MeT\ A, ad=n
0<b<d
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where A, = {M € My(Z) : det M = n}. Then ¥, (j(7),j(r)) =0 iff 7 = M~
for some M € ., which happens iff 7 has CM by &p where n is a norm in p,
D =12 — 4n. Thus for n not a square,

U, (X, X) = [[ #an-r2(X),
r2<4n
where for all d > 0, d = 0,3 (mod 4) we have
[T X —itr)/#e

TEF\Qd

Ha(X)

(£ is a polynomial except for the cases J4(X) = VX and #4(X) = VX — 1728).
So #3(X) = IIZ7 (X, (7)), and

H(D)
(i) = [T U@ -Jd@)) = [I (@' =J(e) +0()/#"
i=1 QeM\2p

=q D1 —t(d)g + O(¢%)).

and
Un(i(r),3() =TI Han-ra (i)
r2<4n
=~ =TI (S, 4 = 1) + O(¢?)).
Indeed,

U, ((r), i) = [ (¢ = Cha/*+0+0(¢g™°))

ad=n
0<b<d

II (a7 = cha )+ 0@

ad=n

= [ @ — a1 +0(¢?) = g~ Teamnmex(@d) o

ad=n

which proves (i). For (ii), we have the term 1 + eq + O(q¢?) instead, where ¢ = —2
ifn=4~L({+1),1e 4n+1is a square.
If n is a square, ¥,,(X, X) = 0; instead we use

U, (X, Y)’  lecin Han—r>(X)
U (X,Y) |y  HG(X)HB(X)2

which implies the result up to a simple correction factor. ([

Remark. In fact, the calculation #(C1NCy) = [C1]-[C2] is actually one of homology
on H(S?xS§?) ~ ZxZ. This looks locally like four branched lines, which correspond
to four points in the projective line which will have a nontrivial invariant—therefore
this is not just a homology intersection but sections are also involved, explaining
the higher weight.
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Traces of singular moduli: proofs II. Now consult [22, §4]. To prove (iii) and
(iv), we need to set up some more machinery. We start with

U (X, X) =[] Hn-r(X)
r2<4n

and take the logarithmic derivative of both sides to obtain

1
2 Gty ~ 2t

Mel\A,
where (4
Mr) = oz g R A7) = 2 () )

so since j = E3/A, —1/(2mi)dj/dr = E3Eg/A by uniqueness.
Differentiating the relation in the preceding proof, we find

Ag(1) = H(d) + t(d)g + O(¢*).

Proposition. We have

BB(r) g~ (B T
2 n—r

AT 2, 0 -0 2 2
a b
where for M = (c d) € My we let
n3 at+b
(Ea|M)(T) = (e 4+ d)* Ea <c7' + d>

S0 E4|(’}/M) = E4|M

Proof. Both sides are meromorphic modular of weight 2, as 7 — ~7 just permutes
M. Both are holomorphic at co because each term is bounded. Both have only
simple poles, since locally there are no multiple intersections. If the residues at the
poles are the same, we are done.

Let Ma=a, M = ¢ b), A = ca+d, where « is a CM point. Then the residue

c d
of the left-hand side at 7 = « is
Ey(a)Es(c) (E4|M)(c) _ Euy(a)Es(a) (n*/X')E4(e)
Ala)  j'(e) = (n/A?)j" (Ma) Ala)  (1=n/X?)j' (@)

LSRN Y PN
C2mi \1—-n/X2)  2mi \ A—]X
since n = A\, M(a, 1)t = A(a, 1)t, A+ X = r. Therefore we obtain

1 X P
2 Z Z )\_X:@ZT:; A=A

r2<4n ac€2 > ,. /T

_ 1 2 AT T2 ZY 2
= Z ()\ +/\/\+/\)7(>\+/\) M=1r2—n
r2<4n

If we total these, we will find simple poles, each with residue 1, added 72 — n times.
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As 7 — 00, ¢ — 0, the right-hand side becomes
1
5 Z (n —r?) (H(4n — r?) +t(4n —r¥)q + O(q2)) .
r2<4n
Expanding, we have on the left-hand side

(14 240g +...)(1 — 504+ ...) a*\  Ey((a +0)/d)
q(1—24g+...) 2 <d> J(7) = j((aT + b)/d)

@y L2000, m(O

=q (1 —240q + ...
" a ) 1 —(hgm/1 4+ 0(¢>0)

ad=n b (mod d)
so if a < d, this becomes

5 (Soton) (55 goooon)
m=0

b (mod d) ¢

= 24()ng af/d+m (1—a/d) {g, ZIE m  (mod d)
5 else

= qd(l + (2400’3([)(%,1 + 6a,d71)q +... )

25

We find that f =m=1orl{=dm=0(a=1)or{=0m=d(a=d—-1). In

total, we have

a®(1 + (24003(d)6a1 + 6a.a—1+ ... )q + O(¢%)

For a > d, there is no constant term, and we get (0 + (—=84a+1)g + O(g?)) so the

sum is

> d®+ (24005(d) + €)g + ...
0<a<y/n

aln

for a correction factor € if n = k(k + 1). Altogether, this gives the result.

Remark. This can be generalized as follows: we let

3/2 Z qu

d 0 3 (4)
where the + signifies allowing one pole. This space is generated by the forms
g1=q ' —2+4248¢> — 492¢* + . ..
g =q 1 —2—-26752¢° —
g5 = q~° +85995¢° + . ..

Notice that
1

%(j(a_m) —j(a15)) = (191025 — 85995V/5) /2

so in some sense these represent twisted traces. We find the form

¢ +10—64¢% +108¢* + - € MY,

O



26 COMPLEX MULTIPLICATION

where now the coefficients are the sum of K(ag)/T'¢g for a different modular function
K: letting j(7) = E4(7)®/A(7), the function
3

ES(T):E2(T)*7TT(T)

is modular of weight 2, and then
K(r) = E3E E¢ + 3E} + 2E2
6A(T)

We have a similar theorem that if 7 is CM then K(7) € Q.

5. CONSTRUCTING CLASS FIELDS

A review of class field theory. For the results of this section, see [8]. For a
more general reference on class field theory, see [14, Chapter VI], [12, Part 2], or
[1].

For K be a number field, one of the main motivating problems of algebraic
number theory is to characterize finite extensions L/K.

K

/7

L G=Gal(K/K)
K
Q

If L/K is Galois and abelian, then class field theory gives a one-to-one correspon-
dence between such extensions and something explicit, namely, decompositions of
ideals of K into classes.

We have the usual class group CI(K) as the quotient of all fractional ideals by
principal fractional ideals, with # Cl(K) = h(K) < oo. In this case, the usual
classes correspond to the Hilbert class field H of K which is the maximal abelian
unramified extension of K (which class field theory says is of finite degree, indeed
[H : K] = h(K)).

Theorem. Let K = Q(\/ﬁ) for D < 0 squarefree, and
h=h(K)=#(2p/T") =#{r € H/T : 7 quadratic, D(t) = D}.

Let j1 = j(1),...,jn = 7(Tn) € Z be the corresponding conjugate algebraic integers.
Then the Hilbert class field H = K(j1) = K(j1,---,Jn)-

K(j1) = K(j1,..-,jn) = H
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Pick m C Z integral (this may involve some real place), and let I, be the set of
fractional ideals prime to m (in numerator and denominator); I, is a group under
multiplication [14, §VL.1]. Let P, = {(£) : £ = 1 (mod m)}, which in the case
Poo | m corresponding to o : K — R, we insist () > 0. If L/K is Galois, we let
Nu(L/K) = NL/K(Im(L))Pm(K)'

Theorem (Second inequality of class field theory).
ha(L/K) = [Iy : Nu| < [L: K].

See e.g. [8, §4].
Definition. L/K is a class field if hy(L/K) = [L : K] for some m. The smallest
such m is called the conductor, f.
We have that
Pu(K) C No(L/EK) C In(K).
The reason:
{p:panormfrom L} C{p:p € Nn} C{p:p € Zx}.

The first has density 1/[L : K], the second has density 1/hn(L/K).
Ezample. f K =Q, m = (p), p=1 (mod 4), I, = () prime to p, Py = {{{) : £ =
1 (mod p)}. L =Q(/p) has N = Ny k(a) = az? + bzy + cy* where b* — dac = p,

so 4aN = (2az + by)? — py, so (%) = (a) =1

Therefore Ny (L/K)/Py = ((Z/pZ)X§2, and (a) ~ (B) if « = 3 (mod p) and

()= (5):
Theorem (Main theorem of class field theory).
(i) L/K is a class field iff L/K is abelian.
(ii) Given any I, D H D Py, there exists a unique class field L/K such that
H=Nw(L/K), so[L:K]|=(In:H).

(iii) p is ramified in L/K iff p | f(L/K).

(iv) (Artin reciprocity) Gal(L/K) ~ Iy /Nu(L/K).

See [8, §6]. For example, if we take Ok, then Gal(H/K) ~ CI(K).

The Artin map is defined as follows I,/H — Gal(L/K) by [a] — oq, defined
multiplicatively where [p] — o}, = Frob,, where Frobg ,(z) = zV® (mod ) for
all z € 0p, so Frob, € Gal(L/K) is well-defined up to conjugation (for an abelian
extension this condition is trivial).

To sum up, we have some partition of the (fractional) ideals of K, prime to some
m, into finitely many classes @4 = [0],..., o, such that if A = 1 (mod m) for
A€ KX, then (\) € &4.

Then the splitting of any prime ideal p of K depends only on the class of p. We
have Ny, k(i) = pf, fg =n, f is the smallest number such that p/ € . Every
Ny k() = a, implies a € o1, so Nn(L/K) C H C In(K), where the quotient
I(K)/Nw(L/K) ~ Gal(L/K).

Kronecker’s congruence. If we take K = Q(v/D), we have 71,...,7, € /T
where h(K) = h = h(D), from j(71),...,7(m) by associating a to j(a).
Let L = Zw, + Zw; be a lattice; we define f(L) = wy * f(w; /wa) implied by

f <Z’Zis> = (e + d)F f(7).
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so f(tL) = t=*f(L) for all t € C*. Thus modular forms of weight k correspond to
functions of lattices which are homogeneous of degree k.

A modular function has k =0, a — j(a) = C/a = j(Z7 + Z) = j(7), and then
we have j(Aa) = j(a), CI(K) — Q.

Theorem. If (p) = pp, p #p, (%) =1, and a is a (fractional) ideal, then

Jj(ap) =j(a)” (mod p)

(i-e. j(ap) = op(j(a))).
We will first prove that the congruence holds modulo p or modulo p, since then
j(app) = j(a) = j(ap)” (mod p).
Claim (Kronecker’s congruence). If X = j(a), Y = j(pa), then
(X=-YP)(XP-Y)=0 (mod p).
Proof of claim. (See also [2, II, §5, Theorem 2], [11, §10.1, Theorem 1].) We have
e, (X, ()= ] (X —jMn) ez[X].
MeT\.#9
For n = p,
8,(X, (7)) = (X = j(pr))(X = (r/p)) .- (X — j((r +p —1)/p)
which is in Z[¢,]((¢*/?)). Let m = 1 — (,, so that 7 | p and ¢, = 1 (mod 7). We
have j(7) = ¢~ ' +..., hence j(pr) = ¢ P +..., and j(r/p) = ¢~ /P 4+ .... Thus
O, (X, (7)) = (X = 3,000™) (X = 32, cq™/?)"

= (X~ j(P) (X7~ 5, ha")

= (X = j(r))(X” — j(r)) (mod 7).
Thus

P(X)Y)=(X-YP)(XP-Y) (modp)
in Z[X,Y]. O
Letting X = j(a), Y = j(ap), we have the theorem. (Also see [8, §9].)

The function ¢;/(7) and the polynomial D, (X,j(7)). If a as a lattice is
spanned by wi,ws, then ap is spanned by aw; + bws, cwy + dws, with P = (Z 2)
and det P = p. Similarly we have a matrix P that acts as multiplication by p.

If f € My, L = Zw; + Zwy, f(L) = f(L) = wy * f(wi /ws). Then the correspon-
dence L — A(L) € C has A(tL) = t~2A(L) for t € C*, where

H ].—q (C)Q4EM12.

The function F(7) = vIm 7|n(7)|? has “weight zero” (it is not holomorphic, but
F: /T — Ry is well-defined). Since

1(57) = (Ve a) i)

we have |n(y7)| = |er + d|'/?n(7) and Im(y7) = 1/|er + d|?.
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a b

Isz(cd

) € M,, we define

(A[M)(1) = n'2(cr + d)~12A (Z:j:z) .

We have (A|M;)|Ms = A|(M1Ms), Aly = A for v € T' = SLy(Z), so the definition
depends only on M € '/ 4,,.

Let ¢pr (1) = (A|M)(7)/A(7).
Proposition. If 7 € § is a CM point, then ¢p(7) € Q.

In fact, later we will show that ¢/ (7) is a unit away from n.
Proof. (See also [2, II, §2].) The polynomial

Mer\.4,

is I'-invariant, as
_ QAM)(yr)(er +d)7 1
PO = A G er T aye O

Moreover, D, (X,Y) € Z[X,Y], since taking the usual cosets

{(3 Z):adn, 0§b<d}

we have
127 b)/d 12¢bga/d(1 — 24¢5/" 4 ...
Du(X,j(n) = [1 (X_a ((Aa;; : )> - - CZ(2(1(—1211(;—%..;r :
ad=n ad=n
0<b<d

so as with the proof for ¥, (X, j(7)) the polynomial must have integer coefficients.
[l
We actually have that:
Theorem. Ifn € N, there exists a polynomial D,,(X,Y) € Z[X,Y] such that
[T X —én(r) = Du(X,5(r)),
MET\ A,
and D,(0,Y) = (—1)P~1p!2.

Proof. (See also [2, II, §2, Lemma 1].) The calculation of the constant coefficient
in X is as follows:

i A(pr) T1 A((r +b)/p)
— _ _ 12
o) Lo n =230 1T =505
(4 ) T e+
B q(l+...) ;b al+...)
=p?¢ D2 (14 0(g))
so the constant coefficient is p*2(—1)P~1. O

Corollary. If 7 is a CM point, M € M#,,, then ¢ (1) € Z.
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Proof. It is a root of a monic equation with coefficients in Z. O

We have j(L) = j(wi/w2) = j(C/L) (e.g. a C C) if L = Zwy + Zws, and
similarly A(L) = wy " A(w; /ws), which is independent of the choice of basis, and
A(tL) = t712A(L).

The proof of the congruence. We have shown ¢,(X,Y) = (X? -Y)(X - Y?)

(mod p), so
(4 (ap) —j(a)?)(j(ap)? —j(a)) =0 (mod p).
Recall we have that Ny g (I (L)) C H C In(K) with
In(K)/H ~ Gal(L/K)
[p] — Frob,

Proof of the theorem. (See also [8, §8].) Let j1,...,jn be conjugate over Q, and let
L be the Galois closure of K(j1,...,jn). The prime ideals p of K of degree 1, i.e.
those with N(p) = p, (p) = pp, have density of order 1/h. Let p be unramified in
L/K, with p{ (j; —o(j;)) for o € Gal(L/K) and i =1,...,h.

We know that

Froby (j(a)) = j(a)” = j(ap) (mod P),
so that Froby(j(a)) = j(ap) for infinitely many p.

So for all o € Gal(L/K), the set contains infinitely many p with Frob, = o.
Therefore o(j(a)) is already contained in the conjugates above, so the original
extension is Galois. Density 1/h primes have Frob,(j(a)) = j(ap), but class
field theory says that this must be < 1/h with = 1/h if it is the class field, so

Froby (j(a)) = j(ap). 0
Explicit examples As examples, we have
Dl (X7 Y)

(X,Y) = (X + 24) - XY
D3(X,Y) = (X —3%)*(X — 3% + 72X (X +21)Y — XY?
D5(X,Y) = (X? — 8050X + 5%) + 800X (X + 25)(47X? + 269650X + 29375)Y
— 20X (207X? — 254750 X + 129375)Y? + 120X (X + 25)Y?® — XY*
Ezample. For D = =7, 70 = (1++/=7)/4, j(10) = —=3375 = —15°.
Dy(X,—3375) = (X +16)> + 15°X = (X +1)(X? + 47X +2'?)
has roots —1, 742,72, Hence pp = 2, but p = (20).

p\%:{(ﬁ ?)’P: ((1) g)’P: ((1) é)}

corresponding to
0= 210 = [L1+V=T7],70/2 = [2,(1 + V=7)/2], (0 + 1)/2.
Note j(279) = 255%, j(10/2) = —15%, j((10 + 1)/2) = —153, and we have:

)

M | éul(mo)
2T -1
T/2 L2

(t+1)/2 7'012
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Ezample. For D = —15, h(D) = 2, and 79 = (1 +v/'—15)/2, 71 = 79/2. j(70) = A,
j(r1) = X = X where A = (—191025 + 85995+/5)/2. Then

H=K(Q) =Q(V5 v-3)

K =Q(v-15)
2
Q
We have
M | j(Mr) j(Mm) | ¢m(7o) dm(mi) | (Dm(70)) (Da(71))
(1) g \ o R p12 pl2
Ca) | Ao et —es | p2 1

where € = (1 ++/5)/2 and p = (37018076625 + 16554983445/5) /2.

The values ¢p;(7). Motivated by the proceeding examples, we prove:

Theorem. Ifp is a prime of degree one, then

pl2 M =P
(dm(r)) =<p"? M=P
1, M#PP.

Proof. (See also [2, 11, §3, Theorem 1].) Let p/ = (a). Then

p12 AA((CZJ)) — ¢P(T)

with P € .#,. Then

(42 (P 4) - 50) -

But ¢ (1) € Z, so ¢pr(7) | p'2, hence ¢p(7) | (p'2 +p2) = p'2. We conclude
that ¢5(7) | p'2, and therefore

( 11 ¢M> dpop =p'> =pp"”

M+#PP

0 (Tarpm o2(7)) = (1). O
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The polynomial G,(X,Y, Z). We form
Gp(X,Yj(r) = > (X—jm) [ —ou).
MET\ A, M'£MET\A,

This function is invariant under I' and has no poles. If we look at the g-expansions
as we have done, we find G,(X,Y, Z) € Z[X,Y, Z] 2, 11, §5].
We proved
,(X,Y) = (XP —Y)(X =Y?) (mod p)

by

(X, 5(r)) = (X = j(pr)) [T (X = 5((r+b)/p))

b (p)

= (X —j(m)")(X —j(v/p)”
= (X —j(7)")(XP = (7)) (mod p).

b (d)
F X =i+ 0¥ = op0)) TTY =030y (™).
b 017 i 0p
Since
5 (r) = A((T+b)/p) (g + ...
GOV T TAD T g
we have
Gp(X, Y, j(1)) = (X —j(r)")(Y" — A(7)/A(pr)) (mod ).
Therefore
A7) = f(y(r mod 7
Ny = 1) (mod ),

where f(X) € Z[X] is a certain polynomial of degree p — 1, and in particular
Gy(X.Y,2) = (X — Z°)(Y* — f(Z)) (mod p)

so in particular Gp(Z?,Y,Z) =0 (mod p).
But then

G, dp(1), (7)) = (i(r)" = §(PT)) T] (¢p(r) = ¢ar(7)) =0 (mod p)

M'#£P

so j(7)? = j(Pr) (mod p) since p*? | ¢pp(7) [2, II, §5].
We also define

H (XY, ()= > V—ou() [ —j'r),

MeD\ Ay M'#MEeT\ My

which is also a polynomial with integer coefficients.
We have shown that

Up(X, (7)) = (X = j(7)")(XP = j(7))  (mod p)
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and similarly

o= (¢S 1L ¢ 24592)

v 22 - 35)

=YX? - f,(j(r)) (mod p).

For this we need:
Proposition. For all p, there exists a polynomial f,(X) € Z[X] such that

A(T)'7P = f,(j(7))  (mod p).

Proof. Since A(7)P = A(pt), it suffices to note

A(T) ™ =q "+ =7"+-+0(q) = P(j) + O(q)
and then take f, = P,—1. O

Therefore

Gp(X, Y, (7)) = (X —j(0)")(Y? = fp(3(7)))  (mod p).

Similarly, one shows
Hy(X,Y,j(7)) =Y(X? = j(7)) (mod p).

A congruence property of A. This section is developed in [11, §12.1].
Proposition. ¢p(7), ¢5(7) generate p'2, p'? in H.
Proof. We have

H,(j(Pr),0,5(r)) = (0= ¢p(7)) [ G(Pr)—j(M7))

M#P
0 . .
= *¢P(T)87X¢P(J(PT)J(PT)) € H.
But j(P7) € H, j(M7) ¢ H (it satisfies an equation of discriminant Dp?). We
showed ¢p(7) € H, s0 (¢pp(1)) =92 O
Indeed,
Afap) _ Aap )
12
= = H.
But this only depends on ideal classes, as A(a(\)) = A712A(a), for A € K*. So

NG

A(a) '
In general, A(a) ¢ Q, but the ratio A(a)/A(b) € H*, and actually we have a
well-defined map

and in particular

CUK) — H*/(K*)"
[a =\, () =a'
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Theorem. If a and b are fractional ideals of K, then A(a)/A(b) € H*, and
Al@)\ 0 112
(367, ="

Corollary. If a C K is any ideal, then a'? is principal in H.
Corollary. If we let F(r) = Im(7)2|A(7)|? (note F(1) = F(y7) for v € T =
SLy(Z)), then

F(m)/F(r2) € O}
for e 2p.

Proof. For O = Zw, + Zw-, we have

A(a) = (cwy + dws) ™ 2A (Z:jll i;:i)
hence
Aa) (et +d)"BAMT) 1
A(O) A7) =z fu()-
But 12 )"12A(M7)
12 /nE(er+d)T M
(ol =t = (LT DA
and thus
T . 12-12 12 _ g/ 12\ _ n*t |A(]WT)|2
<¢M(T)¢M(T)> =aa" = (Na) = <n > - |CT+d|24 |A(T)|2 .
Note that )
at + nt? 2
o (CT + d) - ler + d|24 fm(r)%,
so we have
12Im(MT)12 12 F(MrT)
" Im(7)24 " F(r)
and so PO
()=
We have shown F'(a)/F(0) € (O;)*. O

Summary. In the past several sections, we have defined the four polynomials

VLX) = [ (-

MeT\ A,

DY, ()= ] (V—éu()

MED\ M

Cu(X,Y,j(r) = Y (X —jMn) [T (v =émr(m)

MeT\ A, M'#AM

Hn(X7Y7j(T)) = Z (Y_¢M(T)) H (X_j(M/T))

MeT\ Ay M'#MEeT\ M,

where
b (1) = n'2(er + d)_mAA(J(\f;) .
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All of these have integer coefficients, the first values being
Ui(X, (7)) = Gi(X, Y, (7)) = X — j(7)
Di(X,j(7)) = Hi(X,Y,j()) =Y — 1,
Uy (X,5(1)) = j(1)* — (X? — 1488X + 162000);(7)?
+ (1488X? 4 40773375X + 8748000000)7 (1)

+ (X — 54000)3,
Dy(Y,j(1)) = =Y j(1) + (Y +16)°
D3(Y,j(1)) = =Y5(1)2 + 72Y (Y 4+ 21)5(7) + (Y — 9)3(Y — 729)

Go(X,Y,§(1)) = j(1)® — (Y + 48Y + 2256)5(7)?
+ (1488Y2 + 67326Y + 1106688 — X)7 (1)
+3(Y +16)%(X — 54000)
Hy(X,Y, (7)) = 2§(7)% — (2(X — 744)Y + 48X — 425568)) j(7)?
+ ((2976 X + 40773375)Y + 67326 X + 2234304000);(7)
+ 3(Y 4 16)(X — 54000)2.

For n = p prime one has the congruences:

Up(X, (7)) = (X7 = 5(T))(X = j(r)")  (mod p)
Dp(Y,j(1)) =Y (Y? = f,(i(7)))  (mod p)
Gp(X, Y, (7)) = (X = 4(7)") (Y = fp(i(7)))  (mod p)
Hy(X,Y,j(7)) = (X¥ = j(7))Y  (mod p)

where f,(j(7)) is a polynomial of degree p — 1 such that A(7)!™? = f,(j(7))
(mod pZ({g))).

The above congruences for ¥, (X, j(7)) and G,(X,Y, j(7)) modulo p imply that
j(P7) = j(7)? (mod p) where P € .#,, is the matrix acting on lattices that corre-
sponds to multiplication by p. Hence j(p~'a) = 0y, (ji(a)), where o, € Gal(H/K) is
the Frobenius element attached to p, while the equation

H,(j(P7),0,j(7)) = —¢p(r) [] Gi(P7)—i(Mr))
M#P
Oy(X, j(7))

= —or(n) =55

’X—j(PT)
and the corresponding equation for P show that the numbers
Afpa) _ AP 'a) Apa) _ Ap~'a)
12
= = d = = =
=P e T aE P TR T A

belong to H. The equation D,(¢a(7),j(7)) = 0 and the fact that D,(Y,j(7)) is
monic with constant term p'2 imply that each ¢/ (7) is an algebraic integer dividing
p'2. Choosing f > 0 such that p/ = () is principal, then ¢5(7) also divides

H A(p~'a) _ Ao ') — a2
A(pl—ta) A(a)
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and from this we deduce that the ideal it generates (in H) is exactly p'2. Tt
then follows that A(a)/A(ab) for any fractional ideals a and b of K lies in H
and generates the ideal b'?, which implies that the quotient F'(a)/F(ab) where
F(7) = Im(7)*2|A(7)|? is a unit of H.

6. THE KRONECKER LIMIT FORMULA

For the results of this section, consult [11, §20]. Let K be a number field (not
necessarily imaginary quadratic). Then we have the zeta function

1 1 K
@)= . war - U—xm= =521 oW

aC Ok p
integral

where £ = (2"1772772)/\/|D|h(K)R(K) where h(K) is the class number and

R(K) = det(log |e§j) |), a matrix of row and column size r; +ro — 1. So
Ress—1Cu(s) = h(H)R(H)
for H the Hilbert class field of K with Galois group Gal(H/K) = G ~ Cl(K). One

can show
u(s)= [ Ixls0= >

x:G—CX* aCOk

x(a)
N(a)®’

since the product of (1 — N(p)~°(y) runs over the fth roots of unity, where p splits
into g primes with fg = n = [H : K], so that N(B) = p/, has (1-N(P)~*)"! =g.
Thus
Le(s,) = Y X(#)Cw(s)

o/ €CI(K)

where
1
Cor () = E; Nay

is the partial zeta function, and

h(K)
Crls) = Y Ceno).

A lemma from group representation. Indeed, we have

Cu(s) = T[ D x()Cu(5) = det Cyg1(5)-

e

If G is a finite abelian group, map g — x4 € C compatibly. Then

Proposition. We have

H <Z X(g)xg> = det(zgn-1)gcx#G-

xeG "9€G
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Ezample. For G cyclic of order 3, choosing xg, 1, T2, we have
(xo + 21 + x2) (20 + w1 + Wx2)(x0 + W1 + WEa)
= (wo + x1 + 22) (w0 — (x1 + 12)/2)? + 3(z1 — 332)2/2)
= (20 + 21 + 22) (27 — Tox1 — ToT2 + 23 + 5 — T129)

To T1 T2
= |2 Lo T1|-.
1 Lo X0

Proof of proposition. (See also [11, §21.1, Theorem 5].) Let C*¢ = {[g] = a, € C :
g€ G} =V, and

AV -V

= ng[ggl]

Choose for all y € G vy = > x(g)[g], so that
Alvy) = (X (9)mg)vy =~ C.

These are the eigenvalues, which are distinct, so the determinant is their product.
O

So

IT > x(@)¢u(s)

xeG 4€C

where each individual term has a pole iff y is trivial. We find

H ZX det gh—l — xg)(n—l)x(n—l)'

x#1 geG

The statement. Write

Cr,er(8) = Z N(la)s = %l—kc( )+ O(s —1).

Definition. We let

We have

Crr(5) =11 > «x — ¢(0)) = det(c(A B) — c(B))
CK(S) s=1
x#1 o €CI(K)
for o, # 1 € CI(K).

Now if K is an imaginary quadratic field, K has (ry,r2,7) = (0,1,0) and H has
(0,h,h —1), so R(H) is a determinant of an (h — 1) x (h — 1) matrix log |e | and
this is exactly the size of the matrix of class groups above.

Since h(H) is approximately the index in 0}; of ¢(&), we have that ¢(«) — c¢(8)
is approximately the log of a unit of H. Specifically [11, §20.4, First limit formulal:
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Theorem (Kronecker limit formula). If & = [a] € CI(K) for an imaginary qua-
dratic field K, corresponding to 7 € '\ Zp, then

dm
()= ——— lo 2—710 D——IOF
(@) = 1 (7~ Jow2 — log DI - 10w F(r))
We will find that
F(ra)
() —c(B) = log €0y,
|D| F(rg) ~ 1

and that (F(a)/F(0)) C 0}; occurs with index approximately h(H).
Let

E(r,s) =Im(r)* Y |m7+n|>
m,n€”Z

’

for 7 € $ and Res > 1. For example, E(i,s) = Z (m? + n?)*, and more

m,n

generally for 7 € 2p,

B(r.s) = (ﬂ)')/ > Qmony

where Q(z,y) is a quadratic form with integer coefficients of discriminant D,
Q(m,n) = N(z)/N(a), z € a, i.e. if (x) = ab then Q(m,n) = N(b). Thus
E(r,5) = w(|D|/4)""* e o (5),
where &7 corresponds to 7.
Generalized L-series. Before we get to the proof of this theorem, we set up some

more general machinery. Consult [7, §16.4-16.5].
One can show that

(i (s) = C(s)L(s,€)
where ( is the ordinary Riemann zeta function and €(n) = (£). Choose ay € o/~
so that aag = (\); then A € ag, and

=D N@™=N(@)® > N
acef Ae(ao\{0})/ Ok
For an imaginary quadratic field, this is equal to
N(ao)*/w)  N(N)
A€ap

where w = # 07 is either 2, 4, or 6 is the number of roots of unity.

We let ap = Zw1 + Zwy C C, XA = mw; + nwa, so that Q(m,n) = N(A\)/N(a
am? + bmn + en?, where a = w;w7/N(ag), b = (w1ws + Wiws)/N(ag), and
wowz /N (ag), all a, b ¢ € Z. Then

b? — dac = (w13 — Wiw2)?/N(ag) = D.

= % Z/ Q(ma n)is

0) =

Thus
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where we associate as usual & « [Q] for Q € Zp. Sending 7 = wy/we € H, we
have b2 — 4ac = —4|ws|? Im(7), and

Q(m,n) = [D/4["?|m7 4 n|?/Tm(r)
SO

(o, S) = ——|D/4|"*/*E(r,s),

1
w/2
Z |m7— + n|28

with

We may generalize this slightly: let
h

N ;x%)c(%s)

acl

for a character x. We may also make the same definition for ¢ where ¢ is a
Hecke character, i.e. a Grossencharacter, mapping fractional ideals to C* with the
stipulation that ¥((\)) = A%, for some a € Z>(. Then

N S Aa
Z w Z)O) (o)~ Z DER
uEd A#0€a
With aag = <)\>, 1/1(aa0) = d)(()\)) = A%, we find this is

Im(7)% " (m7 +n)® _ 1 _s/2 .
2 Zn |m7—+n|2s = E(T7aa 8) = E|D/4‘ ? ¢(GO)E(77G»S)-

A triple coincidence. Let f(z) = >_°°  a(n)g" € Sk be a cusp form, to which
we associate the Hecke L-series > ° | a(n)n™*, which has an Euler product and an
analytic continuation [ f(it)t*~" dt.

We have associated [a] < Q(m,n) for Q € T'\ Zp; we now define

Oy (2) = Z g9 ™ € My(To(D),e)

m,n€”z

ie. Oy((az+b)/(cz+ d)) = e(d)(cz + d)Oy(z) for (i Z) € I'g(D). For any
[ € My, 07 a(n)/n® may have poles.
We have a triple coincidence: L(©.y,s) = >, Q(m,n)~* = w((,s): The
series
LK(*S?’L/)) = ZE(Td; a, S) = L(S7 fl/l)

where fy is a Hecke (CM) eigenform, a finite sum of © series

@M(axz) — Z Re((mT% +n)a)q(7n7+n)(nl?+n)/lmf c Ma+1(FO<D)7€)
for a even.
Example. For h = 1, we have Q(i), Q(m,n) = m? + n?, and

’

E(iys) =Y (m* +n%)° = (1/4)Cge (s) = L(0, 5)

m,n
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where
=Y g _(Zq > (1+2¢+...)%
For a =4,
(m + ni)* " m* — 3m?n? (4)
_QZ sy~ 2 ey - (k) = LED.)

where ¥ ({a + bz}) = (a + bi)* and

0W(z) = Z(m4 — i’)TrLQnQ)qszr”2 € M3(To(4), <_4>)

m,n

Corrolaries. Here is an equivalent statement of the formula:

Theorem (Kronecker Limit Formula). We have

E(r,s) = Ll—l—ﬂ'( —log 2 — log /Im(7)|n(7)|)> + O(s — 1)

where n(1) = ¢/**T[,,(1 — ¢") so that VImTn(1)? = F(1)'/*.
Corollary.

(o, 5) = S_Ll + () +0(s — 1)
where

/4, D=4
T
" _ )33, D--3
w/2+/|D
PVIPE ol

and c(o) = k(y —2log2 — 1/2log |D| — f(7«)), f(1) =1/241og F (7).
Corollary. Let x : Cl(K) — C*. If x # 1, then

Li(1,x) Zx :—m/242x )log F (7).

else.

Corollary.

z [T

X#X0

s=1 X x o

= det(c(/B7")) = det((log €y 5-1) o7, B 2101 (K)
so h(H) is the index of (es) in OF.

If x : CI(K) — {£1}, there exists a description of x by genus theory. D = D; Do,
chosen so that Dy > 0, Dy < 0. Then

D) | ged(N(p), Dy) = 1
XDIDQ(P){END(’:)S gcd(N(p), D1)

and

NOJE ged(N(p), D2) = 1.

Since N(p) is equal to p,p?,p as (D/p) = 1,—1,0, this definition is compatible.
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For Q(m,n), a = Q(1,0), ged(a, D) = 1, and xp, p,([Q]) = (£). Thus

Lic(s,xp,0.) = [ [(1 = x(0)/p*) " = 1] (1 - (%)p*)_l (1 - (%)p*)
P

p
= La(s, (2 ))La(s, (22)).

Corollary (Kronecker’s solution of Pell’s equation). We have

L, (2 )L (2)) = —; ﬁzx )log F(<7)

= L(1 (&)): 2h(Dy) loge(D1)  wh(Ds)
T\ VIDil wa/2v/|Da]

hence hihzloger = (=1/12) 3,y x(/) 1og €.y
Therefore Hd F(r )XDIDQ(M) 1—12h1h2

Corollary. If x =1, [[, F(rw) = H0<n<|D‘F(n/|D|)

Proof of the formula. We are now ready to prove the formula. There are two
proofs.
Proof of the Kronecker Limit Formula. THe series

E(r,s) = Im(7)*/2 Z' — L _ 72 O(s —1)

+nl2s s—1
has

E(7,s) =Im(7)°¢(s) + Im(7 Z Z |mT + n| 2.

m=1n=—o0

Replace the sum with the integral:

o0 9 d o0 de
40|72 dn =
/_m'"” n| ™ dn /oo ((ma + )2 + meg2)e

~ [ s = )

(12 + m2y?)
where I(s) = [7_dt/(t* — 1)®. Therefore this is equal to

(3 b ) e 1

m=1 \n=-—o0 (my)

We have ((2s—1) =7/(2(s—1))+c+... and y? 72 =y~ (1-2(s—1)logy +...),

and
< dt
I(1) = —_—=
M) /_Oot2+1

Therefore since {(s) =1/(s—1)+~v+... and ((2s—1) =1/2(s—1)+vy+..., we

have
T
- — — 7l .
y+z<z|m7+n2 m>+c mlogy

= nez
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and

§ v g1
|m7'+n\272immn mT+n mr+n

n=—oo

- (1 1
~ 2im \tan(mm7) tan(mm7)

since ), 1/(z +n) =n/tannz.
Now

m 2im

0 1 1
= E 627r7im7' -1 + 6727rim’r —-1

00
™

— Z (627Timr‘r + 6727rim7‘7')
=1

T o) 0 i) 4

m

thus

c=C¢2)y+ ( Z 2EWRe (Z qmr>>

m=1 \n=—oo

T ) " s}
=Y 7 Re Zog(l—q) +c—§ ogy

r=1

=c—rlog (e”y/Gyl/Q H [1— qr|2>
r=1

which checks because 1(7)2 = e~™/S [[(1 — ¢")2. O
But we never used that n is modular, so:

Second proof. Let
B(1,s) = c = mlog Vyln(r)[* = (7/2)/(s = 1) + ¢(7) + O(s = 1)

with ¢/(7) = ¢ — log(\/y|n(7)|?).

c and ¢ are [-invariant. Let V = y?(9%/02% + 02 /0y?), so that V(y*) = s(s —
1)y%. We have V(f(v2)) = (Vf)(y2) for v € SLa(R).

Note

V(E(r,s)) = s(s—1)E(T,s)
and
V(E(r,s) = (1/2)/(s = 1)) = V(c(7)) = 7/2.
Therefore V(c/(7)) = n(—1/2logy) = w/2 and V(e(1)) = 7/2 = V(' (7)), so
¢(7) — ¢(7) is harmonic on $/I', and therefore constant. O

Remark. A note about computing:

F(1) = F(z+iy) = y"?|A(z+iy)|? = y*2e 4™ H (1—2e72™ cos 2mna+e~4™)24

n=1
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hence

fr)y=F(r )1/24 fe”ry/(s H 26~ 2™ cos 2mna 4 e~ 1TY);

the nth term in this expansion is 1 4+ O(e~2™) so choosing 7 in the fundamental
domain we have |e=2™| < e"™V3 = 0.0017, so we have a very rapidly converging
product.

Let e(n) = (D/n); then

= e(n) 1 1
=5 X, G e )
1

= B 2 emc(a /D)

where ((s,2) =1/2°+1/(x—1)*+---=1/(s—1)+... is a shifted zeta function.
FEzxzample. For D = —23, h = 3,

F((L+V=23)/2) (1 + V~23)/4)%23%/22%7 /3 = 4972.31615... = [ ] ['(n/23)(%)

so (4m/|DN)" 1, f( H0<n<|D|F(n/|D\)€("

Ifr € 9is CM of dlscrlmlnant D, then f(7) is equal up to factors in Q*

7) = 1/4x/[D[(] [ T (n/| D)) ") /"P) = (D),

so f € Mg is equal to an algebraic number times (D), the Chowla-Selberg
formula.

7. CM MoDULAR FORMS

For more information on the many types of series covered in this section, consult
[15], especially Chapter VI.

CM modular forms. The space of modular forms My = {f : f(y7) = (¢7 +
d)*f(7)} contains Eisenstein series, theta series, and CM forms.

Theorem. If Q : Z?* — 7 is a positive definite quadratic form, then

= 3 4% = 3 ra(ma" € Mi(To(N) (2)

TEZ2F
where if Qr = (1/2)xt Ax, A = A* symmetric even, then A = +det A and N is the
smallest integer such that NA™! is even.
To f(1) = >_.°, a(n)q", we associate the L-series L(f,s) =Y ., a(n)/n®. This
series has a functional equation and various other properties. In this case, we have

o0

L(©gs) = Y "0 = 3 s = Zos).

n=1

an FEpstein zeta function.
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Ezample. For k =1, Q(x1,72) = Az +Briwa+Crx3, B2—4AC =D < 0,Q € 2p,
and [@Q] corresponds to an ideal class &/. Then

L(0g,s) ZN S =((,s) = |D/A| "2 E (1, 5).

Therefore we have the set of all generalized theta series contained in modular forms,
containing usual theta series (when P = 1, see below) and CM forms, and they
intersect precisely in the binary quadratic forms.

Theorem. If Q : Z*" — Z is a positive definite quadratic form with associated N
and (%) , and P : Z" — C is a spherical polynomial with respect to QQ homogeneous

of degree d (i.e. if Q:V =R" =R, P a polynomial on V', choose a basis of V/R
so that Q = x% + --- + 22, then P is spherical iff

02 0?
<82+ +82>P0,
so if Q = (1/2)x' Az, this holds iff

0?P
-1y, . _
Z(A )Z’] 8.%1'8333' 0)

Then Oq,p(r) = . ezm P@)a? € My, (Do(N), (2) ) where k = h+d.
Proposition.
(i) Let x9 € V®C, Q(x0) =0. Then P(x) = B(w,x0)? is spherical.
(ii) Any spherical P is a finite sum Y, \;B(x, ;)%
(iii) Any polynomial is uniquely written as F = Hy + QHy + Q*Hy + . . ..
If h =1, we have a lattice corresponding to an ideal a, and Q(z) = N(z)/N(a),
where N(x) = 7 for a basis. Then P(z) = 2¢ or P(z) = 7%, hence

Oq.p(T) =Y a* 1NN € M (To(D), ep).
rEa

Example. For Q = (z1,72) = 23 + 23, © = 21 + izy. Then

> +iwa)t g4 € My (To(a), (=)

where we take k =1 (mod 4) to avoid cancellation.

Then
00.p(r) = 3" M NING _ f(7)
A€a
a CM form with density zero nonzero terms.
)\d

L(f,s) = W

A

where 1) is a Grossencharacter. Then

mT—i—n
N Z |m7—|—n|25'
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This is an Eisenstein series.

CM L-series and elliptic curves. For a = 1, L (s,¢) = L(}__, O¢.p(7,s)) =
L(S,f) for f S Mg(ro(D>7 1)

To each elliptic curve E/Q we associate a modular form M>(T'o(N)) and an L-
series L(FE,s) = L(f,s). Indeed, the CM forms correspond to elliptic curves with
CM.

If E/Q has CM, then j = 0,1728,..., corresponding to discriminants D =
—3,—4,-7,-8,...,—163. Then L(E,s) = Lk(s, ).

For D = —4, y?> = 23 — x, and

1
L(E,s) =
1,1;[2 1 —ap/p* +p/p*
where
) 3 a® —a
ap=p+1+#EF,) =p—#{(x,y) €Fp:y’ =2’ —a} =— ) _ o)

z (mod p)

Theorem. In this case,

o - 0, p=3 (mod 4)
P 14+2a, p=1 (mod 4)

where p = a® 4+ b2, a is odd and (—1)"/?a =1 (mod 4).
Therefore ) a,/n® has ), an,q" = Z:ayb(a—l—ib)q“z“‘b2 =1/23",4 aq® ¥ with

a congruence mod 4. We have h(D) = 1, p = (a® + Db?)/4.
We also have:

Theorem.

Z (m31> {0, p=2 (mod 3);
s (ot 9) D +2¢, p=1 (mod 3)
where p = ¢ + 3d>.

To prove these, we use:

Lemma. If«,( € Z/(p), then
Z ((n—a);n—ﬁ)) — pbu s — 1.
n (p)

Proof. We may assume 3 = 0 by shifting, so we want to show

gla) = <M> = poug — 1.

- p

gthe) = 3 (P ) = 57 (M) = e

- p

Then
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so that
Q) = 9(0), a=
(o0 {g<1>, 00
But then - g(a) =p—1+(p—1)g(1) =0. O

Proof of theorem. Let

Then for k # 0 (mod p), we let k +— kx, n +— k?n, so

sy = 3 () - (B g

s () p p

Therefore f(0) =0, f(n) =0 for all nif p=3 (mod 4), and if p =1 (mod 4), then

0, n = 0;

A, n=g"F¥ = (g);
fln) = =4, n=g""

B, n=gth

_B, n=g4t3

Now f(n) is even because

f(n) = Z 1=0 (mod 2).
0z (p)
«®Zn (p)

(p—1)/2=0, (2)=-1 N
(p-3)/2=1, (2)=1 (mod 2).

So we replace A with 24, B with 2B, where A is odd and B is (still) even. Then

Hence

(1/2)f(n)

3

> f(n)2=2ég;22)= 5 <x —pnx) (y‘"’;ny)

n (p) T,y
2
Ty x
-2 () o n=221-(2(5)) -0
z,y#0 x#0 T
=2p(p—1)
so A2 + B2 =p. O

Sketch of proof of second theorem. Let
x> —n
ﬂm:Ej( P )

Then f(0) = 0, and f(k3n) = (%) f(n). We conclude that f(n) = 0 if p =
2 (mod 3), and if p = 1 (mod 3), then we have f(n) = 0,4,B,C,—A,—B,—C
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according as the exponent of n in (g) = F,’ is 64, 6i + 2, 6i + 4,6 + 3,61 + 5,60 + 1.
One shows that 37, () f(n)? = A* + B? + C? by the lemma, and then

-5 (557) -5 () o

z,n z,n

d

Periods and L-series. We have seen that L-series of Grossencharacters are ex-
actly Hecke L-series of CM modular forms as well as nonholomorphic derivatives
of (nonholomorphic) Eisenstein series, i.e.

> e
|mz + n|? (mz +n)k’

m,n
These functions also have special values.
Ezample. If E/Q is an elliptic curve with CM over K, then L(E/Q, s) = Li(s,);
in the space of modular forms, we have the subset of forms coming from elliptic
curves and those from CM modular forms intersecting exactly at forms coming from
CM elliptic curves.

We are interested in special values of these functions, e.g. L(E/Q, 1), motivated
by the Birch-Swinnerton-Dyer conjecture, which says that

where Qg € Ry is a real period (up to a constant, it is f;o dz/y for a loop ) and
Sg =0if #E(Q) = co and #I1I otherwise, where in the latter case this is a perfect
square due to the existence of an anti-symmetric nondegenerate pairing to Q/Z.
Theorem (Villegas). If E has CM, then there is an explicit expression involving
O-series for Sy which shows that Sg is a square. More generally, Lk (s,¥) is a
product of a period and such an explicit expression for critical valuess =1,..., k—1.

For this theorem and a development of the rest of this section, see [19].
Example (Gross-Zagier). Consider the elliptic curve E : y? = 23 — 352 — 98 (which
is also X(49)) with CM by Q(v/—7) = K. It has minimal model y? + zy =
2% — 2% —2x 1.

Then L(E,s) = Lik(s,v), where ¢(a) = (), where « = 1,...,6 modulo p; =

(v/=T), so we choose o = 1,2,4 (mod p7), and ¥(a) = (;—7) o. Hence

LK(s,w)zl—i-%—&-O—F%—i—O—i-...
where, for example, since 2 = ((1+v/=7)/2)((1 —v/=7)/2) = a@, we have a =4 =
1/2 (mod pr), and 50 (pa) = (1 + v/=7)/2.

One finds that L(1,%) = (1/2)(27/V/7)Q where
LA/TT(2/T)T4/7)
472

We have equalities L (s,v) = L(E/Q,s) = L(fa,s) for fo € S3(I'0(49)), and
more generally Ly (s, ¥*~1) = L(fx,s), fx € Sk(T0(49), (%)k) Since s +— k — s has
a functional equation, we consider Ly (k,?*~1) with k odd, and we find
o\ F 2k-1

)

L(k,y*1) =2 <\ﬁ mA(k:)

Q:
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where A(1) = 1/4, A(3) = 1, A(5) = 1, A(7) = 9, A(9) = 49, and so on until
A(33) = 447622863272552. All of these are squares!

Theorem. Define a sequence of polynomials {az,(x)} by
d 2n+1 n?
ant1(x) = /(1 +2)(1 — 272) (md:v - 3) an(x) — 5(1 —5x)an_2(x)

with jLo(x) =1. (Eg. ai(z) = (-1/3)y/(1 +z)(1 —27x), but as(x) is a polyno-
mial.
Then A(2n+ 1) = (1/4)as,(—1), and as,(x) € Z[1/6][x].
Theorem. Define
211 () = ((32713@ —56n 4+ 42) — (x — 7)(64x — 7);1) by ()

—2n(2n — 1)(11z 4 7)by,—1(x)
with bo(z) = 1/2, by(z) = 1. Then A(2n + 1) = (b,(0))2.

We will now set out to explain the derivation of these theorems.
For 0 =Z[(1+ V—T1)/2], we let

fr) =L e = 3 atlgNe

ael
a=1,2,4 (p7)

1 m+ny/=7\ " 2 7n? m
—2;<2) (I (Z)

B 1 ©(2) ((m+ny/=T7)/2)%1
7L(Saf)*7 Z 7 ((m2+7n2)/4)s .

m=n (2)
This is essentially

(mr +n)2k-1

> (m+n)/2

m,n

|mT + n|?

r=(14+v/=T)/2=m0

A quasi-recursion. Since f(7) € My, f'(7) € M2, but this almost holds: if we
replace the derivative with

h
then f € M, , where the * signifies nonholomorphic. So we have a map M;; &,

M, 5y, which takes

o 1 CD(h+k) (—1mF+n\" 1
(mr+n)* ) T(k) drymt+n/) (mT+n)k’
We have nonholomorphic Eisenstein series
y° 1
Ey s =
%, Z |m7 + n|?s (m7 + n)*

given by some derivative of a (holomorphic) Eisenstein series. Explicitly,

=X ()i () ()

Jj=0
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Therefore L(s, 1) = (0*E)(79), so
L(’(ﬂQkil, k+ ’I") = 8k*’”*1E2,«+176(7’o).

So the central value where r = 0 has 9* 1 E; .(70), here

ELE=;+§:(Z (i))qnz;+q+2q2+3q4+---€M1 (To(7), (3)) -

n=1 “d|n

Since 11 ({(@)) = (%) @, we have

2k—1 (27T 7)k k—1
L1 ,k):ma By (T4 V=7)/14).

Proposition. If f is a modular form, 79 € $), then {0" f(70)}n satisfies a quasi-
recursion (which is always effectively computable).

For example, M, (SLy(Z)) = C(Ey, Es),
* 3 *
Ey=1- 24gal(n)q” & My, E3(7)E2(T)— p € M;

and
P M;; = ClE;, By, B
k

with 0B, = (1/3)(E3Es—Es), 0Es = (1/2)(E3Es—E}), and 0F; = (1/12)((E3)*—

E,), and
By = @ + i(z <§)>q” = % > g

n=1 VNd|n Qe2p/T
In other words, suppose that f is a Hecke eigenform, then
fr)y= > (a)gV®
aCOk
where v is a Grossencharacter; the corresponding L series
P(a)

L(f,s) = Li(s,¥) = .
(F:) = Lac(s:0) = 3 gy

Then L(k+r,1) for 0 < r < k is a finite linear combination of (9"~ Eg, 11 ()(Ter)-
We are interested in a quasi-recursion because one may want examples of Shimura
curves, for which there may not be a Fourier expansion at co: one can either take
a Fourier series along closed geodesics, an expansion at 00? on (9 x 9)/SL2(0k),
or what we will do here: expand about zy € $/T.
We now introduce the operators:
1 0 _D k

T 2mi 02 4y

and

k koL

where Es is the usual Eisenstein series of weight 2, with E = FEy — 3/my € M.
Note that Z preserves modularity: 2 : My — My o.
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For f € My, we form the power series

>, D" f(z) X"

X) = — €% X]].

(k+n—-1) nl
We define fg(z, X) analogously, and note that

fp (Ccti;)’ (CdeV) = (er + d)F exp(eX/2mi(er + d)) fp (T, X).

Therefore
fa(zv X) = exp(—X/47ry)fD(z, X)
and we define
fo(z,X) = exp(—X/12E5) fp = exp(—X/12E3) fa(z, X).
Proposition. We have

S F(X) X"
f@(Z’X)_Zk(k+1)...(k+n—1)ﬁ

n=0

where Fy = f, F1 = 2 f, and

n+k—1)

n(
F, =9F, — F,_
n+1 9 n 144 E4 n—1

with 9(Es) = (E2 — Ey4)/12.

Ezample. We have E3(i) = 0, and so fs(i, X) = fo(i,X), 0"f(i) = F.(i) = i,
eg. for f = Ey, Fy = Ey, F} = —1/3Es, Fy = 5/36E3, and similarly since
D(Ey) = —(1/3)Es and Z(Eg) = —(1/2)E%, and then we continue using %(ab) =
P(a)b+ a2 (b), therefore F,, in general is a polynomial in F4 and Es and therefore
after factoring out Eff/ **1 it becomes a polynomial f,, of degree n in Fg/ EZ’/ > In
particular, fo(¢t) =1, f1(¢t) = —=1/3t, and fr41 = (t71)/2f) — (n+2)/6tf, — n(n +
3)/144f, ;.

Now we have the factorization formula

L(w%kil, k) - ak—l@ - ‘a(k—l)/29|2
as a formal consequence of Poisson summation.

Application to Diophantine equations. Sylvester asked which primes p are
sums of z3 + y> = p, 2,y € Q. This equation gives the elliptic curve E : y? =
a3 — 432p? after a change of coordinates. To solve this, we form

L(Ey, s) = LQ(\/T3) (VXp, 5)
where 1) is the Grossencharacter of weight 1 and X, is the cubic character modulo

.
Then by the preceding discussion, we find

3
L(Ep,1) = \/§F(1/3) Sp
273, /p
for an integer S, € Z. According to the BSD, S, = 0 if p is a sum of cubes and
is the order of Illg otherwise. Under this hypothesis (the work of Coates-Wiles
allows us only to say that S, # 0 implies p # z* + y?), and assuming p # 4,7,8
(mod 9) because the sign of the functional equation is negative in this case, and
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p=2,5 (mod 9) implies that S, =1 # 0 (mod 3), so we must only consider p =1
(mod 9).
Theorem.

(a) Let p=9k+1. Then

Sp = Tr(ay)
where
o = VPO
P54 9(0)

so that deg o, = 18k and

O(q) = %qungm"*"z = g + 32(2 (g))q"
m,n d|n

n

and § = —1/2 +2/6V/3 € § with

—3I(1/3)3
00) = (2;)/2 )
(b) Moreover,
Sp=(Tr 5:3)2
where if p=pp, p = (p, —r +/—3/2) so that r? = =3 (mod 4p), then
6B n(a)
P == AT talp)

so that deg 3, = 6k.
(c) If we define fo(t) =1, fi(t) =12,
forr = (=) fr, + Cn+ D) fr, — n’tfo a1,
and A = f31(0), then
S, = (=3)P719/3(3k1)2 Ay, (mod p)
with |Sp| < p/2.

S, can also be given as an explicit formula in Bi with Ay, = BZ.

Link to hypergeometric functions. Let

h=F(1/3,1/3;2/3;2) =Y (?;)'T’“,
k=0 ’
i (2/3,2/34/3:2)°
F(2/3,2/3;4/3;2)° )
R IOV R VE e A
then
>~ B
1 — g)1/24 _ k k.
(1-a)"/**Vh ;(%)!( T/2)
Then

ﬂ%n (“’ ‘w“) = (W) + (' (@) = n(@)u+ ...

1—u
o0
B n
= 2 Gy’
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where ¢; = n(w) = e™/?4(3/4Q/27)"/? and ¢, = —3+/3/47Q?. This gives us an
explicit formula for calculating the above values.

Other special values. Therefore from the Kronecker limit formula we obtain
special values ¢(<71). One can also ask for the values ((&/,m) for m > 1 and to
what they correspond (for example, [[, ; Lk (1,x) = (h(H)/h(K))R(K)). Classi-
cally, (7 (1) for a number field F' corresponds to units and the class number; Borel
discovered that (r(m) corresponds to the K group Ka,,—1(F).

What we will need from K-theory is as follows: K;(R) = R* for any ring R,
so K1(OF) = Z"*"2~1 ignoring torsion, and K1 (F) = €, Z generated by chosen
prime elements 7 of F' (ignoring units). We have

0, n even,;
rk Kop—1(F) = < g, n=2m—1, m even;
ri+ry, n=2m—1, m odd.
and for higher n, K,(0Or) = K, (F), again up to torsion (or tensoring with Q).

Recall we have F'®gR = R"™ x C"2, where the latter can be broken up into real
and imaginary pieces, hence we obtain two disjoint R-vector spaces of dimension
r1 +ry. We will now show that the image of Ks,,_1(F) embeds as a lattice in such

a vector space, and the covolume of this lattice gives us (z(m).
We have the dilogarithm Li,,,(X) = >">7 | X"/n™, e.g.

v 1
Liy(X) = / ~log dt.
o t C1—t

The function
Da(x) Im (Liz(X) — log [z[ Liy (x))
is single-valued, like Re(log z) = log|z|.
Conjecture. Ko, 1(F) = B, (F), where B,,(F) is the Bloch group, which for
now s just certain Z-combinations of elements of F' modulo a certain subgroup.

We will define the regulator map from Ks,,_; to R™%"2 or R™ using the diloga-
rithm D, : C — R; since D,,(Z) = (—1)™"1D,,(x), this number is determined by
the character of the embeddings of F.

Conjecture. If K is an imaginary quadratic field and m > 2, then there exists an

Nm € Bm(H) — B, (C)™ Ly R such that

2=V (9 ym
(m—1)!
For m = 2, this is a theorem, as we will see.
Ezample. Take K = Q(v/—23), h = 3, then o4 < [1,1,6], & < [2,1,3], and
oy = 4271_1. Then

((«/,m) = | DIY2 7" Dy (0.7 [1m)).

Co(s) +2€1(s) = Cr(s) = C(s)L(s, (53))
since (1 = (2, and hence we also have
Co(s) + Ci(s) = Go(s) + wli(s) +wea(s) = Lk (s, x)
where x is a cubic character. We compute:

Co(2) =1.219266..., (1(2) = 0.54446. ..

w
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and
G(2) —2G1(2) =(x(2) = 2(;1;)3/2D(€K)
@)~ 1(2) = L2.x) = 3 D(0)
where

Ex = 21[(14+v—23) /2]4+ 724V —23]+[(3++v —23) /2] = 3[(54+V —23) /2] 4+ [3+ v —23].
and 0% + 6 + 1 = 0 is contained in the real subfield of H.

Case m = 2. We investigate the Bloch group B2(F) = B(F') (see [6]). In this case,
B(F) = {2imalwi] : 22 nifzi] A[L — 23] = 0} /H
where
H ={[a] +[b] +[(1 —a)/(1 = ab)] + [L — ab] + [(1 = b) /(1 — ab)]}.

We want ker (Z[F] 2 /\Q(FX)) by [z] — [z] A [1 — z]. Note that Bo(F') is torsion
if F is totally real, e.g. F' = Q. The relation corresponds to the relation of the
dilogarithm D(a)+ D(b) +---+ D((1 —b)/(1 —ab)) = 0.

Ezample. For F = Q, the elements © = 1/2,1/3,3/4,8/9, ..., all defined multi-
plicatively using the primes 2,3, have 1 —a =1/2,2/3,1/4,1/9,... with the same
property. For example §([1/2]) = [1/2] A [1/2] =0, and

[1/3] = [1/3] A [2/3] = =[BI A ([2] = [3]) = [2] A [3]
and similarly
[3/4] — [3/4] A [1/4] = 2([2] A [3),
so already we have the Bloch group elements [1/2] and [3/4] — 2[1/3].
Proposition (A. Levin). ForaC K, A€ Ok, p=1— X\, and o = [a], we define

fr = ANONWN - Y Y Deprmsl
aex"tas/al (N(N))
Bepta/a

where

_pla)—ple) _ ola—olat o) _ .,
Tabe = @) —p(b) ~ ola—bolatbe@? < 1 2

where o is the Weierstrass o-function.
Then & € H'.

One checks that 6(§) =[] A1 —&] = 0.
Theorem (A. Levin). We have

D(€er x) = (N(A) + (N (p) + 1)¢k (7, 2).

8. BOWEN LECTURES: PERIODS AND SPECIAL VALUES OF L-FUNCTIONS

The contents of these lectures will appear as an article in the upcoming Springer
volume covering mathematics of the twenty-first century.
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Periods. We have the hierarchy of numbers N € Z € Q C Q (countable, con-
structible, accessible) but also Q € R C C with Q@ C C (uncountable, uncon-
structible, inaccessible). There is an intermediate class Q C & C C (constructible,
but only partially accessible).

Definition. A period is a complex number whose real and imaginary parts can
be given as an absolutely convergent integrals of rational functions with rational
coeflicients over domains in R™ given by polynomial inequalities with rational co-
efficients.

0= /fl(zl,...,ocn)zo (Ri(x1,...,2pn) +iRo(x1,...,2,)) dzy ... dxy
fm(z1,...,@n)>0

Ezample. V2 = [, ., dx

Ezxample.
* d
= // dx dy = / 7%2
24y2<1 1+x

72/ def/

1 dz
21 lz|=1 z ’

val —x2

Ezample. log?2 = ff dx , but is also
/1 rdr
o log(1/(1—x))

e Allow algebraic functions and algebraic coefficients.

o Integrate only 1, so 2 = A; — Ay +iA3 — 1A, with A; a volume of a domain
in R™ defined by polynomial inequalities.

e If X is a smooth quasiprojective variety, Y C X subvariety, defined over Q,
w a closed algebraic n-form on X such that w|y = 0, C a singular n-chain
in X(C) with 9C C Y (C), then we let [,w € 2.

Ezample. If a,b € Q>0, a # b,

Alternative definitions:

1+ a2x?
Blab)y=2 | \ G
is not in Q.
FEzxzample. We have
C(n)=141/2"+1/3"+

/// d:c dy dz
(]<x<y<z<1 )yz

Example. For pn the Mahler measure, and P a polynomlal in mlil, oo, oL with
coefficients in Q, we have

dz,  da,
/ / log | P(a1, ..., n)\ﬂ...ieﬂ.
jar|=-=leal=1 T 2a

Example. T'(s) = [.°t*"te~tdt, has I'(p/q)? € 2.

forn > 2, eg.
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e and 7y are presumably not periods, but we do not know this.

Properties of periods.

Question. m/163/3 = 13.36972333037750 equal to the real number log(640320) =
13.369723330377507

Question. What about 7/6+/3502 and

4
log 2H(J:j +y/25 = 1)
j=1

where 21 = 1071/2 4 92v/34, 2o = 627/2 + 221V/2, x3 = 1553/2 + 133v/34, 24 =
429 + 304+/2. They agree to 80 decimal places.

The answer to both of these questions is no, as one can check by taking a longer
approximation to each.
Question. Finally, what about

\/11 +2v29 = \/16—2@+2\/55—10\/@

= 7.3811759408956579709872 = /5 + 1/ 22 + 2V/57

This time the numbers are algebraic. Are they equal? We can tell by determining
their minimal polynomial. For two algebraic numbers of bounded degree there is
an explicit bound on the number of digits we must write down to tell if they are
equal. There is nothing true for periods. Similarly, given a real number one can
construct a minimal polynomial which by LLL can construct it; nothing such is
true for periods.

Rules of calculus. We have the following rules from calculus which allow us to
operate on periods:

(i) Additivity:

/ (@) + 9(a)) do = / ' fla)de + / @) da

/abf(x)dx = /acf(x)dstr/cbf(:c)dx.

(ii) Change of variables:
f(®)

and

b

F(y)dy = / F(f(2))f'(x) dr.
f(a) a

(iii) Newton-Leibniz formula:

b
/ f(2) dz = (b) — f(a).

For higher dimensional integrals, there are also corresponding formulas.
Conjecture. Any two representations of the same number as a period can be ob-
tained from one another using only the preceding rules, with all functions and do-
mains of integration algebraic with coefficients in Q.

There is also a fourth rule: 7A = 7B implies A = B for any period 7.

Principles:
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(1) If an interesting number arises, try to exhibit it as a period!
(2) If an equality of two numbers is conjectured, try to write them both as
periods and prove their equality using the “Rules of calculus”.

Ezample. p(P) the Maahler measure; show by the “rules of calculus” that
6u(r+y+16+22+y ) =1lplx+y+5+a+yh).

Open problems:

(1) Find an algorithm to determine whether two given numbers in & are equal.

(2) Find an algorithm to determine whether a numerically given element of C
is equal (to given precision) to a simple element of Z2.

(3) Explicit examples of numbers not belonging to &2.

Periods and differential equations. Start with Z ¢ Q ¢ Q ¢ #. We have
the analogy Z[T] C Q(T) C Q(T) and the analogy of &7 are solutions of (special)
differential equations with algebraic coefficients coming from integrals with a free
parameter.

Example. Elliptic curves Ey : y? = z(z — 1)(z — t). Have

Q“)/m/i

and similarly Qa(t) = [ dx/y.
Elliptic functions are doubly periodic. If t € Q, Q4 (¢), Q2(t) € Z; and Q4 (¢) and
Q2 (1) satisfy the differential equation

tt—1)Q"(#) + (2t — D)Q'(t) + 1/4Q(t) = 0.
Ezample. Hypergeometric functions
 (@)n(0)n
F e _ \&)n\Y)n n
(bsci) =3 o5

where (a),, = a(a+1)...(a+n—1). Ifa,b,c € Q, then x € Q implies F(a,b;c;z) €
(1/m) 2.

There are relations among these examples:

o= [ e, e
- 22 (?) (t/4)" /0 " g ao
— i <2:)2t”/16” = nF(1/2,1/2:1;1).
n=0

Ezample. Modular forms: z € ), f(z) holomorphic, not too big,

(25) = @+t
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for all z € 9, (a Z) € SLy(Z) is a modular form of weight k. For example,
A(Z) — g2miz H(l _ 627mnz)24
n=1

(k=12) and

240 ’
. n3
']() <+Z€ 2minz _ >
(k = 0) are modular.

j(2) € Q and A(z) € 2[1/7]. Moreover, A(z) = F(j(z)), implies F(t) satisfies
a linear differential equation of order 13.

oo

24
R Z On_ = F(1/12,5/12;1;1728/(2)).

—27rznz

E.g. j(i) = 1728, A(i) = T'(1/4)* /224728,

An overview of L-functions. Let X be an arithmetical object (a number field,
character, Galois representation, arithmetic algebraic variety, modular form, etc.).
Then we associate to it L(X, s), the Dirichlet series encoding certain characteristics
of X:

oo
L(s) = L(X,s) = vt
n=1
Assume the a,, have polynomial growth so that the series converges; then it does
so for Re(s) > 0.
There are five typical properties:
(1) Euler product: L(s) = [], P,(p~")~" where P,(T) is a polynomial with
integral coefficients of degree < n with =n when pt A.

n is called the level, A is called the conductor. This directly measures
the p-adic properties of X (the number of points on a variety, eigenvalues
of a Hecke operator, how a prime splits, etc.).

(2) Meromorphic continuation and functional equation:

L*(s) = v(s)L(s) = £L*(k — s)

)

where

n
Y(s) = APa 2T T((s + @) /2)
j=1
for k € N.
(3) Local Riemann hypothesis: P,(p~*) = 0 implies Re(s) = (k — 1)/2.
(4) Global Riemann hypothesis: L(s) = 0 implies Re(s) = k/2 or s € Z.
(5) Special values: For certain s € Z such that v(s) # oo, v(k — s) # 00, then
L(s) € 2[1/x].
Ezample. L(s) = ((s) = Y., 1/n* =[[1—p )L, so P,(X) =1-X, n =1,
A =1 (Euler). ¢*(s) = n7/?T(s/2)¢(s) = ¢*(1 — 5), so k = 1 (Euler, Riemann).
1—p~* =0 implies Re(s) = 0, and the global Riemann hypothesis ((s) = 0 implies
s € —2N or Re(s) = 1/2 (this has been checked for the first 2 billion zeros, but still
not known).
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We have ((2) = 72/6, ((4) = 7*/90, ... and ((—1) = —1/12, ¢(—3) = 1/120,
. (again due to Euler), with a simple relationship between certain pairs.
There are examples that come from number theory:
Ezample (Dirichlet). We have L(s, x) for x a Dirichlet character. P,(x) = 1—x(p),
n =1, A is the conductor of x, k = 1.
Ezample (Dedekind). We have (p(s) for F' a number field. n = [F : Q], 4 is
the discriminant of F, and k = 1. If F = Q(«), and f(«) = 0 is minimal, then
Py(T) = I1,_xaces, if f =TI, fi (mod p) for ptA.
Ezample (Artin). We have L(s, p), where p a Galois representation. Here n = dim p,
A is the conductor of p, k = 1, and the P, is obtained from eigenvalues of Frobenius.
There are also examples that come from algebraic geometry:
Ezample (Hasse-Weil). For L(C/Q,s), C a curve, n = 2g, k = 2, we have P,(T) =
1—a,T+ -+ p9T% for pt A, where e.g. a, counts the the number of points in
7./(p), etc. We conjecture with v(s) = N3/2(27)%9T(s)9 that

L*(s) = £L x (k — s);

this is known for genus 1 curves (Wiles) and modular curves.

Ezample (Weil, Grothendieck, Dwork, Deligne). More generally, for any algebraic
geometry X, we have

= ex - p~ "\ _ Lo(s)La(s) ... Laa(s)
Cx(s) = exp (;;#X(Fpr) r ) ~ Li(s)... Lag_1(s)

where d = dim X, and for L;(T), n = dim H;(X), k =i+ 1.
Finally, there are examples coming from modular (automorphic) forms:

Ezample. Let f be a modular form of weight k, e.g.

Ey(z) =1+ 240 i n3/(g"™ —1)
n=1

2miT

forg=ce and

A(z) =q [J(1—g)*
n=1

Then we obtain 1/240L(Ey, s) = ((s)((s — 3), and (Ramanujan)

24 252 —sy—1
L(As)=1- 0+ +~~':1;[Pp(p )

with P,(T) = 1 — w(p)T + p*'T?, n = z have local Riemann hypothesis, |7(p)| <
2p''/2. Then we associate L(f,s), n = 2, k the weight, and A the level of f, and

L*(fvs) = (2W)_SF(S)L(f75) = iL*(.ﬂ k— 5)

where the v term is in fact (1/2v/7)71T(s/2)['((s +1)/2).

We can also take L(Sym? f, s) the symmetric square (Rankin-Selberg), n = 3, k
twice the weight minus 1 and many others (L-series of Siegel and Hilbert modular
forms, L-series of automorphic representations) (Langlands).

Langlands tells us that there is only one kind of L-series: already, the case of
algebraic number theory is just algebraic geometry in dimension zero.
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Special values. Recall the special values of the ¢ function: ((1) = oo, ((2) = 72/6,
¢(4) = 7*/90, ..., and ¢(0) = —1/2, and ((—1) = —1/12, .... There is no such
result for ((3), since (*(s) = v(s)((s) = ¢*(1 — s); since I'(s) # 0, but I'(s) = oo if
s=0,-1,-2,...,80v(s) =0 iff s =0,-2,—4,..., and I'(1 — s) = oo as well for
s=1,3,....
Definition (Deligne 1979). Let L(x,s) be an L-series as above. s is called critical
for X if s € Z, v(s) # o0, and v(k — s) # 0.
Conjecture (Deligne’s conjecture). If s is critical, then Lx(s) € P = P1/x].
This conjecture is absolutely explicit; up to a rational number, there is a specific
matrix with the period equal to a determinant.
This was generalized by Beilinson (and Scholl):
Conjecture. For s € 7Z critical, let m the order of vanishing at s of L. Then
Lm)(s) € P.
FEzxzample. The Dedekind zeta-function. The critical values: if F' is totally real,

then already Cp(2),Cr(4), - € Qlr], Cr(—1),Cr(—=3),- € Q (Klingen-Siegel).
(If the field is not totally value, all are noncritical, since 7(s) has the factors
D(s/2)m 72T (s + 1)/2)" )

For noncritical values, s = 1 implies Cp(s)/C(s)|S=1€ Ql[m,log |€]], € units of F
(Dirichlet). If s = m > 1, (p(m) the regulator for Ko,,—1(F'), so is in & (Borel).

Conjecture (Zagier). (r(m) € Q[r, Li,, |a|], where

oo

Lip(T) =) :—:L
n=1

For m =2, F = Q(v/—d) D O the ring of integers, we have

472 3
r(2) = iy vol(9°/SL(0)
(Humbert). More generally, (#(2) for any number field is the volume of some
hyperbolic (ry = 1) or multihyperbolic (r9 > 1) manifold.
If A is a hyperbolic 3-simplex (a tetrahedron), then vol(A) is a combination of
values of D(z) (Lobachevski), where

D(z) = Im(Liz(z) + log|z|log(1 — z)
is a uniquely defined function.
Ezample. For F = Q(\/-T7),

42

Cr(2) = 21\ﬁ(zp (D((1+V=T7)/2) + D((1 + V=T7)/4)).

Also there are many examples for m > 2, e.g.
((3) = D3(1) = 8/7TD5(1/2) = 6/13(2D3(3) — D3(—3)

and so forth. This is proved for m = 2,3 (Goncharov). Generalization to Artin
L-functions specializes to:

Conjecture (Zagier). Let Q(z,y) = ax? 4+ bry+ cy? € Z[z,y] be a positive definite
binary quadratic form, then

N
als)=> 0@

T, YEL
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is an Epstein zeta function. For m > 1,

Ca(m) = =" ;D (1)

V1D 5

fora; €Q, z; € Q.

The conjecture has been proved for m = 2 (Levin). Explicit computation has
been done for Q(z,y) = 222 + xy + 3y
Ezample (Mahler measures). (Deninger, Boyd, Villegas) For example, for & > 0,
k # 4, let

Pe(z,y) = (z+y)(zy + 1) — kay
The eqatuion Pg(x,y) = 0 defines an elliptic curve Ej and one expects
|L'(Ey,0)| = N/4w*L(Ej,0) = Byu(Py)

where p is the Mahler measure with By € Q. For example, k = 1,2,3,... give
Br,=1,1,1/2,1/6,2,2,1/4,....

Modular forms. For f a modular form, the only special valuesares =1,...,k—1,
and we need only to know half by the functional equation.

The theory of “period polynomials” or the Rankin-Selberg method imply that
there exist two periods Q4 € & such that for 0 < s < k,

QQ,, seven;

L'(f.s) € {QQ_, s odd.

Ezample. For A(z), L(A,s) =1—24/2° +252/3° — .. .:

L*(A,s)
1/30 0y
1/28 Q-
1/24 Q.
1/18 Q_
0| 2/25 Q4
1] 90/691 Q_

© 0 D »

— =

According to Deligne, L(A,s) is a motivic L-function, corresponding to a piece
of H''(K) for a certain 11-dimensional variety K (Kuga variety, 11th symmetric
power of the universal elliptic curve). Hence L*(s,A), s = 1,...,11, should be
given by integrals of 11-forms over 11-cycles. Can we make this explicit? Yes!

Step 1:

F(s):/ t5le~tdt
0

S0
(27?)7SF(3)7”FS=/ tsle=2mnt gy
0

and

(2m) T (s)L(A, s) = / FLA(it) di.
0
Step 2: Recall the Legendre family of elliptic curves

By =x(x—1)(z—1)
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for t € C with periods

1 o)
dx dx
Q)= [ =, Q@ :/ -,
1(t) Y 2(t) Y
If we substitute
A(z/2)3A(22)2/3

t=M\(z) =16 =16¢"/? — 128¢ + 704¢%/% — ...

A(2)
for z € 9, ¢ = €*™**. Then
Qo(t) = TF(1/2,1/2;1;t) = 70(2)?
and
Q1 (t) = 120(2)*

where 0(z) = Y, ™2 =14 ...

Step 3: Thus Qy(t) for ¢ = A(z) is a modular of weight 1, Q(z) is a modular
form of weight 12. Therefore %5)12 is a modular function, and hence an algebraic

function of ¢t = A(z), and in fact a short calculation gives this as t2(t — 1)2. Since
dt = N(z)dz, N (2) = Q2(t)2/t(1 — t) is a modular form of weight 2, and Q;(t) =
205(t). Hence for s =1,...,11,

L*(A,s):/ t5TVA(it) dt
0
1
sl / (1) 10 ()54 (1 — 1) dt.
0

Noncritical values.
Theorem (Beilinson, Deninger-Scholl). For f a modular form, weight k, m > k >
2. Then L(f,m) € & = P[1/x].

Beilinson’s proof gives L(f,2) as the sum of integrals of the form

b
/ log | A(2)| B(x) dz

with a,b € Q, A, B € Q(z), equal to the Mahler measure in some cases.
For k = 1, the corresponding statement would follow from Stark’s (m = 1) and
Zagier’s (m > 1) conjectures in general and is true for “CM forms”.

Corollary. If n is even, Q(x1,...,x,) a positive definite quadratic form with in-
tegral coefficients. Let

(Epstein zeta function, converges for Re(s) > n/2). Then s € Z implies (g(s) € 2.
Question (Open). Is this true also for n odd? In particular, is “Glaischer’s constant”
’ 1
Y 555 = 16.53231595....
21 24 2)2
vigen & HY )

a period?
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Central values. If k is even, then the central value s = k/2 is critical, but
L(f,k/2) often vanishes (e.g. if the functional equation L*(f,s) = £L*(f,k — s)
has a minus sign). In this case, the Beilinson-School conjecture still predicts that
the first nonzero derivative of L(f,s) at s = k/2 is a period.

Theorem. If f is a Hecke eigenform of weight k, L*(f,s) = —L*(f, k — s) implies
L'(f,k/2) e 2.

Idea of proof. The central derivative L'(f, k/2) can be expressed as a finite rational
linear combination of logarithms of integers and special values of higher weight
Green’s functions Gy o(z,2") with z,2" € Q (Gross-Zagier). These special values
are sometimes conjectured to be logarithms of algebraic numbers, e.g.

-1 27 +19v2

=lo
V2Gs(i,iV/2) 527 _19v2

but can be proved to be periods by a calculation like the one for critical values of

L(A,s). There are formulas:

v 2 Eu(iy)Aliy) o
\@Gz(,\@) WG+1728/\@ Eolip)? (> =2)dy...

which can be expressed explicitly. O

Conjecture of Birch and Swinnerton-Dyer. For E/Q an elliptic curve over
Q, so that (Mordell)

E(Q)’:ZPl@"'@ZPTEBZtors-

By Wiles, L(E, s) = L(f,s) for f a modular form of weight 2. Then the Birch and
Swinnerton-Dyer conjecture says that ords—; L(E,s) = r and

L(E,1) = QR
where ¢ € Q, ¢ # 0 (there explicit formulas for it), 2 a real period of E, equal
to fE(R) dz/y, and R is the regulator of E, the determinant of the r x r matrix

((Pi, P;))i,; where (,) is the bilinear height pairing on E(Q) defined by (P, P) =
h(P), the canonical height, defined as follows: ho(P) is the naive height

log max(|z1l, 22|, [y1], [y2])
where P = (z1/x2,91/y2), then h(P) = lim,,_. ho(nP)/n?.
Ezample. The simplest example E : y? = 423 —4x+1 of conductor 37. E(Q) = ZP,
P=(0,1), and
n nP
31 (L1
3| (-1,-1)
4| (2,-5)
5
6

(6,29)
Then Q = 5.98691729..., R = h(P) = 0.0511114082..., and L'(F,1) = QR =
0.305999773 . ...

Theorem. The quantity QR appearing in the BSD conjecture is always a period,
more specifically, it is the determinant of an (r + 1) X (r 4+ 1) matriz whose entries

are Q-linear combinations of integrals f:w, a,b € E(Q), w an algebraic 1-form.
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Ezample. E, P as above y = V43 — 4x + 1 implies

0 dz (0 1-1)dz
QR_ -1 vy —1 y ) 2z
2 dw fo 1—1)dz
1 vy —1 y ) 2x

Question. Show that f a modular form of even weight k, r = ord,—y 2 L(f, s),
implies L") (f,k/2) € 2.

This is a previously stated theorem if » = 0, » = 1. There are not even examples
known for elliptic curves of higher rank.

Sketch of proof. For (P,Q) = Y (P,Q),, a sum over the places v of Q of local
heights. Then

(P,Q)=) (P-Q)logp+G(P,Q)
P

where the finite primes runs over only finitely many primes, and G is a Green’s
function. G(P,z) is harmonic in z except for logarithmic singularity at P, namely
G(P,z) = Re f;o wp where wp is a 1-form over R with a simple pole at P with
residue 1 and Re (fE(R) wp> =0.

Choose w} a 1-form defined over QQ, with a pole at P, so that w}p = wp + Awp,
wo = dx/y the holomorphic 1-form. Then

0 =Re / wp | =Re / wp | —AQ
E(R) E(R)

so A= (1/Q)Re (fE(R) w};). Thus

@ Q 1 |Re w Re Q w
G(P,Q) = Re / wp | =Re / (wp—wo) | = = Upm) ) (f;é, 0
£ 20 Re(fE(R) wP) Re(fzo WP)
and is therefore a matrix of periods. 0
REFERENCES

[1] Emil Artin and John Tate, Class field theory, W.A. Benjamin, Inc.: New York-Amsterdam,
1968.

[2] A. Borel, Class invariants I-1I, Seminar on complex multiplication, Lecture notes in mathe-
matics, no. 21, Springer-Verlag: Berlin-New York, 1966, I1I-1-IV-10.

[3] Ph. Cassou-Nogues and M.J. Taylor, Elliptic functions and rings of integers, Progress in
mathematics, vol. 66, Birkhduser: Boston, 1987.

[4] Henri Cohen, Elliptic curves, From number theory to physics (Les Houches, 1989), Springer:
Berlin, 1992, 212-237.

[5] A. Frohlich and M.J. Taylor, Algebraic number theory, Cambridge University Press: Cam-
bridge, 1991.

[6] A.B. Goncharov and A.M. Levin, Zagier’s conjecture on L(E,2), Invent. Math. 132 (1998),
no. 2, 393-432.

[7] Dale Husemoller, Elliptic curves, Graduate texts in mathematics, vol. 111, Springer-Verlag:
New York-Berlin, 1987.

[8] K. Iwasawa, Class fields, Seminar on complex multiplication, Lecture notes in mathematics,
no. 21, Springer-Verlag: Berlin-New York, 1966, V-1-V-13.

[9] Anthony W. Knapp, Elliptic curves, Mathematical notes, vol. 40, Princeton University Press:
Princeton, 1992.

[10] Marvin I. Knopp, Modular functions in analytic number theory, Markham: Chicago, 1970.



64

(11]
(12]
(13]
(14]

[15]
[16]

(17]
(18]
(19]
20]
(21]

(22]

COMPLEX MULTIPLICATION

Serge Lang, Elliptic functions, 2nd ed., Graduate texts in mathematics, vol. 112, Springer-
Verlag: New York-Berlin, 1987.

Serge Lang, Algebraic number theory, 2nd ed., Graduate texts in mathematics, vol. 110,
Springer-Verlag: New York, 1994.

Serge Lang, Introduction to modular forms, corrected ed., Grundlehren der Mathematischen
Wissenschaften, vol. 222, Springer-Verlag: Berlin, 1995.

Jurgen Neukirch, Algebraic number theory, Grundlehren der mathematischen Wissenschaften,
vol. 322, Springer-Verlag: Berlin, 1999.

Andrew Ogg, Modular forms and Dirichlet series, W.A. Benjamin: New York, 1969.
Jean-Pierre Serre, A course in arithmetic, Graduate texts in mathematics, vol. 7, Springer-
Verlag: New York, 1973.

J.-P. Serre, Modular forms, Seminar on complex multiplication, Lecture notes in mathematics,
no. 21, Springer-Verlag: Berlin-New York, 1966, 1I-1-11-16.

J.H. Silverman, The arithmetic of elliptic curves, Berlin: Springer, 1994.

Fernando Rodriguez Villegas and Don Zagier, Square roots of central values of Hecke L-
series, Advances in number theory (Kingston, ON, 1991), Oxford Univ. Press: New York,
1993, 81-99.

André Weil, Elliptic functions according to Eisenstein and Kronecker, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, Band 88, Springer-Verlag: Berlin-New York, 1976.

Don Zagier, Introduction to modular forms, From number theory to physics (Les Houches,
1989), Springer: Berlin, 1992, 238-291.

Don Zagier, Traces of singular moduli, Preprint of the Max Planck Institut fiir Mathematik,
2000, available at http://www.mpim-bonn.mpg.de/cgi-bin/preprint/preprint_search.pl.



