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Dimension formula

Theorem (vdG, Theorem. IV.4.4)

Let Γ be a Hilbert modular group. The dimension of the space of
cusp forms of even weight 2m ≥ 4 on Γ is

dimS2m(Γ) =
(2m − 1)2

4
vol(Γ\h2) +

∑∑
ζn=1

ζ ̸=1

ζ(q+1)m

n(1− ζ)(1− ζq)

+
∑
σ

χσ(Mσ,Vσ),

where the first sum is over all quotient singularities of YΓ with type
(n; q, 1), and the last sum extends over all cusps of Γ.



Dimension formula: torsion-free case

Proposition (vdG, Prop. IV.4.1)

Let Γ be a torsion-free Hilbert modular group. The dimension of
the space of cusp forms of even weight k ≥ 4 on Γ is

dimSk(Γ) =
(k − 1)2

4
vol(Γ\h2) +

∑
σ

χσ(Mσ,Vσ),

where the sum extends over all cusps of Γ.



Right derived functors

Given a left-exact functor F : A → B, where A and B are “nice
enough”, we can define a right derived functor as follows:
Let A ∈ A , we construct an injective resolution

0 → A → I 0 → I 1 → I 2 → · · ·

Apply F :

0 → F (I 0) → F (I 1) → F (I 2) → · · ·

Take cohomology, and define the i th right derived functor
R iF (A) := H i (F (I •)).
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Some sheaf cohomology

Let X be a topological space, Sh(X ) the category of sheaves of
abelian groups on X , Ab the category of abelian groups. Apply the
previous setting to the functor of global sections

Γ(X ,−) : Sh(X ) → Ab

F 7→ F(X )

The cohomology functor H i (X ,−) is the ith right derived functor
of Γ(X ,−), i ≥ 0. For any sheaf F , the groups H i (X ,F) are the
cohomology groups of F .



Relations to other cohomology theories

▶ Singular: let X be a topological space, Z the constant sheaf,

Hn(X ;Z) ∼= Hn(X ,Z)

▶ De Rham: let M be a smooth manifold, R the constant sheaf,

Hn
dR(M) ∼= Hn(M,R)
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The Euler characteristic of a line bundle

Let F be a sheaf of vector spaces on a topological space X . Then
H i (X ,F) inherits a natural vector space structure. The Euler
characteristic of F is defined as

χ(X ,F) =
∑
i

(−1)i dimH i (X ,F).

Let L be a line bundle; the sections of L give rise to a sheaf L, and
we denote

χ(L) = χ(X , L) := χ(X ,L).
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Proof of Prop. IV.4.1

Recall: The Hilbert modular forms of weight 2m on Γ can be
viewed as sections over YΓ of L⊗m, where L = Ω2(logD) and
D =

∑
Si .

χ(L⊗m) =
c1(L

⊗m)(c1(L
⊗m) + c1(YΓ))

2
+ χ(YΓ)

=
mc1(L)(mc1(L) + c1(YΓ))

2
+ χ(YΓ)

The above follows from Riemann-Roch, and since L⊗m is a line
bundle:

c2(L
⊗m) = 0, c1(L

⊗m) = mc1(L)



Proof (cont.)

Also, c1(L) = −c1(YΓ) +
∑

si , where the si are Poincaré duals of
the homology classes of the Si .

χ(L⊗m) =
mc1(L)(mc1(L) + c1(YΓ))

2
+ χ(YΓ)

=
mc1(L)((m − 1)c1(L) +

∑
si )

2
+ χ(YΓ)

=
m(m − 1)c1(L)

2

2
+ χ(YΓ)

The latter equality follows from c1(L) · si = 0.

Recall: c1(L)
2 = 2vol(Γ\h2), so

χ(L⊗m) = m(m − 1)vol(Γ\h2) + χ(YΓ).

By Serre duality, χ(L⊗m ⊗ Ω2
YΓ
) = χ(L−m), so

χ(L⊗m ⊗ Ω2
YΓ
) = χ(L−m) = m(m + 1)vol(Γ\h2) + χ(YΓ).
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the homology classes of the Si .

χ(L⊗m) =
mc1(L)(mc1(L) + c1(YΓ))

2
+ χ(YΓ)

=
mc1(L)((m − 1)c1(L) +

∑
si )

2
+ χ(YΓ)

=
m(m − 1)c1(L)

2

2
+ χ(YΓ)

The latter equality follows from c1(L) · si = 0.
Recall: c1(L)

2 = 2vol(Γ\h2), so

χ(L⊗m) = m(m − 1)vol(Γ\h2) + χ(YΓ).

By Serre duality, χ(L⊗m ⊗ Ω2
YΓ
) = χ(L−m), so

χ(L⊗m ⊗ Ω2
YΓ
) = χ(L−m) = m(m + 1)vol(Γ\h2) + χ(YΓ).



Proof (cont.)

χ(L⊗m ⊗ Ω2
YΓ
) = χ(L−m) = m(m + 1)vol(Γ\h2) + χ(YΓ).

Recall: χ(F) =
∑

(−1)i dimH i (X ,F).
Kodaira’s vanishing theorem gives conditions when sheaf
cohomology groups are trivial:

Hq(X ,F ⊗ Ωp
X ) = 0, p + q > d ,

where X is a smooth projective scheme of dimension d , F is an
ample invertible sheaf.

Therefore, dimH i (YΓ, L
⊗m ⊗ Ω2

YΓ
) = 0 when i > 0,m ≥ 1, and

χ(L⊗(m−1) ⊗ Ω2
YΓ
) = dimH0(YΓ, L

⊗(m−1) ⊗ Ω2
YΓ
) = dimS2m(Γ).

Recall: χ(YΓ) =
1
4vol(Γ\h

2) +
∑

σ χ(Mσ,Vσ).
Putting it all together, we get the result.
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Example (for B-side?)

Try to find dimensions of cusp form spaces for Γ = Γ(2) and
K = Q(

√
13).



A motivating example

Recall: χ(X ,F) =
∑

i (−1)ihi (X ,F)
Let X = Pn, F = O(m). Then for m ≥ 0,

h0(Pn,O(m)) =

(
n +m

m

)
=

(m + 1)(m + 2) . . . (m + n)

n!
,

a polynomial in m.
Equality not true for all m (e.g. for m ≤ −n − 1). However, it is
always true that

χ(Pn,O(m)) =
(m + 1)(m + 2) . . . (m + n)

n!
.



The Hilbert function

Let F be a coherent sheaf over a projective k-scheme X . The
Hilbert function of F is defined as

hF (m) := h0(X ,F(m)).

Theorem (Vakil, 18.6.1)

For m ≫ 0, h0(X ,F(m)) agrees with a polynomial pF (m) of
degree dimSuppF . In particular, for m ≫ 0, h0(X ,O(m)) is a
polynomial with degree dimX.

Call pF (m) the Hilbert polynomial; write pX (m) := pOX
(m).
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Examples

▶ pPn(m) =
(n+m

m

)
▶ Let ι : H ↪→ Pn a degree d hypersurface. The SES

0 → OPn(−d) → OPn → ι∗OH → 0

implies

pH(m) = pPn(m)− pPn(m − d) =

(
n +m

n

)
−

(
m + n − d

n

)
.



Existence of a curve in P2 not isomorphic to P1

Note that pX (0) = χ(X ,OX ) = χ(X ). In particular, since
pP1(m) = m + 1, we have χ(P1) = 1
Nice application: We can use the Hilbert polynomials to get curves
in P2 that are not P1.
Let C be a degree d > 2 curve in P2. Then

pC (m) =
(m + 1)(m + 2)

2
− (m − d + 1)(m − d + 2)

2
.

At m = 0: pC (0) =
−d2+3d

2 ̸= 1, so C is not isomorphic to P1.


