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Quadratic Integer Rings

1 Principal Ideal Domains

In a previous lecture we defined principal ideals and observed that in some rings, every ideal can be
generated by a single element.

Definition 1.1. A principal ideal domain (PID) is an integral domain in which every ideal is
principal.

Examples include Z and F'[z], the ring of polynomials with coefficients in F a field. In fact, any field
F' is a principal ideal domain, since its only ideals are (0) and (1) = F.
One non-example is Z[z], the polynomials with integral coefficients. As we saw in a previous lecture,
the ideal (2,z) C Z[z] is not principal.
To summarize, so far we have defined the following classes of commutative rings with multiplicative
identity:

{fields} C {principal ideal domains} C {integral domains}.
All of the inclusions are proper: Z is an example of a PID which is not a field, and Z|[z] is an example
of an integral domain which is not a PID.

2 Quadratic Integer Rings
Recall the quadratic field
Q(VD) ={z+yVD:z,y€Q},

for D a squarefree integer. For the remainder of this section, we will characterize subrings of Q(v/D)
which share certain properties analogous to the properties of the subring Z of Q.

2.1 Introduction to Quadratic Integers

Consider the subset

Z|VD] :={a+bVD:a,beZ} c Q(VD).

One can check that Z[v/D] is a subring of Q(v/D) under the addition and multiplication defined on
Q(VD). Can we find a larger subring of Q(v/D)? Consider the subset

H\/_ { +b<1+2\/5> ;a,bez}cQ(\/ﬁ).

It is straightforward to check that Z[HT VD] is closed under addition.
1+vD
2

Is it closed under multiplication? Let «, § € Z[

a::a+b<1+2\/ﬁ> and ,B::c+d<1+2\/5>.

() )
(257 ) (H2)
( +2\/—>+bd<1+\/_+p—1>

= ac + (ad + be) 5 1
1

1+vD
5 ,

|, where

Then

= ac+ (ad + be)

= ac+ bd (DT_) +(ad—|—bc+bd)<
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Quadratic Integer Rings

so aff € Z[YP]if 4| D — 1. That is, Z[2£¥2] is a subring of Q(v/D) if D = 1 mod 4.
In fact, this is an “if and only if” statement.

Proposition 2.1. Let Q(v/D) be a quadratic field for D squarefree. Then Z[#] C Q(VD) is a
subring if and only if D =1 mod 4.

Proof. (=) Since Z[**P] is closed under addition as a subset of Q(v/D), is nonempty (contains 1),
and is closed under multiplication if D = 1 mod 4, this direction holds.
(=) We will prove the contrapositive: if D Z 1 mod 4, then Z[H‘/ﬁ] is not a subring,.

2
Let # € Z[#]. Then by the calculation given above, the square of # is

2
1+vD\  (D-1 (L VD
2 S\ 4 2 '
Let a := 271 then (4Y2)2 — g+ 15YD I D # 1 mod 4, then 41 D — 1, s0 a ¢ Z. So Z[MY2] is
not closed under multiplication, and therefore is not a subring of Q(v/D). |

These observations motivate the following definition.

Definition 2.2. The ring of integers of the quadratic field Q(v/D) (also referred to as the quadratic
integer ring) is the subring Z[w] C Q(v/D) where

VD if D=23mod4
W =
LD if D =1 mod 4.

We will denote Z[w] € Q(v'D) by O/, or Op, and we will call elements of Op quadratic integers.

Example 2.3. Let D = —1. Then since —1 = 3 mod 4,
O_1=Zli]={a+bi:abeZ}.

Elements of this ring are referred to as the Gaussian integers.

Example 2.4. Let D = —3. Then since —3 = 1 mod 4,
14+ v— 14+ v—
O_3=Z[+T3] = {a+b(+T3> :a,beZ}.

Elements of this ring are referred to as the Eisenstein integers.

Recall Euler’s formula
i0

e"” =cosf +isinb,
then we see that
. 1 1++v— 1++v—
612”/3:—§+z'§=—1+ +2 3€Z[ +2 3].

In fact,

Z[e7’2ﬂ/3] _ {CL + bez27r/3 . a,b = Z} =7 [%_3} .
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Quadratic Integer Rings

2.2 The Norm on Op
In calculus we use functions such as the absolute-value norm
| . | : R — R>0
x = |z
and the Euclidean norm
Il R™ & Rso
v Vv

to capture the “size” of real numbers and vectors. For a complex number z = x + yi € C, where
x,y € R, its absolute value (or modulus) |z| is given by the function

|| C — R>0
z = Vz-z=W22+ 9y,

where Z = x — yi is the complex conjugate of z. In this section, we will use an algebraic definition of
norm to similarly capture the “size” of quadratic integers.

Definition 2.5. The field norm on Q(v/D) is the map
N: QWD) — Q
z+yVD +— (z+yVD)(x—yVD)=2a%— Dy’
Proposition 2.6. The field norm on Q(v/D) is multiplicative. That is, for all a, 3 € Q(v/'D),
N(afB) = N(a)N(B).
Proof. Let a = x + yv/D and = 2’ +3'v/D. Then
af = (x +yVD)(z' +y'VD) = zz' +yy' D + (xy +ya')VD.
We calculate that

N(ap) = (z2' +yy'D)* = D(zy’ +yz')?

= (za')? + 2z2"yy' D + (yy' D)? — D(xy')? — 2Dxy'ya’ — D(ya')?
= (za')? = D(ya')* = D(xy')? + (Dyy')*

(w2 Dy*)(z" — Dy")

as desired. O
The field norm can be restricted to Op = Z[w] in the following way.
Proposition 2.7. Let a = a + bw € Z[w] C Q(V/D). Then
N(a+ bw) = (a + bw)(a + bw)
_{aQ—DbQ if D=2,3mod 4
~\a®+ab+?(152) if D=1mod4,

where
—V/D if D=2,3mod 4

v {# if D=1mod 4.
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Quadratic Integer Rings

Proof. Let a € Z[w)]. In the case where D = 2,3 mod 4, we can write o = a + bVD, so
N(a) = (a+bVD)(a — bVD) = a*> — Db>.

Else, D =1 mod 4, so w = # and a = a + b% for a,b € Z. First, observe that we can rewrite
« in the form
a=x+ y\/ﬁ,

where z := a + b/2 and y := b/2. Then, applying the field norm, we get

N(a) = x? — Dy?

(et

b2 bg
2
=a +ab+—4 —D—4

1-D
=a®+ab+ b? (—) ,
4
and this agrees with our definition

N(a) = (a+bw)(a + bw)

() (57)
o33 (539

, ab ab ab B> b? ab b? b?
— 2+ L ey VD -2D
@+ 5 = SVD+ o+ = VD+VD+ VD -

=a® + ab + b* (%),

as desired. 0

Observe that unlike the norms discussed at the beginning of this section, the field norm is not necessarily
positive. On the other hand, when restricted to the quadratic integer ring, the field norm is actually
integer-valued.

Proposition 2.8. If o € Op, then N(a) € Z.

Proof. Let a € Op and consider the case where D = 2,3 mod 4, then a = a + bv/D for some a,b € Z.
So by Proposition 2.7,
N(a) =a* - DV € Z,

as desired.
For the case where D = 1 mod 4, we have a = a + b# for a,b € Z. Then again from Proposition
2.7, we have

1-D
N(a) = a® +ab+b? (T) ,
which is an integer since 4 | D — 1. (|

Note that we can also define the field norm on Q(+v/D) (and the restriction to the ring of integers Op)
without coordinates in the following way.
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Quadratic Integer Rings

Proposition 2.9. The map

o: QWD) — QWD)
x+y\/l_? — x—y\/l_)

s a ring isomorphism.
Proof. Exercise. O
Then for all @ € Q(v/D), N(a) = a - o(a), with o as defined above.
Example 2.10. The field norm on Q(¢) (and on the subring of Gaussian integers) is given by
N(z + yi) = 2* + y>.

Observe that for any o € Q(7), N(a) = |a|?, where |a| is the complex absolute value.

In general, the field norm is the square of the complex absolute value when Q(\/E) is an imaginary
quadratic field, i.e., when D < 0.

Proposition 2.11. Let a € Q(v/D) with D < 0. Then N(a) = |a|?.

Proof. Let a = x +yvD = x +iy\/—D, where —D > 0. Then z and yy/—D are real numbers and we
have

la|? = |z + iyv/—D|?
= ( x? + (y\/j)2>

— 172 _ Dy2
:N(O‘)v

as desired. O

Example 2.12. The field norm on Q(v/—3) is given by
N(z +yv-3) = % + 3y°.
For an Eisenstein integer a = a + b1+—‘2/__3 € O_s, the restriction of the field norm is

N(a) = a® +ab+ b°.

That being said, in a real quadratic field Q(v/D) with D > 0, Proposition 2.11 does not hold. In
fact, any a € Q(v/D) C R has |a|?> = a?, so to show that N(a) # |a|? it suffices to find a such that
N(a) # a?. Let a =D € Op C Q(v/D), then

N(a):—DaéD:a2:|a|2,

since D > 0 is a nonzero integer.

2.3 Units in Op

Now we consider which elements of the quadratic integer ring Op are invertible. Recall that O
denotes the multiplicative group of units in the ring Op.

Proposition 2.13. Let o € Op be a quadratic integer. Then o € OF if and only if N(a) € {£1}.
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Quadratic Integer Rings

Proof. (=) Let a € OF. Then by definition, there exists 3 € Op such that a8 = 1. Then applying
the norm to both sides, N(af5) = N(1) = 1. By Proposition 2.6, this implies N(a)N(8) = 1. But
since the norm is integer-valued for elements of Op, this implies that N(«) is an integer dividing 1, so
N(a) € {£1}, as desired.

(«<=) Assume N(a) € {£1} for o € Op, and write & = a + bw € Z[w]. Then

N(a) = N(a+bw) = (a+ bw)(a + bw) € {£1}.

If N(o) =1, then (a + bw)(a+bw) =1, s0 =t = a+ bw. So a € OF by definition.
On the other hand, if N(a) = —1, then o' = —(a + bw), and « € OF. O

This characterization of the units in Op as the elements of norm 41 is very useful.
Example 2.14. By Proposition 2.13 the units in Z[¢] are the elements a + bi € Z[i] such that
N(a+bi) = a® + b € {£1}.

Since a? +b% > 0, to determine the units in Z[i] it suffices to find all integers a, b € Z such that
a®? +b?> = 1. But these are exactly

(a,b) € {(1,0),(-1,0),(0,1),(0,—1)},
which correspond to
a+bie{l,—1,i,—i}.

So Z[i]* = {£1,%i}. Another way of seeing this is that in the complex plane, the units in
the Gaussian integers are the points (a,b) with integer coordinates that lie on the unit circle
a®? 4+ b? =1, i.e., those that have complex absolute value 1.

In general, the following theorem from algebraic number theory tells us how many units we expect to
find in Op.

Theorem 2.15 (Dirichlet’s unit theorem). Let Op be the ring of integers of a quadratic field Q(v/D).
Then OF is finitely generated as an abelian group. In particular,
(a) If D <0, then OF has rank zero as a finitely generated abelian group. That is, O} is finite.
(b) If D > 0, then O} has rank one as a finitely generated abelian group, and for all o € OF,

a = +e"

where e € OF is a fundamental unit and n € Z. That is, O is infinite.

Example 2.16. Recall the Eisenstein integers O_3 C Q(v/—3), which are also contained in
an imaginary quadratic field. Then, to find « such that o € O, we need to find a such that
N(a) = |a]?> = 1. Since the complex absolute value is nononegative, it suffices to consider a
with || = 1. By Theorem 2.15, there are only finitely many such a.

Exercise (related to Problem Set #5 5(a)): Find all of the units in O_3. This can be done

algebraically by letting oo = a + b%_—?’ and finding all integer solutions to
N(a) =a® +ab+b* = +1.
For a geometric perspective, consider elements a € O_3 as complex numbers and plot them in

the complex plane. They should form a triangular lattice. Which ones are on the unit circle
(have complex absolute value 1)?
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Quadratic Integer Rings

Example 2.17. Let Oy C Q(v/2), then since 2 > 0 by Theorem 2.15 we expect O to be
infinite.
Observe that 1+ /2 € Oy has norm —1,s0e:=1++2 € O and

el=1+v2)'=-1+v2c0}.
Further, N(—¢) = N(—1—+/2) = -1 and N(—e~') = N(1 —v2) = —1. So
{+e,+e7'} C OF.
Moreover, since the norm is multiplicative,
N(e%) = N(e)* = (—1)* € {1}

and
N((e™h)*) =N = (-1)* e {£1}

for all a € Z~q. Further, € = 1 and —£° = —1 both clearly have norm 1, and

for all n € Z. So altogether, we have shown that
{(£Q +V2)" :n € 7}

is an infinite set of units in Oy. Further, one can show that 1 + /2 is a fundamental unit (this
is outside the scope of this class). Then by Theorem 2.15, we have found all of the units in Os.

2.4 Diophantine Equations

Quadratic integers are used in the study of Diophantine equations in number theory.

Definition 2.18. A Diophantine equation is an equation in two or more variables (usually polynomial
or exponential) with integer coefficients and integer unknowns.

Example 2.19. The Pythagorean equation

22 4y = 22
is a Diophantine equation whose solutions are Pythagorean triples such as (3,4, 5) and (5,12, 13).
In fact, this equation has infinitely many integer solutions! Assume that z is nonzero (otherwise
we would just have the trivial solution), divide both sides by 22, so that

2 2
(E) + (Q) = (E + Qi> (E _ QZ') —1.
z z z oz z oz
Now we can find solutions to the Pythagorean equation by finding elements of Q(7) with norm
1. On the complex plane, this is equivalent to finding rational points on the unit circle. From
these rational points, one can then use stereographic projection to derive Euclid’s formula for

solutions to the Pythagorean equation.
On the other hand, the Diophantine equation

for n > 3 has been shown to have no solutions in the positive integers. This is the content of
Fermat’s Last Theorem.
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Euclidean Domains

Example 2.20. The Diophantine equation
2 - Dy’ =1,

where z,y € Z and D > 0 is a squarefree integer, is called Pell’s equation. Notice that if
(z,y) is a solution to Pell’s equation, then since

2? — Dy? = (z +yVD)(z — yVD) = 1,

the integral point (x,y) corresponds to a unit x + yvVD € O}. More specifically, solutions to
Pell’s equation correspond to units with norm 1. Further, Theorem 2.15 implies that solutions
to Pell’s equation are of the form +e™ for some ¢ € O and n € Z.

For example, let D = 2, then from Example 2.17 we know that all solutions to Pell’s equation
are of the form 4(1 4 +/2)" for n € Z. We calculated that N(1++/2) = —1 # 1, so (1,1) is not
a solution to Pell’s equation. However,

N(3+2v2) = N((1+v2)%) = N1+ V2’ = (1)’ =1,

s0 (3,2) is a solution. Similarly, one can show that any element of the form +(1++/2)%" € O,
n € Z has norm 1 and is therefore a solution. Thus, we have found infinitely many solutions to
Pell’s equation using the theory of units in a quadratic integer ring!

2.5 Quadratic Integer Rings that are PIDs

For which integers D is Op a principal ideal domain? This question has not been completely answered
in general! However, for imaginary quadratic fields the question is resolved.

Theorem 2.21 (Baker-Heegner-Stark). Let Op be the ring of integers of a quadratic field Q(v/D)
with D < 0. Then Op is a principal ideal domain if and only if

De{-1,-2-3,—7,—11,-19, -43, —67, —163}.

We know of many examples of real quadratic fields that are PIDs, and we will see examples in Section
3. It is expected that there are infinitely many, but it has not been proven!

Conjecture 2.22 (Gauss). There are infinitely many quadratic fields Q(v/D) with D > 0 such that
Op is a principal ideal domain.

Computational evidence suggests that out of all real quadratic fields of the form Q(,/p), where p is a
prime, just over 3/4 of them are PIDs.

3 Euclidean Domains

3.1 Introduction

We define yet another class of commutative rings.

Definition 3.1. A Euclidean domain (ED) is an integral domain with a Euclidean norm; that
is, with a map N : R — Z3¢ such that N(0) = 0 and for all a,b € R with b # 0, there exist ¢, € R
such that

a=qb+r,

where either r = 0 or N(r) < N(b). We call ¢ and r the quotient and remainder, respectively.
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Euclidean Domains

Example 3.2.
1. Any field F is a Euclidean domain with the zero norm N : F' — {0}. For any a,b € F
with b # 0, we have a = ¢b + r with ¢ := a/b and r = 0.
2. The ring Z is a Euclidean domain with norm given by the absolute value.

3. The ring F[z] of polynomials with coefficients in a field F' is a Euclidean domain with
norm N : Fz] — Zx¢ given by the degree map f(x) — deg(f(x)).

One might ask how Euclidean domains are related to principal ideal domains.
Theorem 3.3. Let R be a ring. If R is a Euclidean domain, then R is a principal ideal domain.

Proof. Let R be a Euclidean domain, and let I C R be an ideal.

If I = (0) is the zero ideal, then I is generated by 0 and therefore principal.

Else, if I # (0), then there exists a nonzero element d € I such that N(d) < N(a) for all a € I, where
N : R — Zy is the Euclidean norm. In other words, there exists a nonzero element of minimal norm
in I. Then the (d) is contained in I. We claim that I C (d).

Let a € I be arbitrary. Then since R is a Euclidean domain, there exist ¢,r € R such that a = qd +r
with 7 =0 or N(r) < N(d). Since r = a — qd and a,d € I, we have that r € I, so if N(r) < N(d) then
this contradicts our assumption that d is of minimal norm in I. Thus, » = 0, so a = ¢d and a € (d).
Since a € I was taken arbitrarily, we conclude that I C (d).

So we have shown that I = (d) is principal. Since I C R was chosen arbitrarily, R is a principal ideal
domain, as desired. O

Is the converse to Theorem 3.3 true? We will answer this in Section 3.2.

3.2 Quadratic Integer Rings that are EDs

Notice that in order for Op € Q(v/D) to be a Euclidean domain, we must define a Euclidean norm
that is nonnegative. In general, the field norm on Q(+/D) and its restriction to @p are not necessarily
nonnegative. This leads us to consider the absolute value of the field norm.

Definition 3.4. The quadratic integer ring Op C Q(\/E) is norm-Euclidean if it is a Euclidean
domain with Euclidean norm given by
a— |N(a)l,

where a« € Op and N : Op — Z is the restriction of the field norm to Op.

The question of which quadratic integer rings are norm-Euclidean has been solved completely, and
more is true for the imaginary quadratic field case.

Theorem 3.5. Let Op be the ring of integers of a quadratic field Q(v/D).
(a) If D <0, then Op is norm-Euclidean if and only if
De{-1,-2,-3,—7,—11}.
Further, Op is a Euclidean domain if and only if it is norm-Euclidean.
(b) If D > 0, then Op is norm-Euclidean if and only if
D e{2,3,5,6,7,11,13,17,19, 21,29, 33,37,41,57,73}.

Example 3.6. By Theorem 2.21 and Theorem 3.5, O_;9 = Z[2Y/=19 V2_19] C Q(v/-19) is an
example of a principal ideal domain that is not a Euclidean domain.

After reading Theorem 3.5, one might ask whether there exist quadratic integer rings Op with D > 0
that are Euclidean domains with respect to some other norm. The answer is yes!
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Irreducible and Prime Elements

Theorem 3.7 (Clark, 1994). The quadratic integer ring Ogg = Z[H';/@] 1s a Buclidean domain that
s not norm-Euclidean.

In fact, we have the following theorem.

Theorem 3.8 (Weinberger, 1973). Let Op be the ring of integers of a quadratic field Q(/D) with
D > 0. Assuming the generalized Riemann hypothesis, Op is a Fuclidean domain if and only if it is
a principal ideal domain.

So, if you believe Conjecture 2.22 and the generalized Riemann hypothesis, then we expect that there
are infinitely many real quadratic fields such that Op is a Euclidean domain.

We can now add Euclidean domains to our inclusion diagram of classes of commutative rings with
identity:

{fields} C {Euclidean domains} C {principal ideal domains} C {integral domains}.

We have Z as an example of a Euclidean domain that is not a field, O_19 as a principal ideal domain
that is not a Euclidean domain, and Z[z] as an integral domain that is not a principal ideal domain.

4 Irreducible and Prime Elements

We often think about prime integers as numbers that cannot factor any further: the only possible
integer factors of a prime number p € Z are +1 and +p. How do we reconcile this definition with the
definition of a prime ideal?

Definition 4.1. Let R be an integral domain. A nonzero nonunit element » € R is irreducible if
r = ab for a,b € R implies that either a € R* or b € R*. An element that is not irreducible is called
reducible.

Definition 4.2. Let R be an integral domain. An nonzero element p € R is prime if (p) C R is a
prime ideal.

In general, prime elements are always irreducible.
Proposition 4.3. Let R be an integral domain. Then if p € R is prime then p is irreducible.

Proof. Assume that p € R is prime and that p = ab for some a,b € R. Then since (p) is a prime ideal,
either a € (p) or b € (p).

If a € (p), then a = pr for some r € R. So p = ab = (pr)b, and since R is an integral domain we can
conclude by the cancellation law that 1 = rb. Then b € R* by definition.

If b € (p), then by a similar argument we conclude that a € R*. So by definition, p is irreducible. O

Thankfully, in a principal ideal domain such as Z, these two definitions coincide. So our earlier
definition of prime numbers as irreducible lines up with the notion of a prime ideal, at least in this
case.

Proposition 4.4. Let R be a principal ideal domain. Thenp € R is prime if and only if p is irreducible.

Proof. (=) Apply Proposition 4.3.

(«<=) Let p € R be irreducible and consider the ideal (p) C R. Any proper ideal in R is contained
in some maximal ideal M C R, so (p) C M. Further, since R is a principal ideal domain we have
M = (m) for some nonzero m € R. So p € (m) implies that p = mr for some r € R. But since p is
irreducible, either m € R* or r € R*. In the first case, M contains a unit, so M = R, contradicting
the assumption that M is a maximal ideal. Thus, we must have r € R*. But then pr—! = m, so that
m € (p) and therefore (m) C (p). We conclude that (p) = (m) is a maximal ideal. In particular, (p) is
prime, so p is prime, as desired. U

Proposition 4.4 implies that one can prove that a ring R is not a PID by exhibiting an irreducible
element r € R that is not prime.
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Irreducible and Prime Elements

Example 4.5. Consider O_5 = Z[v/—5]. Theorem 2.21 asserts that O_5 is not a PID, and
we can prove this by showing that 3 € Z[/—5] is irreducible but not prime.
First we claim that 3 is irreducible. Assume that

3 = (a + bv=5)(c+ dv—5)

for some a, b, c,d € Z. Then applying the field norm to both sides, we get
N(3) =9 = (a® + 5b%)(c® + 5d?) = N(a + bv/=5)N(c + dv/-5).

Since the norm is integer-valued on Z[v/—5], we know that a? + 5b® and c? + 5d? are integers
that divide 9. In particular, they must be positive. We divide into cases.

If a® + 562 = 1, then a + by/—5 € O%;.

If a® + 5% = 3, then b = 0 since otherwise a? + 56> > 5 > 3. But there is no integer a such
that a®> = 3. So this case is impossible.

Finally, if a® + 5% = 9, then ¢? + 5d% = 1 and therefore ¢ + dv/—5 € 0.

We conclude that 3 is irreducible in Q[v/—5] by definition.

However, we claim that 3 is not prime. Consider the ideal (3) C O_5, then 3 | 9 so 9 € (3).

But
9= (2+v=5)(2 — vV/=5),
where 312+ /=5 and 312 — +/—5. So (3) is not prime, and therefore 3 is not prime in O_s.
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