Math 73/103: Measure Theory and Complex Analysis
Fall 2019 - Homework 2

1. Page 32 of Rudin, problem #6. (Note that we have already shown that M is a o-algebra so
there is no need to show it again.)

ANS: We already know M is a o-algebra. Let {F;} be a countable pairwise disjoint family of measurable
subsets with E := J, ;. If all the E; are countable then so is £. Thus we clearly have

H(B) =3 ().

On the other hand, if one the E; — say Fj is uncountable, then E} is countable and contains all the other
E; with i # k. Thus E is uncountable, pu(F) = 1 and

ZM(Ez‘) = pu(Ek) = 1.

Thus p is a measure.

The key to the rest of the problem is to realize that f : (X, M) — C is measurable if and only if f is
constant y-almost everywhere; that is, f is measurable if and only if there is a ¢ € C such that £~ (X \ {c})
is countable. Of course, if this assertion is correct, then f is equal to the constant function g(x) = ¢ almost

everywhere and
/ fd,u:/ cdp = cu(X) =c.
b's b'e

It is fairly clear that if f is constant almost everywhere, then f is measurable. So, assume that f is
measurable. Then for any open set V, either f~'(V) is uncountable or f~' (V)¢ = f~(V°) is uncountable.
Let {V,} be a countable basis for the topology of C. In view of the above, let

B V,, if £71(V;) is uncountable, and
" Ve i £7Y(VE) is uncountable.

Let A =) By. I claim that A can consist of at most one point. If z # y, then there is a n such that
xz € V, and y € V,;. Thus at most one of x and y belong to B,,. Thus at most one of z and y can belong
to A. Now it will suffice to see that f~'(A) is uncountable. (This implies its complement is countable.) For
this, it suffices to see that u(f~'(A)) = 1.

But since C' U D is the disjoint union of C'\ D, C N D and D\ C, it follows that if both f~(C) and
f~H(D) are uncountable, then so is f~*(C'N D). But

A=(\B,=()F. where, F, =BiN---NB,.

Then f~'(F,) is uncountable and
p(fH(A) = limp(f 7 (Fa)) = 1.

This completes the proof.

2. Page 32 of Rudin, problem #7.

ANS: Note that f,.(z) = |fa(®)| < fi(z) for all 2 € X, and f1 € £L*(u1). Therefore, the conclusion follows
from the LDCT. For a counterexample, take fi := Iy o). Then fi N\ 0, but all the fi have infinite integrals.
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3. Page 32 of Rudin, problem #10.

ANS: Since constant functions are summable if p(X) < oo, use the LDCT on the sequence g, = |fn — f|
together with the observation that f, and f, — f integrable implies f is too.!

For a counterexample when p(X) = oo, consider Lebesgue measure on R and set f, = %H[_n al Then

fn — 0 uniformly, while [, fn du = 2 for all n.

4. Page 32 of Rudin, problem #12. (This is easy if f is bounded.)

ANS: First notice that the conclusion is obvious if f is bounded®. In general, let f, = min{|f|,n}. Since
fn /1f, the MCT implies that [y fndu 7 [ |f|dp. In particular, we can choose N such that

’/szvdu—/xlfldu‘ <%-

Now since fy is bounded, choose § > 0 so that u(E) < ¢ implies that [, fv du < e/2. The point being that

/Emdﬂﬁ‘/Efzvdu’%-‘/xﬂfl—f]v)d,u‘<s.

(We’ve used |f| > fn for the second to last inequality.)

5. Suppose that Y is a topological space and that M is a o-algebra in Y containing all the Borel
sets. Suppose in addition, p is a measure on (Y, M) such that for all £ € M we have

w(E) =inf{ (V) :V is open and E C V }. (1)
Suppose also that
Y = U Y, with pu(Y;,) < oo for all n > 1. (2)

n=1
One says that p is a o-finite outer regular measure on (Y, M).
(a) Show that Lebesgue measure m is a o-finite outer regular measure on (R, M).

ANS: Since (1) is obviously satisfied if m(E) = oo, we can assume that m(E) < oo. If € > 0, then by
definition of m (as the restriction of m™), there are open intervals {I,}) such that

EC UI" and m(E)+¢e> Zﬂ([n).

! Alternatively, you can show that the { £, } are uniformly bounded; that is, there exists M such that || fn|lecc < M
for all n. However, you must prove this. By assumption, we only know that for each n, M, := || fn|lcc < co. But by
assumption, there is a N such that n > N implies || fn — f]loc < 1. It follows that || f]lec < ||fn]loo + 1 and for all n

[frlloe < M :=max{|[fll1, ..., [[f5lloc, I fxlloc +2}-

Now we can apply the LDCT with g = M.
2This technique is used quite often—reduce the problem to a simpler situation (e.g., a characteristic function,
simple function, or, as here, a bounded function.



But V :=J,, I is an open set containing F and
E)+e>Y ((I,) =Y m(I,)>m(V)>m(E).

This implies (1). Since R = J,,[—n,n], Lebesgue measure is also o-finite. This proves (a).
(b) Suppose E' is a p-measurable subset of Y.

(i) Given € > 0, show that there is an open set V' C Y and a closed set F' C Y such that
FCcEcCVand u(V\F)<e.
ANS: Suppose u(F) < oo. Then in view of (1), there is an open set V' O FE such that u(V)—pu(E) < &/2.
Since p(E) < oo, u(V \ E) < ¢/2. Now in general, X = (J,, X» with ,u(Xn) < oo for each n. Let

E,, = ENX,. Then there are open sets V,, C Ey, such that u(V;, \ Ey) < ga=r. Let V = J V4. Then V
is open and contains E. Furthermore,

W(V\ E) = (UV \UE) (UV\E))ga/Q.

But the above reasoning shows that there is an open set W containing E° such that pu(W \ E€) < g/2.
Then F = W€ is a closed subset of E, and u(E \ F) < £/2. Then, since V\ F =V \ EUE\ F, we have
w(V'\ F) < € as required.

(c) Argue that (R, M, m) is the completion of the restriction of Lebesgue measure to the Borel
sets in R.

ANS: Let B = B(R) be the Borel sets in R. Let (R, Bo, mo) be the completion. Since Gs sets and F,, sets are
Borel, part (b)(ii) shows that M C By. But if E € By, then E = BU N where B is Borel and N is a subset
of a Borel m-null set. Since Lebesgue measure is complete, N € M, and hence, £ € M. Thus M = By and it
is clear that m = myg.

6. Let m be Lebesgue measure on R and suppose that E is a set of finite measure. Given € > 0,
show that there is a finite disjoint union F' of open intervals such that m(EAF) < e where
EAF = (E\ F)U (F \ E) is the symmetric difference. (This illustrates the first of Littlewood’s
three principles: “Every Lebesgue measurable set is nearly a disjoint union of open intervals”.)

ANS: In view of problem 5a, there is an open set V' C R containing E such that m(V'\ E) < /2. But V is
a countable disjoint union of intervals: V = J,, In. Since u(F) < oo, we must also have p(V') < oo and then

0o >m(V) =Y m(l)

there is a N such that > m(In) <e/2. Let F' = UN_, In. (Then F is a disjoint union of intervals.) Also

m(EAF)=m(E\F)+m(F\E) <m(V\F)+m(V\E)<e.



7. Let (X, M, 1) be a measure space, and let (X, My, up) be its completion.

(a)

Let f: X — C be a pp-measurable function and assume that g : X — C is a y-measurable
function such that f = g a.e. [ug]. Is there necessarily a p-null set N such that f(z) = g(x)
for all x ¢ N7

ANS: If g is p-measurable, then {z € X : f(z) # g(z) } is only guaranteed to belong to My. But if it is a
po-null set then it is contained in a p-null set N € M.

If f: X — Cis pp-measurable, show that there is a p-measurable function g : X — C such
that f = g a.e. [ug].

ANS: Clearly, it suffices to consider only functions f : X — [0,00). I claim it is enough to prove that the
result is true for simple functions. In view of (a), this means that given any po-measurable simple function
s, there is a y-measurable simple function s’ which agrees with s off a y-null set in M. Recall that there are
nonnegative po-measurable simple functions s, ' f. If there are nonnegative p-measurable simple functions
sy, and null sets N,, € M so that s, = s, off N,,, then s}, * f except possibly on the null set N = | N,, € M.

Replacing the s, by si, = ]IX\N - s7,, then the sequence { s} } converges everywhere to a function g which is

necessarily p-measurable. Of course, g = f off N. This proves the claim.
However, to prove the result for a simple function, it surely suffices to prove it only for a characteristic function

of a measurable set D € My. By definition, D is po-measurable if and only if there are sets A, B € B so that
A C D C B with u(B\ A) =0. In particular, I, =1 offof N=B \ A; this completes the proof.

What does this result say about Lebesgue measurable functions and Borel functions on R?
(Compare with problem #14 on page 59 of Rudin.)

ANS: Since the Lebesgue measurable sets (with Lebesgue measure) result from the completion of Lebesgue
measure on the Borel sets, we obtain, as a special case, the fact that a Lebesgue measurable function is equal
to a Borel function almost everywhere.



