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Lecture 7

We now prove a convergence theorem for complex valued functions:

Theorem 7 (Lebesgue's Dominated Convergence Theorem (DCT))

Let (fn)n∈N : (X,M)→ C be a sequence of measurable functions on X such that for all x ∈ X

a) limn→∞ fn(x) = f(x), i.e. the sequence converges pointwise

b) |fn(x)| ≤ g(x) for all n ∈ N, where g : (X,M)→ R+
0 and g ∈ L1(µ).

Then f ∈ L1(µ) and

lim
n→∞

∫
X
|fn − f | dµ = 0 and lim

n→∞

∫
X
fn dµ =

∫
X
f dµ.

Picture:

proof Idea: To use the MCT or in this case Fatou's lemma we have to change this into a
problem about positive functions.
We know: f is measurable and |f | ≤ g, so f ∈ L1(µ). Additionally by the 4 6= we know that
|fn − f | ≤ 2g. Consider the sequence (gn)n∈N where

gn = 2g − |fn − f | ≥ 0. Then lim inf
n∈N

gn = lim
n→∞

gn = 2g.

We can now apply Fatou's lemma:∫
X
2g dµ =
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In total we have that 0 ≥ lim supn∈N
∫
X |fn − f | dµ and we conclude

For the second inequality we use Theorem 6. We know∫
X
|fn − f |

Hence lim
n→∞

∫
X
fn dµ =

∫
X
f dµ. �

Example We can now easily prove the statement in Example 9 of Lecture 1: Let (fn))n∈N :
[0, 1]→ [0, 1] be a sequence of continuous and therefore measurable functions and suppose that
limn→∞ fn(x) = 0 for all x ∈ [0, 1]. Then

lim
n→∞

∫
[0,1]

fn dµ =

∫
[0,1]

0 dµ = 0.

This follows immediately from the DCT with g(x) = 1 for all x ∈ [0, 1].
Picture

Ch. 1.8. Sets of measure zero

Outline If two functions f and g di�er in their values only on a set of measure zero, then
they are indistinguishable in terms of integration. We say that f = g almost everywhere and
can de�ne the class [f ] of f this way.

We start with a proposition which we will later apply to sets of measure zero.
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Proposition 1 (Subadditivity) Let (X,M, µ) be a measure space and (Ai)i∈N ⊂M. Then

µ

(⋃
i∈N

Ai

)
≤
∑
i∈N

µ(Ai).

We say that µ is countably subadditive.

proof Idea: We subdivide A =
⋃

i∈NAi into mutually disjoint measurable subsets.
Picture

Hence as µ is countably additive we have

µ

(⋃
i∈N

Ai

)
= µ

(⊎
i∈N

Bi

)
=
∑
i∈N

µ(Bi) ≤
∑
i∈N

µ(Ai).

Corollary 2 If (X,M, µ) is a measure space and for all i ∈ N: Ai ⊂M and µ(Ai) = 0.
Then µ

(⋃
i∈NAi

)
= 0.

If f, g : (X,M)→ C are measurable. Then

S := {x ∈ X | f(x) 6= g(x)} = X\(f − g)−1(0) ∈M .

De�nition 3 (f = g almost everywhere) We say that f = g almost everywhere if
µ(S) = 0. We often write shortly f = g a. e. ( [µ]).
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Lemma 4 If f, g : (X,M) → C are measurable. Then f ∼ g ⇔ (f = g almost everywhere) is
an equivalence relation. Furthermore for any A ∈M

f ∼ g ⇒
∫
A
|f − g| dµ = 0.

proof 1.) Equivalence relation: Clearly by the symmetry of the de�nition f ∼ f and
f ∼ g ⇔ g ∼ f . It remains to show that f ∼ g and g ∼ h implies that f ∼ h. Consider the sets

Sfg = {x ∈ X | f(x) 6= g(x)},
Sgh = {x ∈ X | g(x) 6= h(x)} and

Sfh = {x ∈ X | f(x) 6= h(x)}

As f(x) = g(x) and g(x) = h(x) implies f(x) = h(x), we have that

2.) Integral: Furthermore if f ∼ g then we have that A = Sfg ]A\Sfg. Hence∫
A
|f − g| dµ =

Problem A measurable subset A ⊂ B of a set B of measure zero has measure zero. However
the subset might not be measurable.

Question Can we �x this?
Answer Yes, we can complete the measure to include the subsets of measures zero.

De�niton 5 A measure space (X,M, µ) is said complete if every subset A of a measurable set
B of measure zero is measurable.
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Theorem 6 Let (X,M, µ) be a measure space and let M∗ be the collection of all subsets
A ⊂ X, such that there are F,G ∈M, such that

F ⊂ A ⊂ G and µ(G\F ) = 0.

ThenM∗ is a σ algebra, such thatM⊂M∗.
We set

µ∗(A)
Def.
:= µ(F ) for all A ∈M∗ .

Then (X,M∗, µ∗) is a measure space and (X,M∗, µ∗) is complete.

proof We prove the statement in three steps.

1.) µ∗ is well-de�ned on M∗

Suppose that

F ⊂ A ⊂ G and F ′ ⊂ A ⊂ G′, such that µ(G\F ) = µ(G′\F ′) = 0

We have to show that µ(F ) = µ(F ′) = µ(A). We know that

�

2.) M∗ is a σ algebra

We check the three conditions for a σ algebra.

a) ∅, X ∈M∗ as ∅, X ∈M.

b) A ⊂M∗ ⇒ Ac ∈M∗:
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c) (Ai)i∈N ⊂M∗ ⇒
⋃

i∈NAi ∈M∗: As (Ai)i∈N ⊂M∗ we know that for all i ∈ N

In total a) - c) imply thatM∗ is a σ algebra. �

3.) µ∗ is a measure

As µ(∅) = µ∗(∅) = 0 it remains to show that µ∗ is countably additive. (Ai)i∈N ⊂ M∗ be
sets inM∗ that are mutualy disjoint. For A =

⊎
i∈NAi ∈M∗ we have to show that

µ∗(
⊎
i∈N

Ai) =
∑
i∈N

µ∗(Ai).

As (Ai)i∈N ⊂M∗ we know that for all i ∈ N

Hence µ∗ is a measure. �


