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1. Suppose that X is a complete metric space without isolated points, and that On is open
and dense for all n ≥ 1. Show that ∩n≥1On is uncountable. (Note that if x is not
isolated, then X \ {x} is open and dense.)
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2. Suppose f : [a, b] → R is bounded, and let P and Q be two partitions of [a, b]. Prove
that L(f,P) ≤ U(f,Q), where L(f,P) and U(f,Q) are the lower and upper Riemann
sums, respectively.

3. Prove that a bounded function f : [a, b]→ R is Riemann integrable on [a, b] if and only
if for every ε > 0 there is a partition P of [a, b] such that

U(f,P)− L(f,P) < ε.

4. Let X be an uncountable set and letM be the collection of all subsets E of X such that
either E or Ec is countable. Show thatM is a σ-algebra.


