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1. Suppose that (X,M, µ) is a measure space and that f : X → [0,∞] is measurable. Let
ν be the measure on (X,M) defined by

ν(E) =

∫
E

f(x) dµ(x) for all E ∈M.

Show that if g is measurable then g ∈ L1(X, ν) if and only if fg ∈ L1(X,µ) and that∫
X

g(x) dν(x) =

∫
X

g(x)f(x) dµ(x).

2. Suppose that ρ is a premeasure on an algebra A of sets in X.

1. Show that

ρ∗(E) = inf{
∞∑
k=1

ρ(Ak) : each Ak ∈ A and E ⊂
⋃

Ak}

is an outer measure on X.

2. Show that ρ∗(A) = ρ(A) for all A ∈ A.

3. Show that each A ∈ A is ρ∗-measurable.

3. Let (X,M, µ) and (Y,M, ν) both be counting measure (N,P(N), ν). Define f : X×Y →
R by

f(m,n) =


1 if m = n,

−1 if m = n+ 1, and

0 otherwise.

(8)

Show that f is not integrable and that the two iterated integrals
∫
Y

∫
X
f dµ dν and∫

X

∫
Y
f dν dµ are not equal.

4. Let B(R) be the Borel σ-algebra in R and B(R2) the Borel σ-algebra in R2. Show that
B(R) ⊗ B(R) = B(R2). (You may use the observation that every open set in R2 is a
countable union of open rectangles.)

5. Let (X,M, µ) and (Y,N , ν) be σ-finite complete measure spaces. Let (X × Y,L, λ) be
the completion of (X × Y,M⊗N , µ×ν).

(a) Suppose that E ∈ M ⊗ N and µ×ν(E) = 0. Show that µ(Ey) = 0 = ν(Ex) for
µ-almost all x and ν-almost all y.



(b) Suppose that f is L-measurable and that f(x, y) = 0 for λ-almost all (x, y). Show
that there is a µ-null set M and a ν-null set M such that for all x /∈M and y /∈ N ,
fx and f y are integrable and that∫

X

f y dµ = 0 =

∫
Y

fx dν.
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