Section 2

Measure-preserving transformations;
Ergodic theorems
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Measure-preserving dynamical systems N es)

Definition 2.1.
Let (©2,%, 1) be a measure space.

@ A measurable map T : Q — Q is said to be measure-preserving if
Tt = p, ie.,
p(T7HS)) = u(S), VSex.
Conversely, we say that u is an invariant measure for T.
@ A measure-preserving map T : Q — Q is said to be invertible
measure-preserving if T is bijective and T~! is also
measure-preserving.

® A measurable action © : G x Q — Q is u-preserving if ®& : Q — Q
is p-preserving for every g € G.
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Theorem 2.2 (Poincaré)./ N¢Z sk rC’U> 0.

Let T : Q — Q be a measure-preserving transformation of the probability
space (,%,u). Let S G/t be a measurable set with u(S) > 0. Then,
under iteration by T, almost every point of S returns to S infinitely often.
That is, for ji-a.e. w € S, there exists a sequence ny < np < n3 < --- of
natural numbers, increasing to infinity, such that T"(w) € S for all j.
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Ergodicity

Definition 2.3. A
Let (2, %, 1) be a probability space.

@ A measurable map T : Q — Q is said to be ergodic if for every
T-invariant set, i.e., every S € ¥ such that T~1(S) = S we have
either u(S) =0 or u(S) =1.

® A measurable action ® : G x Q — Q is ergodic if for every S € *
such that $~8(S) = S for all g € G we have either u(S) =0 or

w(S) =1.
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Measure-theoretic characterization of ergodicity

Theorem 2.4.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is ergodic.

@ The only measurable sets S € ¥ such that u(T~1(S)AS) = 0 have
either ;1(S) =0 or pu(S) = 1.

® Forevery S € X with ju(S) > 0, we have u(J:°, T-Y(S)) = 1.

@ For every R,S € ¥ with u(R) > 0 and 1(S) > 0, there exists n > 0
with f(T-"(R)N S) > 0.
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Measure-theoretic characterization of ergodicity

Theorem 2.5.
Let (2, X, 1) be a probability space.
@ A measure-preserving action ® : N x Q — Q is ergodic iff

=

-1
lim — S7 u(6="(R) N S) = u(R)u(S), WR,Sc¥.
N—oo N "

I
(=}

@ A measure-preserving action ® : R, x Q — Q is ergodic iff
1 T
lim — w(®H(R)NS)dt = u(R)u(S), VR,SeX.
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Koopman operators on LP spaces

Definition 2.6.
A measurable map T : Q — Q on a measure space (2, X, 1) is said to be
nonsingular if it preserves null sets, i.e., if whenever ;(S) = 0 we have

Top(S) = (T7H(S)) =0.

Notation.
* L(X)={f:Q— R:fis X-measurable}. @armch sfater epus ppei
o L(p) =Alflu: fG]L( )} w(”ﬂ the norm
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Koopman operators on LP spaces

Proposition 2.7.
With notation as above, the following hold.

@ If T is measurable, then the composition map U : f — f o T maps
L(X) into itself.

@ If T is nonsingular, then U : L(p) — L(p) with U[f], = [Uf], is a
well-defined linear map.

® If T is nonsingular, then L*°(u) is invariant under U, i.e.,
UL () S L ().

@ If T is measure-preserving, then U is an isometry of LP(u),
1<p<o0,ie,

AT Ll oy = NTFLlleog)-

® If T is invertible measure-preserving, then U is an isomorphism of
LP(), 1 < p < oo, ie, U and U™ are both isometries.

Henceforth, we abbreviate [f], = f, U =U.
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The Koopman operator induced by a u-preserving map T : Q — Q
preservers Hilbert space inner products,

Notation.
o (A, Bz = fo Afdu.

<Uf;la Uf2>L2(;L) = <fi7 f2>L2(p,)'

If, in addition, T is invertible measure-preserving, then U is a unitary
operator, é
ur=ut
L)l‘u n“ﬁfd w Jo dipre
a quenart Sysden o | (p).



Duality of LP spaces

Notation.
For a probability space (2, X, i), we let:

o Mg(Q,p) = {measures v < p with density STVL € Lq(/,b)}.

® Duality pairing: (-,-), : LP(1)* x LP(n) = R, (o, f),, = af.
For 1 < p < 0o, we can identify functionals in LP(u)* with measures in
Mq(2, ), % + = =1, through the map ¢4 : Mg(Q, n) — LP(p)*,

dv
f = f P _—
(tqv) /Q pdu, p dn

Equipping Mq(€2, 1) with the norm

1
q

14 M. Q’ = _— s
Lq beCOmeS an ISOmO phIS n o Banach Spaces | hUS, we haVe

1 1
LP(p)* = Mg(S2, p) = L), 1< p < oo, P + q =1
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Transfer operators on LP

Definition 2.8.
With the notation of Proposition 2.7, the transfer operator
P LY(u) — LY(p) is is the unique operator satisfying

/Pfdu:/ fdu, YfeLl'(p).
S T-1(S)

We define P : LP(u) — LP(p), 1 < p < oo by restriction of
P L) — Li(n).

Proposition 2.9.

Under the identification L*(u)* ~ L>°(u), the transpose
P": LY(p)* — LY(u)* of the transfer operator P : LY(u) — LY(u) is
identified with the Koopman operator U : L*°(u) — L*°(p); that is,

/Q F(Pg) dy = /Q (Ufgdu, VF e L=(s), Vg e LM,



Duality between Koopman and transfer operators

Proposition 2.10.

Let 1 < p < oco. Then, under the identification LP(u)* ~ L9(u),

11— 1, the following hold_—7 U'« = eo U

@ The transpose U'™ LP(u)* — LP(u)* of the Koopman operator
U: LP(u) — LP(p) is identified with the transfer operator
P:L9(u) — L9(u); that is,

(f,Ug)p = (Pf,g)y, VFeLI(u), VgelP(n)
@ The transpose P’ : LP(u)* — LP(u)* of the transfer operator
P : LP(u) — LP(u) is identified with the Koopman operator
U:L9(u) — L9(u); that is,

(f,Pg), = (Uf,g)u, Vfeli(u), VgelP(u).



Duality between Koopman and transfer operators

Corollary 2.11.
@ Forl<p<oo, U:LP(u)— LP(u) and P : LP(u) — LP(u) satisfy

u=U', P=pP". (& U = <P
< J sz..,cr) < 'E; a—
@ In the Hilbert space case, p = 2, we have P = U*.

® For1 < p < oo, P has unit operator norm, |P|| s,y = 1.

Lemma 2.12.
With the notation of Proposition 2.8, if T : Q — S is invertible

measure-preserving then P : LP(u) — LP(u) is the inverse of
U:LP(n) — LP(p), P=U"1.



Spectral characterization of ergodicity

Observe that the Koopman operator U : F — F on any function space
F has an eigenvalue equal to 1 with a constant corresponding
eigenfunction, 1: Q — R,

UL =31, 1(w)=1.

Theorem 2.13. ol do1.

Let T : Q — Q be a measure-preserving transformation of a probability
space (2, X, ). Then, p is ergodic iff the eigenvalue equal to 1 of the
associated Koopman operator U on L(1) (and thus on any of the LP(u)
spaces with 1 < p < o0) is simple, i.e.,

Uf =f = f = const. u-a.e.
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Spectral characterization of ergodicity

Theorem 2.14.

@ Let ®: N x Q — Q be a measure-preserving action and U", n € N,
the associated Koopman operators on any of L(u) or LP(u),
1< p<oo. Then ® is ergodic iff U"f = f for all n € N implies that
f is constant p-a.e.

@ Let d: R, x Q — Q be a measure-preserving action and Ut,
t € R, the associated Koopman operators on any of L(p) or LP(u),
1< p<co. Then, & is ergodic iff Utf = f for all t € R, implies
that f is constant u-a.e.



Pointwise ergodic theorem

Theorem 2.15 (Birkhoff).

Let T : Q — Q be a measure-preserving transformation of a probability
space (Q, X, u) with associated Koopman operator U : L}(p) — L1(p).
Then, for every f € [}(u) and p-a.e. w € Q,

=
-

fy(w) = F(T"(w))

=2~
1

n

converges to a function f € L*(u) that satisfies

Uf =f, /fdu:/fdu.
9] 9]

In particular, if T is ergodic, then for u-a.e. w € €,

f(w) = /Q fdu.
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Mean ergodic theorem

Theorem 2.16 (von Neumann).

Let T : Q — Q be a measure-preserving transformation of a probability
space (Q, X, u) with associated Koopman operator U : L2(p) — L2(p).
Let M : L?() — L2?(u) be the orthogonal projection onto the eigenspace
of U corresponding to eigenvalue 1. Then, the sequence of operators
Uy =Nt Z,':I:_OI U™ converges strongly to I1, i.e.,

lim Unf =Nf, Vfel?(u).
N— oo

In particular, if T is ergodic, I is the projection onto the 1-dimensional
subspace of L?(u) containing ji-a.e. constant functions, i.e.,

Mnf = <]l,f>l_2(#)l = (/ fd,u> 1.
Q
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Topological dynamics

Of particular interest is the case where (G, 7¢) and (Q,7q) are
topological spaces and @ : G x Q — Q is a continuous, and thus
Borel-measurable, action. We let B(Q2) denote the Borel o-algebra of Q.

Definition 2.17.
The support of a measure i : B(Q2) — [0, 00] is the set

suppp = {w € Q: u(Ny) >0, VN, € 7q}.

Lemma 2.18.
With notation as above, the following hold.

@ supp i is a closed (and thus Borel-measurable) subset of .

@ If Q is Hausdorff, and j. is a Radon measure, every Borel-measurable
set S C Q\ supp p has pu(S) = 0.

® If u is invariant under a continuous map T : Q — €, then supp i is
also invariant,

T~ (supp ) C supp p.



Existence of invariant measures

Theorem 2.19 (Krylov-Bogoliubov).

Let (2, 7q) be a compact metrizable space and T : Q — Q a continuous
map. Then, there exists an invariant Borel probability measure under T.



Existence of dense orbits

Theorem 2.20.

Let (2, 7q) be a compact metrizable space, T : Q — Q a continuous
map, and p an ergodic, invariant Borel probability measure with
suppp = Q. Then, p-a.e. w € Q has a dense orbit { T"(w)}52,.



Geometry of invariant measures

Theorem 2.21.

Let T : Q — Q be a continuous map on a compact metrizable space. Let

M(Q; T) denote the set of T-invariant Borel probability measures on Q.
Then, the following hold:

@ M(Q; T) is a weak-* compact, convex space.
@ 1 is an extreme point of M(; T) iff it is ergodic.

® If i and v are distinct, ergodic measures in M(Q; T), then they are
mutually singular.



Equidistributed sequences

Definition 2.22.

Let T :Q — Q be a continuous map on a compact metrizable space
(22, 7q) and u a Borel probability measure. A sequence wg,ws, ... with
wp = T"(wo) is said to be p-equidistributed if

=
lim — 3 Flwy) = / fdu, Vfe C(Q).
N— oo N Q
n=0
Remark.
p-equidistribution of wg, w1, ... is equivalent to weak-* convergence of

the sampling measures py = N~1 Zy;ol dy,, to the measure p.



Basin of a measure

Definition 2.23.
With the notation of Definition 2.22 the basin of y is the set

B(p) = {wo € Q: wo, w1, ... is p-equidistributed}.

By the pointwise ergodic theorem (Theorem 2.15), if Q is a metrizable
space and i is an ergodic invariant measure with compact support, then
p-a.e. w € Q lies in B(u).



Observable measures

Definition 2.24.

With the notation of Definition 2.23, let v be a reference Borel probability
measure on §2. The measure p is said to be v-observable if there exists a
Borel set S € B(Q) with v(S) > 0 such that v-a.e. w € S lies in B(p).

Intuitively, we think of v as the measure from which we draw initial
conditions. v-observability of ;1 then means that the statistics of
observables with respect to ;1 can be approximated from experimentally
accessible initial conditions.



Koopman operators on spaces of continuous functions

Proposition 2.25.

Let T : Q — Q be a continuous map on a locally compact Hausdorff
space. Then, the Koopman operator U : f — f o T is well-defined as a
linear map from C(Q) into itself. Moreover:

@ U is a contraction, i.e.,
[Ufllc) < [Ifllc), Ve C(Q),

with equality if T is invertible.
@ U has operator norm |U|| = 1.
® U has the properties

U(fg) = (Uf)(Ug), U(f") = (Uf)", Vf,g e C(Q),

i.e., it is a *~-homomorphism of the C*-algebra C(Q).



Transfer operators on Borel measures

Notation.
® M(Q): Space of signed Borel measures on topological space (2, 7q).

Definition 2.26.
Let T : Q2 — Q be a continuous map on a compact metrizable space.

The transfer operator P : C(Q2)* — C(Q2)* is the transpose (dual)
operator to the Koopman operator U : C(2) — C(Q),

Pa=aoU.



Unique ergodicity

Definition 2.27.

Let T :Q — Q be a continuous map on a compact metrizable space
(2, 7q). T is said to be uniquely ergodic if there is only one T-invariant
Borel probability measure.

Theorem 2.28.
With notation as above, the following are equivalent.

@ T is uniquely ergodic.

@ Forevery f € C(Q), N Z ' £(T"(w)) converges to a constant,
uniformly with respect to w € Q

® Forevery f € C(Q), N Z ! f(T"(w)) converges pointwise to a
constant.

@ There exists an invariant Borel probability measure p such that

N—-1

.1 n B
NITOONZ)‘(T (w))—/Qz"d,u7 Yw € Q.

n=0



Strong and weak continuity of continuous-time (semi)flows

Theorem 2.29.
Let ®t: Q — Q, t > 0, be a continuous-time, continuous, semiflow on a
compact metrizable space Q with associated Koopman operators

Ut: C(Q) — C(). Then, as t — 0, U* converges strongly to the
identity,

lim||Utf — fllc@ =0, Vfe C(Q).
t—0

Theorem 2.30.
Let t: Q — Q, t > 0, be a continuous-time, measurable semiflow with

invariant probability measure p and associated Koopman operators
Ut : LP(u) — LP(u). Then, the following hold as t — 0:

@ Forl < p < oo, Ut converges strongly to the identity,
. te — p
tll—%”U f—fllequy =0, VFfe LP(u).

@ For p = oo, U converges in weak-* sense to the identity,

t—0

nm/g(uff) du:/gfdu, Ve L®(u), Vg e Ll(w).
9] Q



Mixing

Recall from Theorem 2.4 that a measure-preserving transformation is
ergodic iff

R »
Jim ; w(T"(R)NS) = u(R)u(S), VR, SeX.

Definition 2.31.

Let T :Q — Q be a measure-preserving transformation of the probability
space (2, X, ).

@ T is said to be weak-mixing if

ngnmNZm R)NS) = w(R)u(S)| =0, VR, SeX.

@ T is said to be strong-mixing, or mixing, if

lim u(T~"(R)NS) = u(R)u(S), VR,S € X.

n— o0



Mixing

Theorem 2.32.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is weak-mixing.
@ There is a subset N' C N of zero density such that

Jim u(T-(R)NS) = w(R)u(S). VRS € X
ng N



Observable-centric characterization of ergodicity and mixing

Let T:Q — Q be a measure-preserving transformation of the probability
space (Q, %, u). Let U: L2(u) — L?(p) be the associated Koopman
operator on 2.

For f,g € L?(u), define the cross-correlation function Ce : N = R, where

Cfg(n) = <f, Ung>l_2(“)
and the autocorrelation function Cr = Cg.

Consider also the expectation values f = [, f du and g = [, g dp.

Theorem 2.33.
With notation as above, the following are equivalent.

@ T is ergodic.
@ Forall f,g € L2(u), lim, oo N2 N0 Crp(n) = T2
® Forall f € [2(), limy oo N"2SN 0 Ce(n) = 72



Observable-centric characterization of ergodicity and mixing

Theorem 2.34.
With notation as above, the following are equivalent.

@ T is weak-mixing.
® Forall f,g € L2(u), limy_yoo N71 ZHN:_01|Cfg(n) —fg|=0.
® For all f € L2(p), limy—soo N2 N Cr(n) — 72| = 0.

Theorem 2.35.
With notation as above, the following are equivalent.

@ T is mixing.
@ Forall f,g € L?(p), limy—eo Cre(n) = f&.
® For all f € L?(p), limy_o Cr(n) = F2.



Spectral characterization of mixing

Theorem 2.36.

Let T : Q — Q be a measure-preserving transformation of the probability
space (2, %, ), and U : L?(u) — L?(u) the corresponding Koopman
operator. Then, T is weak-mixing iff the only eigenvalue of U is the
eigenvalue equal to 1.



Mixing and product flows

Theorem 2.37.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is weak-mixing.
@ T x T is ergodic with respect to the product measure i X [i.
® T x T is weak-mixing with respect to the product measure i X [i.
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