Section 3

Introduction to operator algebras



Algebras — basic definitions

Definition 3.1.
An algebra (over the complex numbers) is a C-vector space A, equipped

with a binary operation - : A x A — A such that for every a,b,c € A
and )\ € C, we have:

e (ab)c = a(bc).

° a(b +,{)C: ab+ ac.

® (a+ b)c = ac+ bc.

® (Aa)b = A(ab) = a(\b).
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Algebras — basic definitions

Definition 3.2.
An algebra A is said to be:

@ Abelian if ab = baforall a,b € A.

@ Unital if there is a (unique) nonzero element 1 € A such that
la=al :)l/for allac A
*



*-algebras

Definition 3.3.
A *-algebra (or involutive algebra) is an algebra A equipped with an
operation * : A — A such that for all a,b € A and X\ € C,

° (a*)" =a.

® (a+b)* =a" + b*.
® (ab)* = b*a*.

o (\a)* = \*a*
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Definition 3.4.

@ A normed algebra is an/algebra A equipped with a norm ||-|| such
that
ab|| < [alllle]l, Va,be A

@ A Banach algebra is a normed algebra (A, ||-||) which is complete
with respect to |||

® A C*-algebra is a Banach *-algebra such that
la*all = [|a]*.
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For a unital normed algebra, we can choose the norm such that ||1]| =1
without loss of generality.



Banach algebras; C*-algebras

Definition 3.5.

@ Given an algebra A, then for a subset S C A we denote by alg(5)
the subalgebra of A generated by S, which consists of all linear
combinations of finite products of elements of S. Equivalently,
alg(S) is the smallest subalgebra of A containing S.

@ If A is a Banach algebra, the closure alg(S) is said to be the Banach
subalgebra of A generated by S.



Inverse

Definition 3.6.

An element a of a unital algebra A is said to be invertible if there exists a
(unique) element b € A such that ab = ba = 1. We write b = a~! and
call a=1 the inverse of a.

We denote the set of invertible elements of A as G(.A). This set forms a
multiplicative subgroup of A.
Proposition 3.7.

For a unital Banach algebra A, G(A) is an open set and ~* : G(A) - A
is continuous. Heﬁeefoﬂﬁ—vve-sfmﬁ‘asswﬁe—thepths—ls—she_case,
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Normal elements

Definition 3.8.
An element a of a *-algebra is said to be:

@ Normal if it commutes with a*, i.e., aa* — a*a=0. "

® Self-adjoint if a* = a. m——y. Seld-edpint ‘(;(M + L CO
)

® Skew-adjoint if a* = —a. are real-vlwed i

Given a unital Banach algebra A and an element a € A we denote the
Banach algebra generated by {1, a} as B(a). If, in addition, A is a
*-algebra, we let B*(a) be the Banagh *-algebra generated by {1, a, a*}.

Lemma 3.9. abelion
If a € A is a normal element of a Banach *-algebra, then B*(a) is abelian.



Spectrum

Definition 3.10.

For an element a € A of a unital Banach algebra A we define:

@ The spectrum as the set of complex numberﬁ n

o(a)={reC:a- {;é G(A)}.\\?\\ _
@ The spectral radius ’

Theorem 3.11.
With notation as above, the following hold:
@ o(a) is a compact subset of C such that

sup [N < |la]|- zL:(O \> ) o‘Ca’)a{O'g
Aeo(a)

(]

@ r(a) = limy_yo0||a”||/". (lall =1

® If a is a normal element of a C*-algebra, then r(a) = ||a|.
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Homomorphisms

Definition 3.12.

@ A homomorphism 7 : A — B between algebras is a linear map that
is compatible with algebraic multiplication, i.e.,

m(ad’) = w(a)m(a’), Va,a € A

® A homomorphism 7 : A — B is said to be unital if A and B are
unital and (1 4) = 15.

*

® A homomorphism 7 : A — B between *-algebras is said to be a

*-homomorphism if

n(a*) = (ra)*, Vac A
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Representations

Definition 3.13.

@ For an algebra A, a representation is a homomorphism
m: A— L(V), where L(V) is the algebra of linear maps on a vector
space V.

@ If A is a Banach algebra, a representation is a homomorphism
m: A— B(E), where B(E) is the Banach algebra of bounded linear
maps on a Banach space E.

® If Ais a Banach *-algebra, a *-representation is a x-homomorphism
m: A— B(H), where B(H) is the C*-algebra of bounded linear
maps on a Hilbert space H.

@ If kerm = {0}, 7 is said to be a faithful representation.



Representations

Definition 3.14.
For a Banach algebra A, the left regular representation (or left multiplier
representation) 7 : A — B(.A) is defined as

(ra)b=ab, Va,be A.

Proposition 3.15.

@ The left regular representation w : A — L(.A) of a unital algebra A is
faithful.

® If A is a Banach algebra, then 7 is a contraction; that is,

7| < 1.
® If Ais a C*-algebra, then 7 is an isometry; that is, ||7|| = 1.



Representations of C*-algebras

Lemma 3.16.
Let H be a Hilbert space. Then, any norm-closed *-subalgebra A of B(H)
is a C*-algebra. We refer to every such A as a concrete C*-algebra.

Theorem 3.17 (Gelfand—Naimark—Segal).

Every C*-algebra A admits admits a faithful representation
7w : A — B(H) on some Hilbert space H.
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Characters

Definition 3.18.
A character (or multiplicative linear functional) of a unital Banach
algebra A is a nonzero homomorphism x : A — C.

Lemma 3.19.
Every character x : A — C is:

@ Unital.
@ Surjective.

® Contractive, i.e., | <1.

Moreover, if A is a C*-algebra, then:
@ x is a *-homomorphism.
® |Ix|| =1

Corollary 3.20.
Every character of a unital Banach algebra is continuous.
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Characters

Proposition 3.21.
An abelian unital Banach algebra has at least one character.



|deals

Definition 3.22.
A subalgebra Z C A of an algebra is said to be a (two-sided) ideal if
aZ CZ and Za C T for all a € A.

Definition 3.23.
A maximal ideal is a proper ideal Z C A that is not a subset of any other
proper ideals.

Proposition 3.24.
Every maximal ideal in a unital Banach algebra is closed.
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Spectra of abelian Banach algebras

Definition 3.25.
Let A be a unital, abelian Banach algebra. The spectrum of A, denoted

as o(.A), is the set of its characters.

Theorem 3.26 (Gelfand—Mazur).

Let A be an abelian unital Banach algebra. There is a canonical bijection
between o(A) and the set of maximal ideals of A. Specifically, for every
X € o(A), ker x is a maximal ideal, and every maximal ideal has this
form for a unique character x € o(A).
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Gelfand transform

Theorem 3.27.
The spectrum o(A) of an abelian unital Banach algebra\is a weak-*
compact subset of A*. Moreover, the map ~: A —
a(x) = x(a) is a Banach algebra homomorphism with norm ||"|| < 1.

Definition 3.28.

The map”™: A — C(o(A)) is called the Gelfand transform for A.
(Pointhia we ode  &=T(a) )

Proposition 3.29.

The Gelfand transform for A is injective iff the intersection of all the

maximal ideals of A is {0}. In that case, we say that A is semisimple.
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Gelfand transform

Proposition 3.30.
For an element a of an abelian, unital, Banach algebra A we have
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Spectra of C*-algebras

Theorem 3.32 (Gelfand).

Let A be a unital, abelian C*-algebra. Then, the Gelfand transform
I: A— C(o(A)) is an isometric *-isomorphism between A and the
C*-algebra of continuous functions on o(A).

Theorem 3.33 (Stone).

Let X be a compact Hausdorff space. For x € X let 6, € C(X)* denote
the evaluation functional 6xf = f(x). Then, the following hold.

@ o(C(X)) ={6x:x e X}.
@ X is homeomorphic to o(C(X)) under the map x +— 0x.

Corollary 3.34.

Let X and Y be compact Hausdorff spaces. Then, X and Y are
homeomorphic iff C(X) and C(Y') are algebraically isomorphic. In that
case, C(X) and C(Y) are isometrically *-isomorphic C*-algebras.



Spectra of C*-algebras

Based on Theorems 3.32 and 3.33, we can identify unital abelian
C*-algebras with spaces of continuous functions on compact Hausdorff
spaces. Generalizing this interpretation, we can interpret non-abelian C*
algebras as spaces of continuous functions on “non-commutative spaces’.



Continuous functional calculus

Let a be a normal element of a unital C*-algebra A. Given a continuous
function f : o(a) — o(a), we define f(a) € A as

f(a) =T"*(foB),

where I : C*(a) — C(c(C*(a))) is the Gelfand transform associated with
the abelian C*-algebra generated by a, and 5 : o(C*(a)) — o(a) is the
homeomorphism from Proposition 3.31.



Positive elements

Definition 3.35.
An element a of a *-algebra A is said to be positive if a = b*b for some

be A

Definition 3.36.
A *-algebra A is said to be:

@ Hermitian if every self-adjoint element has real spectrum, i.e., a € A
and a* = a implies o(a) C R.

® Symmetric if every positive element has positive spectrum, i.e.,
a€ Aand a>0implies o(a) C Ry.

Theorem 3.37.
A Banach *-algebra A is Hermitian iff it is symmetric.
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Positive elements of C*-algebras

Theorem 3.38.
Let A be a C*-algebra. The following are equivalent:

@ a is positive (i.e., a= b*b for some b € A).
@ a is normal and o(a) C [0, 00).
@ There exists a self-adjoint element b € A such that a = b?.

Corollary 3.39.

Every positive element a € A has a unique positive square root, i.e., a
positive element b € A such that a = b>. We write b = /a.

Notation.

For a C*-algebra A:
e As, C A is the subspace of the self-adjoint adjoint elements.
® A, C Ag, is the subset of positive elements.



Positive elements of C*-algebras 22?‘(44-

Theorem 3.40. A
The set of positive elements of a C* algebra is a convex cone, i.e.,

@ Forallac A and A >0, \ac A,.
@ Foralla,be Ay and A € [0,1], Aa+ (1 — Ab) € Ay.
Moreover, A is closed in the norm topology of A.

By Theorem 3.40, positivity defines an order on As,.

° If a € A, is positive, we write a > 0.
® Given a,b e Ag,, wewrite a< bif b—a>0.

Proposition 3.41.

Given two positive elements a, b € A, with a < b the following hold:
® | < |lb]|.
@ /a< Vb

® If A is unital and a, b are invertible, then b=1 < a=1.
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States

Definition 3.42.
A linear functional ¢ : A — C on a *-algebra A is said to be positive if
pa > 0 whenever a is positive.

Definition 3.43.
A state ¢ : A — C on a unital *-algebra A is a positive, linear unital
functional, i.e.:

® p(a*a) >0 for all a € A
° pl =1.
The state space of A is the set of its states, denoted as S(A).
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States on C*-algebras

Proposition 3.44.

The following hold for every state ¢ € S(A) of a unital C*-algebra and
elements a, b € A.

@ ¢(a*) = (pa)*, forall a € A.
@ [p(ab)| < p(a*a)p(b*b).
® (ol =1

Proposition 3.45.

The state space S(A) of a unital C*-algebra A is a convex subset of the
[ * which is closed in the weak-* topology. In particular,

S(A) is a weak-* compact subset of A*.
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States on C*-algebras

Proposition 3.46. Jh
fost ve .
For every se/}ad_’jg/nt element a of a C*-algebra A, there exists a state
© € S(A) such that pa = | al|.
Theorem 3.47.

The set of states of a unital C*-algebra A separates the points of A.
That is, for every a, b € A there exists ¢ € S(A) such that pa # ¢b.
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nition 3.48.
A state ¢ of a unital C*-algebra A is said to be pure if it is an extremal
point of S(A). Otherwise, ¢ is said to be mixed.

Definition 3.49.
Let H be a Hilbert space. A state ¢ of B(H) is said to be a vector state

if there exists a (unit) vector £ € H such that
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Proposition 3.50.

Every vector state of B(H) is pure. ‘
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Projections

Definition 3.51.
An element a of a *-algebra A is said to be a projection if a = a* = a°.

Proposition 3.52.
For a C*-algebra A, the projections are the extremal points of the
positive cone A, .



Projection-valued measures

Definition 3.53.

Let (X, X) be a measurable space and H a Hilbert space. A map

E : Y — B(H) is said to be a projection-valued measure (PVM) if the
following hold:

@ For every S € &, E(S) is a projection.

@ E(0) =o.

@ E(X)=1.

@ For every countable collection {Sp, 51,. .} of pairwise-disjoint sets
Sj € Eand f € H, we have E(U;Z, 5))f =375, E(S)f.
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Projection-valued measures

Proposition 3.54.
Let (X,X) be a measurable space, H a Hilbert space, and E : ¥ — B(H)
a projection-valued map such that E(X) = I. Then, the following are
equivalent:
@ Eisa PVM.
@ For every countable collection {Sg, S1, ...} of pairwise-disjoint sets
S;eE, Zj:o E; converges as J — oo in the weak operator topology.

® For any two disjoint sets S and T, E(S)E(T) = 0.



Projection-valued measures

Given a PVM E : ¥ — B(H) and elements 1, £ € H we have:

* Epe: Y — Cwith E, ¢(S) = (n, E(5)) is a finite complex measure.
° E,: ¥ — Rwith £,(S) =E, ,(S) = (n, E(S)n) is a probability

measure.
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Spectral integrals

Theorem 3.55.
Given a PVM E : B(C) — B(H) and a bounded Borel-measurable
function f : C — C, there exists a unique operator a € B(H) such that

(n, a€) = /C F(N) dEy (V).

Symbolically, we write

a=E(f) = /(C F(A) dE(N).



Spectral theorem
Ao = oot
N o =0~
Theorem 3.56.
Let a € B(H) be a nhormal operator. Then, there exists a unique PVM

E : B(C) — B(H), supported on the spectrum o(a) C C such that

a= /C)\dE(/\).

Remark.
If f: C — Cis continuous on o(a), then E(f) is identical to f(a) as
defined via the continuous functional calculus.
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Definition 3.57.

A W*-algebra (or abstract von Neumann algebra) A is a C*-algebra that
has a predual as a Banach space, i.e., we have A = (A,)* for a Banach
space A,.

In addition to the norm and weak topologies, a W*-algebra has the

weak-* topology induced ;-rosz the priiiuqatl A P L sed in
Definition 3.58. bl Stue, 3} L,’UM{ fehy i a(f) = «(p)

® A linear map T : A — B between W*-algebras A B is said to be
normal if it is weak-* continuous.

e Correspondingly, a state ¢ : A — C of a W*-algebra is called
normal if there is p € A, such that

pa=ap, Vaec A
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Commutants oo, < CK

Definition 3.59.
Let A be an algebra. The commutant of a set X C A, denoted as X/, is
the set elements of A that commute with every element of X, i.e.,

X' ={ae A: ax = xa, Vx € X}.
The bicommutant of X, denoted as X", is the commutant of X’.

Proposition 3.60.
With notation as above, the following hold.

® X' is a subalgebra of A.

e |f A is unital, then X' is unital.

e If Ais a *-algebra, then X’ is a *-algebra.
° X C X",

o X" — X'



W*-algebras

Theorem 3.61.
The set of projections of a W*-algebra A spans a norm-dense subspace
of A. 2 A< LwC{") , T L’C{"‘) ""ﬂ(Li(-IN) 7
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Definition 3.62. T L'(R) is apastle, iy L°(F) 0 wprarmble
A W*-algebra is said to be separable if it admits a faithful, normal

representation on a separable Hilbert space H.

Proposition 3.63.

If a the predual A, of a W*-algebra A is separable in the norm topology,
then A is separable.

Proposition 3.64.

If a W*-algebra is infinite-dimensional, then it is non-separable in the
norm topology.



Von Neumann algebras

Definition 3.65. 4
Let H be a Hilbert space. A (concrete) von Neumann algebra is a
*-subalgebra of B(H) which is closed in the weak opm;raﬁa_r’t%m)_gy.

I8 ayay o4 and Prowy 2,964
Theorem 3.66 (von Neumann). am <9, 8050 = (mpat) R aeBCH), Phen
Let H be a Hilbert space and M a unital *_subalgebra of B(H). Then, >¢4.
the following are equivalent:

@ M is a von Neumann algebra.
@ M is closed in the strong operator topology.
e M=M".
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Von Neumann algebras

Theorem 3.67 (Sakai).

Every von Neumann algebra has a predual, and is thus a W*-algebra.
Moreover, the predual is unique up to isometric isomorphism.

Theorem 3.68.
Every abelian von Neumann algebra is isometrically isomorphic to L>(u)
for some measure space (X, X, u).

Analogously to our interpretation of the study of C*-algebras as
“non-commutative topology”’, we can interpret the study of von Neumann
algebras as “non-commutative measure theory".



