Section 4

Embedding dynamical systems in operator
algebras



Dirac—von Neumann axioms of quantum mechanics

@ States are density operators, i.e., positive, trace-class operators
p: H — H on a Hilbert space H, with trp = 1.

@ Observables are self-adjoint operators, A: D(A) — H.
® Measurement expectation and probability: & €}, domaia & A

E,A=tr(pA), P,(Q) =E,(E(Q)), A:/adE(a).
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Algebraic formulation: States and observables

@ Associated with a physical system is a unital C*-algebra A.
@ The set of states of the system is the state space S(A) of A.

® The set of observables of the system is the set of self-adjoint
elements A, of A.

@ The set of values that can be obtained in a measurement of a € A,
corresponds to the spectrum o(a) C R.

® The expected value of a measurement of a € Ag, when the system is
in state ¢ € S(A) is given by ¢(a).
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Algebraic formulation: Events and measurement probabilities

® The set of events (or effects) that can be observed is the set of
positive elements e € A, such that 0 < e < 1. If the system is in
state ¢ € S(A), the probability to observe e is given by ¢(e).

® Supposing, further, that A is a W*-algebra, the measurement

probability for a to take value in a set S € B(R) is given by p(E(S)),
where E : B(R) — A is the PVM satisfying a = [, A dE()).
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Completely positive maps
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Given a C*-algebra A, M,(A) is the C*-algebra ?tn X N matrices with
entries in A.
Definition 4.1.

Let T : A — B be a linear map between C*-algebras A and B. Given
n € N, we say that the map T(") : M,(A) — M, (B) defined as .. c*

T("([a5]) = [T (a;)] is a matrix amplification of T.
Rectt, T posive & T(a) 70 whnevsr 770

Definition 4.2.
A linear map T : A — B between C*-algebras A and B is said to be:

* n-positive if T(" is positive.

e Completely positive if it is n-positive for every n € N.
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Completely positive maps

Theorem 4.3 (Stinespring).
Let A be a C*-algebra and H a Hilbert space. A linear map
T : A — B(H) is completely positive iff there is a Hilbert space K, a
representation w : A — B(K) and a bounded linear map V : K — H
such that

Ta= V(ra)V*, Vae A

Proposition 4.4.
With notation as above, if A is abelian then T : A — B(H) is completely

positive iff it is positive.
Theorem 4.5 (Choi).

Let K and H be finite-dimensional Hilbert spaces of dimension m and n,
respectively. Then, any completely positive map T : B(K) — B(H) take
s the form T(a) = >, V;aV;* for some operators V; : K — H.
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Quantum operations, quantum channels

Definition 4.6.

A linear map T : B — A between unital C*-algebras B and A is said to
be a quantum operation if:

@ T is completely positive.
@ Tl <lyu.
If Tlg =14, T is said to be a quantum channel.

Proposition 4.7.

If T :B— Ais a quantum operation, then for every state w € S(A)
T*w € B* is a positive functional satisfying (T*w)1g < 1. Moreover, if
T is a quantum channel, (T*w)lg = 1.

Corollary 4.8.

The adjoint T* : A* — B* of a quantum channel T : B — A maps the
state space S(A) into S(B).
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Quantum operations, quantum channels

Proposition 4.9.

A normal (weak-* continuous) quantum operation T : B — A between
W*-algebras B and A has a predual, i.e., T = (T,)* for a unique linear
map T, : A, — B,.



Algebraic formulation of measure-preserving dynamics

®: Invertible measure-preserving map.

® M: Space of Borel measures on €.

®,.: Pushforward map on measures.
® 4 Invariant probability measure, &, = p.



Algebraic formulation of measure-preserving dynamics

o A= L(u): Abelian von Neumann algebra.

Asa ={f € A: f is real-valued}: Classical observables.

U: A— A: Koopman operator.

A. = LY(p): Predual.

Si(A)={peA.: p>0, |,pdu=1}: Probability densities.
E, : A — C with p € 5,(A): Normal states, E,f = fQ fpdpu.
P : S.(A) = S.(A): Transfer operator.



Algebraic formulation of measure-preserving dynamics

Non-abelian formulation

U:B— B, Ua= UaU*
P S(B) = S.(B), Bp=UpU

H = L?(u): Hilbert space.
U : H — H: Unitary Koopman operator, Uf = f o ®.

B = B(H): Non-abelian von Neumann algebra.

Bs, ={a€ B: ais self-adjoint}: Quantum observables.

U : B — B: Induced Koopman operator.

® B, = Bi(H): Predual.

S«(B)={p€B.: p>0,trp=1}: Density operators.
E, : B — C with p € S,(B): Normal states, E,a = tr(ap).
P 5.(B) — S5.(B): Induced transfer operator.



Algebraic formulation of measure-preserving dynamics

e 7 : A — B: Regular representation, 7f = a with ag = fg for all
gEH.

° [:5,(A) — S.(B): Mapping of probability densities into pure
quantum states, ['(7) = (\/p, )\/P-
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