
Section 6

Representation of classical dynamics in quantum
circuits



Classical and quantum bits

• A (classical) bit is a pure state of the abelian algebra C2.
• A quantum bit, or qubit, is a pure state of the matrix algebra

B(C2) ' M2(C).
• Noisy classical bits and qubits are represented by mixed states of C2

and M2, respectively.
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Quantum computers

A quantum computer is a finite-dimensional quantum mechanical system
associated with the tensor product Hilbert space Bn ⌘ B⌦n with B = C2.

Notation.
• |0i and |1i are orthonormal basis vectors of B known as

computational basis vectors.
• |b1 · · · bni ⌘ |b1i ⌦ · · ·⌦ |bni are orthonormal basis vectors of Bn.

( dim Bn = 2
"

bit {0,1}
to> (b)
Hl ? )



TENSOR PRODUCT OF VECTOR SPACES
-

Given two vector spaces V1
,
V2 over a field 1K

,
the tensor product space

V1 ④ V2 is a vector space consisting of linear combinations of elements of

the form 4 ④ V2 with u, e- Vi ,
Uf V2 under the following identifications :

¢4 )⊕Ve = V1 ⑦ = k(vi⊕k )

,
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, Mirek
⑥ tVi)⊕Vz = Ui④ V2 t V1 ④Ve

My V2 f V2
V1 ④☒ = Vi④U2 t V1④ V2

It dim V, = di and dim Kidz
,
then diim H⊕Vz = didz

.

If V.
,

V2 are Hilbert spaces ,
then Vi ⑦ V2 becomes a Hilbert space _equipped with

the inner product
{ U,④Me , V, ④ V2 > = {Ni, Vig

,
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,Viv
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,
H UH C- V1

,
Uz
, ref V2 .
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Quantum computers

IBM Q One AWS Borealis

Physical qubit implementations include superconducting charges, trapped
ions, and photons.



Quantum circuits

A quantum circuit consists of wires, representing individual qubits, and
gates representing operations (quantum channels) on qubits.

• The depth of a quantum circuit is the longest path in the circuit.

Goal. Given a C0 group of unitary Koopman operators U
t : H ! H

induced by a measure-preserving flow with skew-adjoint generator
V : D(V ) ! H and a subspace HL ⇢ D(V ) ⇢ H of dimension 2n, find a
unitary W : HL ! Bn such that etGL with GL = W⇧LV⇧LW

⇤ is
representable by a circuit of low depth.

measures the runtime of the quantum algorithm
implemented by the circuit .

~
unitary quantum channel on B(Bn )
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Representation of pure states of Nz on the Block sphere
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Examples of quantum gates

✗ = ( ? f) NOT gate - to-

?⃝t.li ;) " 1°> = :( : :) / b) = t.li )
" " > = # little / = t.lt )

> R✗ (a) = e- {
i ◦ ✗

← Rotation gate by angle 0 abort x-axis .

Ry 10) = e- tio y

Rz (O) = e- { i02

(NOT gate (acts on Bz = B ⊕ B ≈
64

( O 0 0
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W : HL → Bn unitary .

Gian orthonormal basis { ∅, &, . . . , % } of Hu
,
dim 1-1<=2

"

define

Wcf, = / b) = lb
,
> ⊕

. . . ④ Ibn >

where b-_ (by . . . ,bn)G / 0,1 }
"

gin the binary representation of l :

l = Éb ; 2h
- ie

i =L

Example : n = 2 ,

1=4
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Measurement in the quantum computational basis

Associated with the quantum computational basis { lb > 7b£{gyu of - Bn is a

projection -valued measure En if → BCBN ) ≈ An
-20,1 }

"

↳ o -alpha
consisting of all subtests

of { 0,1 }
"

i.e. all

binary stings of length
in

lb>CblEnts) = E- in
↳ orthogonal projection
onto lb >

That is, if the quantum computer is in a state associated with state rector 13> c- Rn

a measurement • 1- En gin a binary sting be 10,1 }
" with probability

13 / Enftb } ) I } >

Rather than En ideally we would like to measure the PVM Fn which is the

spectral measure of the observable A
,
= W @< f)W*

↑
projected Muti plication

operator



Solution : Compute eigerdecomposition of AL : n

AL Ini> = a; lui > ,
In;) = É Maj lbs >

k=o
↑ binary rep . otk

Define the unitary T : Bn → Bn with matrix oep . (
"
°

?
-
- -

' wit '

i

i.

"
←to me

,
"

)
Then 1-

*
ALT is a diagonal operator in the quantum computational basis .

Then a measurement of Fn on a stye 197 is equivalent to a measurement

of En on the state vector 1- 197



Koopman evolution circuit
outcome is a binary

9¥
-

-

-
-

a string lb) that represents

an integer let / . _ , 2
"
- i }

,rprediction for the truetH"ÉF_÷¥÷;⇔is+.%-ie
-

-

eigenvalue ae of ÑL

Want : Unit : Bln → Bn unitary Utrcnsf : Bn → Bn
Diagonalizes

such that Unit 10--03--1 }:)
repay +www.poa.r * +→→m?⃝where 1% > =WE in the quantum computational Ñ

,9-✗ c- H, is the stale rotor in th basis
,
i. e.

corresponding to classical state × . Utm,f=WU¥W*
↑ finally estimate <

projected trailer operator the QM expectation

U↑=TkU*Tk F-
g-✗
④f)

as a Montecarlo average
• f- an ensemble of 84th

measurements lb>
.



Implementation for systems with pure point spectrum
Assume that stink space dynamis ∅ᵗ : r→ R is conjugate to a rotation
Rt : id→ Id for some dimension I [

inv . areas
.

let / Ole } eezyd be an orthonormal basis of H= [(y ) such that

Vote = ixe.de
Fix ne NS.t.tn/d is an integer. Define HL a pen / Ole : 1--14

, . .
.

,
er )

with lit }-2ⁿᵈ! . -

, -1,1 , . . .

,
2%-1 }}

Then dim 1-1<=2
"

.

Define p : 2d → 70,1 }
"

s.t.pk/isabmoynp . of the multi- index e
,

w : Hi → ☒n a Wole = / plel> .

EE : The projected generator Ñ #WTKVITLW is diagonal in the ( lb) } basis
of Bn .

Moe Oler
,

Ñ = Ñ 7- ⊕ .
.

.
④ 7- where the coefficients Tre are given by a

1- Ñ
, I ④☒④1.x . ④ 7- Walsh _ Fourier transform of the function

: b'→ Xp-'(b)
1- Ñn

_ ,
I - - . ⑦ 7-④② ⇒ e-Ñ= etñ◦2⊕eᵗÑi2⊕

_
. . ④ eÑ_12


