Section 4

Spectral theory



Setting and objectives

General assumptions

e &: G xQ— Q: Continuous-time, continuous flow on compact,
metrisable space €.

® 1 Ergodic invariant Borel probability measure.
e X : Q — % continuous observation map into metric space X.

e Ut: F — F: Koopman operator on Banach space F of
complex-valued observables. ()

Given. Time-ordered samples

xp = X(wn), wp=0"(wo), t,=(n—1)At.
Feature, ext@chion

(g;l. Using the data x,, identify a collection of observables (; : 2 — Y
which have the property of evolving coherently under the dynamics in a
suitable sense.



Setting and objectives

We recall the following facts from Section 2 (Theorems 2.29 and2.30).
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@ The evolution group {U* : C(Q) — C(Q)}ter is g U

evolution group {U* : LP(u) — LP(u)}eer, p € [0,00) is
strongly continuous.
 weak-¥

® The evolution group {U* : L(n) = L™ (k) } eex is
continuous. oo
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Setting and objectives

We recall the following facts from Section 2 (see Proposition 2.7 and
Theorems 2.29, 2.30).

Theorem 4.1.

@ {U': C(Q) — C(Q)}ter is a strongly continuous group of
isometries.

@ {U': LP(u) = LP(u)}eer, p € [0,00) is a strongly continuous group
of isometries. Moreover, Ut : L?(u) — L?(u) is unitary.

@ {U": L°°(n) = L°°(p) }rer is @ weak-* continuous group of
isometries.

Notation.
e F: Any of the C(Q2) or LP(u) spaces with 1 < p < 0.
Fo: Any of the C(Q) or LP(u) spaces with 1 < p < 0.

Co (semi)group = strongly continuous (semi)group.

® (¢ (semi)group = weak-* continuous (semi)group.



Generator of Cy semigroups

Definition 4.2.
Let {S*}:>0 be a Cp semigroup on a Banach space E. The generator
A: D(A) — E of the semigroup {S*};>0 is defined as
tf_
Af = lim 5 ft f7 f e D(A),

t—0

where the limit is taken in the norm of E, and the domain D(A) C E
consists of all f € E for which the limit exists.
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Theorem 4.3. 5 G\(S‘){u a donte ;qL)Ialb of CLsY).
With the notation of Definition 4.2, the)following hold.

@ A is closed and densely defined.

@ For all f € D(A) and t > 0, the function t — S*f is continuously
differentiable, and satisfies

d
S StF = AS'f = S'AF.
dt
® A uniquely characterizes the semigroup {S'}, i.e., if {5t} is another

Co semigroup on E with the same generator A, then St = St for all
t>0.
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Generator of C§ semigroups o fC{—) Ly

Definition 4.4. g
Let {S*}:>0 be a C§ semigroup on a Banach space E with predual E..

The generator A : D(A) — E of the semigroup {S'};> is defined as the
weak-* limit

te
(g, AF) = tim 2T o pa) e ek,
t—0 t

where the domain D(A) C E consists of all f € E for which the limit
exists.
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Theorem 4.5.
With the notation of Definition 4.4, the following hold.

@ A is weak-* closed and densely defined.

@ For all f € D(A) and t > 0, the function t — S'f is weak-*
continuously differentiable, and satisfies

(2.55) = (6.AS') = lg.5°An),

® A uniquely characterizes the semigroup {S'}, i.e., if {5t} is another
G semigroup on E with the same generator A, then St = S* for all
t>0.



Generator of unitary Cy groups S <t
Theorem 4.6 (Stone).

Let {S'}¢>0 be a unitary Cy group on a Hilbert space H. Then, the
generator A : D(A) — H is skew-adjoint, i.e.,

Conversely, if A: D(A) — H is skew-adjoint, it is the generator of a
unitary evolution group.
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Generator of Koopman evolution groups /rzy .. L D

15 r L oo .
Corollary 4.7.

Under our general assumptions the following hold:

@ The Koopman evolution groups Ut : Fo — Fq are uniquely
characterized by their generator V : D(V) — Fo, where
Utf — f

Vf = lim .
t—0 t

Moreover, for Fo = L?(u1), V is skew-adjoint.

@ The Koopman evolution group Ut : L>(u) — L (u) is uniquely
characterized by its generator V' : D(V) — Fo, where

te
VFf = lim Uir - f
t—0 t

in weak-* sense.



Generator of Koopman evolution groups

Theorem 4.8 (ter Elst & Lemanczyk).
Let (Q2,X) be a compact metrisable space equipped with its Borel
o-algebra . Let 11 be a Borel probability measure on 2 and
Ut : L2(n) — L2(p) a Co unitary evolution group with generator
V : D(V) — L?(u). Then, the following are equivalent.
@ For every t € R there exists a ji-a.e. invertible, measurable, and
measure-preserving flow &t : Q — Q such that U'f = f o ®°.

@ The space A(V) = D(V) N L>(u) is an algebra with respect to
function multiplication, and V is a derivation on 2:

V(fg) = (Vf)g+ f(Vg), Vif,geAd(V).
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Point spectrum

Definition 4.9.

Let A: D(A) — E be an operator on a Banach space with domain

D(A) C E. The point spectrum of A, denoted as 0,(A) C C is defined as
the set of its eigenvalues. That is, A € C is an element of ¢,(A) iff there
is a nonzero vector u € E (an eigenvector) such that

Au = \u.

Notation.

® We use the notation o,(A; E) when we wish to make explicit the
Banach space on which A acts.



Eigenvalues and eigenfunctions

Definition 4.10.

Let A: D(A) — E be the generator of a Cy semigroup {S'};>0 on a
Banach space E. We say that A € C is an eigenvalue of the semigroup if
A is an eigenvalue of A, i.e., there exists a nonzero u € D(A) such that

Au = du.

Lemma 4.11.

With notation as above, X is an eigenvalue of {S*} if and only if z is an

eigenvector of St for all t > 0, i.e., there exist A* € C such that
Stu=Awu, Vt>0.

In particular, we have N\t = e*t.
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Point spectra for measure-preserving flows

Theorem 4.12.

Let ® : Q — Q a be a measure-preserving flow of a probability space
(0, X, ). Let Ut LP(u) — LP(u) be the associated Koopman operators
on LP(u), p € [1,00], and V : D(V) — LP(u) the corresponding
generators. Then, the following hold.

@ Forevery p,q € [1,00] and t € R, o,(U", LP(u)) = op(UY, L9(1)).
@ 0p(V,1P(0) = op(V, L), Reals HE S L[p) e b7
® 0,(U?) is a subgroup of St.
@ o,(V) is a subgroup of iR. ) “ o tq .
Idm. 0‘_?’“4.' 9""”"7’ le€ l((br (}b_glrfﬂ it a ki IuL)r ¢ ol LyrU lLPq_)
Corollary 4.13.

Every eigenfunction of V lies in L>°(), and thus in LP(u) for every
p € [1, 0]

Given A\ = ia € 0,(V), we say that « is an eigenfrequency of V.
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Generating frequencies

Definition 4.14.
Assume the notation of Theorem 4.12.

@ We say that {iag, ia1,...} C 0,(V) is a generating set if for every
ia € op(V) there exist ji,jo,...,jn € Z and ky, ko, ..., k, € N such
that

a=jlu + 20k + -+ jnd,-

@ We say that o0,( V) is finitely generated if it has a finite generating

set.

® A generating set is said to be minimal if it does does not have any
proper subsets which are generating sets.

Lemma 4.15.
@ The elements of a minimal generating set are rationally independent.

@ If a minimal generating set has at least two elements, then o,(V) is
a dense subset of the imaginary line.
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Generating frequencies

Lemma 4.16.

Let g1, 8>, ... be eigenfunctions corresponding to the eigenvalues of the
generating set in Definition 4.14, i.e., Vgj = iagj. Then, for every

ia € op(V) with a = jroug + ok, + ... + jnQik,,

is an eigenfunction of V' corresponding to the eigenfrequency «.



Invariant subspaces

Notation.

® H, =span{u € L?(p): u is an eigenfunction of V}.
® H.= HL r]__.“cmﬂ.,luaq rrw{/ww mLJfﬂﬂ'/“

o {zo,zl,. .}: Orthonormal eigenbasis of H,, Vz; = iajz;.

Theorem 4.17.
Let ®t : Q — Q be a measure-preserving flow on a completely metrizable
space with an invariant probability measure .

@ H, and H. are Ut-invariant subspaces.
@ Every f € H, satisfies

Utf = Z fj-eiajfzjy 6 = <Zj7 f>L2(lt)' » Lah .Dr
2 DLWL[® in /’lz have “weak W\ixlpa eV .
At

lim —/ (g, U'f) 12| =0, Vg€ L*(p).

® Every f € H. satisfies

T—oo



Pure point spectrum

Definition 4.18.
With the notation of Theorem 4.17, we say that a measure-preserving
flow ®* : Q — Q has pure point spectrum if H, = ‘L/z(u). [ L
g Is Wfl'ﬁ ' dicponiz

Remark 4.19. NS e
For a system with pure point spectrum: o log Hecoe 72

@ The spectrum of V is not necessarily discrete./ by 6‘1"‘”‘”"

. . . rCV) s o dove

@ The continuous spectrum is not necessarily empty. P ,
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Point spectra for ergodic flows Fowmst, prce.

Proposition 4.20.
With the notation of Theorem 4.12, assume that ®t : Q — Q isergodic.

@ Every eigenvalue \ € o,(V) is simple.

@ Every corresponding eigenfunction z € LP(u) normalized such that
|zllp(uy = 1 for any p € [1, 0q] satisfies |z| = 1 p-a.e.
—_—
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Factor maps

Definition 4.21.

Let 77 : Q1 — Qy and T, : Q5 — Q5 be measure-preserving
transformations of the probability spaces (Q1, %1, 1) and (Qz, X2, i2).
We say that T, is a factor of T; if there exists a Ti-invariant set S; € X1
with ug(S/I') =1, a Ty-invariant set S, € ¥ with p2(S2) =1, and a
measure—pr%serving, surjective map ¢ : S; — S such that

Tzog[):@o T1.

Such a map ¢ is called a factor map and satisfies the following
commutative diagram:

S s
d
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Metric isomorphisms

Definition 4.22.

With the notation of Definition 4.21, we say that T; and T, are
measure-theoretically isomorphic or metrically isomorphic if there is a
factor ¢ : S; — S, with a measurable inverse.

Theorem 4.23 (von Neumann).

Let & : Q — Q be a measure-preserving flow on a completely metrizable
probability space (2, X, ) with pure point spectrum. Then, ®* is
metrically isomorphic to a translation on a compact abelian group G.
Explicitly, G can be chosen as the character group of the point spectrum
op(V).



Metric isomorphisms

Corollary 4.24.

If o,(V) is finitely generated, then ®* is metrically isomorphisri to an
ergodic rotation on the d-torus, where d is the number of generating

frequencies of o,(V). Explicitly, supposing that {icu, ..., iag} is a
minimal generating set of o,(V') with corresponding unit-norm
eigenfunctions zi, . .., zq we have

R'op = o df,
where Rt : T9 — T js the torus rotation with frequencies as, . .., oq,
and

(‘Pé(P‘)

p(w) = (z1(w), - (w)), ,u—a.‘e. ‘
,ﬁn’ Nvu,\u\ul C»\ [\Uﬂ-‘ TCV) 4 '45"\‘”7' dese, 1 fﬂz
(e, a (sny ao 17/2,)




Spectral isomorphisms

Definition 4.25.

With the notation of Definition 4.22, let Uy : L?(p1) — L?(p11) and

Uz : L2(12) — L2(p2) be the Koopman operators associated with T; and
T>, respectively. We say that T; and T, are spectrally isomorphic if there
exists a unitary map U : L?(uy) — L?(u2) such that

~ Usold =Uo Uj.
Teey M T5Omarphisr il o ophiw , bk He unae 1 o} dme
N A bt WCI,'K HL veilon 1 uix"‘j;r

Theorem 4.26 (von Neumann). 3s oF mixzdﬁrwf{hm #57
Two measure-preserving flows with pure point spectra are metrically
isomorphic iff they are spectrally isomorphic.



Dynamics-invariant kernels

2, $
ke x MR G:2(n) = L(n), Gf:/}é(.,w)f(w)du(w)

® k: Bounded, symmetric kernel.
® G is self-adjoint, compact.

4>@+ ﬂxﬂ —’7.D Ju
Proposition 4.27. 1’8{’ P [‘*’7 W'/u 'l]

If k is invariant under the product flow,
k(O (w), &4 () = k(w,w'), &
then G commutes with the Koopman operator,

(UL, G] UtG — GU
G0 [k (o 0 )= | I8 F) )
MO g, ] < UEH)
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Dynamics-invariant kernels

L8N
k: M X M_) R, G:L%(u) — L*(n), Gf :/ k(-,w)f(w) du(w)
M
Corollary 4.28.

Every eigenspace W of G with nonzero corresponding eigenvalue is a
finite-dimensional, U*-invariant subspace of H,, and V| is unitarily
diagonalizable.
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Kernels from delay-coordinate maps

So(w,w') QZHX(M“(w)) 724 (w)||".

- LTl ol U o
By the mean ergodic theorem 5 15 @ die cyampe
e ﬂ':ﬁm quﬁ—ak

50 0TS ke Sluw’) = | x(w) - Xw)||*
Awbr ‘H.L ?Péuft J')ﬂ?l”“"

in L2(j x p1), where S is a Ut ® U* invariant function.

Proposition 4.29. gq[“w ZSW ()
Fix a continuous kernel shape function h: R, — Ry. Then: (Ffm/ ))
® k(w,w') := h(S(w,w")) satisfies the fassumptions of
Proposition : =7 k(u. —zsr ( q‘/g ) fr GF

@ Gq: L%(u) — L?(u) with

Gof = [ kol w)f du(w)
M v 1
_(\f‘\"’fjh\ or. gijoqa“'(d UtHﬂ k

converges to G in L?(11) operator norm.
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.. . . ; glt;“’ cfﬂﬂ!ﬂr.n
Finite-difference approximation of the generator ()
5”\\'\‘\1 Meaine on /h‘t)u)hh{ "J., U'l - Wn-1

Vaern — Vien Oy —Id
Vaew - L2(un) = L(pn), Varn = %, AN = ;
Ay
Vi -t -1
qnh;ymm{io becall {L £20 f
Explicitly, we have o)eustor ” _’_@° —%)!—
Ly

(f(wns1) — f(wn))/At, 0<n<N-2,

Varnf(wn) =
aef(n) {—f(w,\,l)/At, n=N-1.

(s olo dhire l/(.]h:.r—v;rdu‘ cenhl ,avrwt»n/, ede. | sChewes .



Finite-difference approximation of the generator

VAt,N - VZt,N & o ON —Id
2 y VAt,N — At

Vaen : L2(un) = L2(un), Vary =
Lemma 4.30.
For f € C}(Q) and g € C(Q),

A'lTo N"_[n (&, Vaenf) iz = (85 V) 12(n)-

Corollary 4.31.

With the notation of Section 3, if k is C*, then for every i, j € N such
that \;, /\j 75 0,

Almwvhm (Din VN atdiN) 2 (un) = (Bir V) 12(u)-

Gy b Hatin Gy ¢ = ‘}’u
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Markov normalization

® Assume: k >0, k, k=1 € L>®(v x v).

® pis a Markov kernel with respect to v, i.e.,

p >0, Zép(w, Jdv=1, v-ae weM.
'R



Markov normalization

Set: k = kg, v = pn or v = . We get Markov operators

Gon : L2(un) — L2(un), Gg : L2() — L?(u) with continuous transition
kernels:

JL

Gonf 44 Paun (@) F(w) dpin(w),  GF = /ﬂ/oa,u(w)f(w)duN(w),
R

Large-data limit: As N — oo, Gg n converges spectrally to Gg in the
sense of Theorem 3.25.



Markov normalization

Set: k = k, v = 1. We get a self-adjoint Markov operator
G : [2(n) — L?(p) that commutes with the Koopman operator:

& = [ () due).

Infinite-delay limit: As @ — oo Gq converges in operator norm, and thus
spectrally, to G.

Remark.

By Corollary 4.28, every eigenfunction ¢; of G corresponding to nonzero
eigenvalue lies in the domain of the generator V.



Diffusion regularization
A:D(A) = H,, A=(1-G)™*
- Lok o
A¢j—7lj¢j, 7]J—1—— e o 2y

o eat- operado
Goe R
® I:Ip =ranG C Hp. T')’/-'r[ebpo\(
* D(A) = ":/3 ={fe ":Ip : Zﬂ?j|<¢ja f>l_2(,u)|2 < 0o} E = __J-’A
Proposition 4.32. zeh

@ Foreverye >0,
L=V —€A
is a well-defined dissipative operator on H?, i.e., Re(f, L) <0.

@ Let z be an eigenfunction of V lying in Hﬁ with corresponding
eigenvalue iw. Then, we have

Az =1z, dez = nz, = —en+ iw. ‘
L?Lr’)(ma‘ Le, —S— ,(, art ql«l —[o ciJo\{\qﬂuc,(,
o Wil By -£7



Petrov-Galerkin method

® The above is a well-defined variational eigenvalue problem, i.e., it
satisfies the appropriate boundedness and coercivity conditions.

® We order the solutions z; in order of increasing Dirichlet energy,

E; = (z;, Azj)2(,) = Renj/e.



Petrov-Galerkin method

Data-driven approximation

Find z; € LQNand’yEC such that foraIIfEHpLQN,
{F, Vzi) 2y — €(F, B2 12(un) = %(F5 21) 12un)-

iz qouisbited < (QWJM o

* Hpron = Span{% QN> - - Lo,n} C L(un), where ¢; o v are
eigenfunctions of Gg n.

° Hp 1., defined analogously to /:lg

® The data-driven scheme converges in the iterated limit

L + Llim QIim AIlitmONIim .
2 —00 Q—00 At—0 N—o0
- Cio
72.— - ‘Yo i
o ay Gt maix @quwlu— T’N\J\m



Variable-speed rotation on T?

@(t) = V(w(1))
\7(0.}) = (\/17 VQ), w = (01,92)
Vi =1+ Bcosb;
V2 = O/(l — ﬂsin 192)

a=+/30,8=+/1/2




Koopman eigenfunctions




Koopman eigenfunctions from noisy data

(d)

';2, 522:387. EE2 292

Koopman eigenfunctions for the variable-speed flow on T? recovered from
data from data corrupted with i.i.d. Gaussian noise in R3 with SNR ~ 1.



Approximate Koopman eigenfunctions

Definition 4.33.
An observable z € L?(1) is said to be an e-approximate Koopman
eigenfunction if there exists v; € C such that

||UtZ — Vtz”Lz(u) < GHZ”LZ(M)‘ (*.]

* A Koopman eigenfunction is an e-approximate eigenfunction for
every € > 0.

® We seek z € L?(u) which is an e-approximate eigenfunction for
“small” ¢, and t lying in a “large” time interval.

Tt ke doun M| [0 G )| €5
2 Gg oy e ey Koof bow —riimiont €Uy (Y.

L"OL K)\' ?/Lll/\r&&'s oy Hue {:T/"S‘R['lg S Omﬁo(ar{'t’;
ok é\oWH‘) 7 sWFSQ\/ima )




Approximate eigenfunctions from delay-coordinate maps

Theorem 4.34.

Let ¢ and v be mutually-orthogonal, unit-norm, real eigenfunctions of
Gq corresponding to nonzero eigenvalues k and A, respectively, with

Kk > X\. Assume that k, A are simple if distinct and twofold-degenerate if
equal. Define

zZ = %(¢+ "¢)7 Qr = <Za Utz>7 V= <’(/}’ V¢>’

where w is real, and set T = (Q — 1) At, 61 = (k — \)/V2, 61 = 61 /k,

= min{|x —ul, A —u
vr=,min{mingls = ol [A = ul}}.

Then, the following hold for every t > 0:



Approximate eigenfunctions from delay-coordinate maps

Theorem 4.34.

@ « lies in the &;-approximate point spectrum of Ut, and z is a
corresponding €:-approximate eigenfunction for the bound

gt:5t+\/§tv

where

st—— — +307 S = Sy du.
L [{ of Mz Ul'ljad-hv' witdow = G‘ZA&’

Here, C; and G, are constants that depend on/y on the observation
map F and generator V.

1 (Clt C(l—‘r‘gT)

@ The modulus |v| is independent of the choice of the real
orthonormal basis {$,1} for the eigenspace(s) corresponding to
and \. Moreover, the phase factor et is related to the
autocorrelation function o, according to the bound

|Olt - eiyt‘ § 2\/ St'



Application to L63 system




Application to L63 system

(a) Sampling interval At = 0.01, Delay embedding window T = 0.00

640 Ay = 0.992 uts,, t=1.00 u's,, t=2.00

1 Time series along orbit




Application to L63 system

(b) Sampling interval At = 0.01, Delay embedding window T = 8.00

- t - t _

610 Ay = 0.603 U, t=1.00 U'¢;, t=2.00 5 Time series along orbit
s 2
1
0
-1
-2
. -3

641 A, = 0.602 U%,, t=1.00 0 2 4 6 8






Spectrum

Definition 4.35.
Let A: D(A) — F be a densely-defineloperator on a Banach space F
over C with domain D(A) C F.

@ The spectrum of A, denoted as o(A) is the set of complex numbers
A such that A — A/ has no bounded inverse.

@ The resolvent set of A, denoted as p(A), is the complement of o(A)
in C.

® For every \ € p(A) the resolvent Ra()) is the bounded operator
given by p% (A=XH~

@ The spectral a&us of Ais defined as r,(A) = sup/\EU(A)m.]‘,\)

g \—2=F"7‘F i, A= T on D(I’r}
Tt @5 b bownded vfﬂ(:; ABD =0 Pr Let ot Dle DH)

(&)



Spectrum

Theorem 4.36.
With the notation of Definition 4.35, the following hold.

@ o(A) is a closed subset of C.

@ If A is not closed, then o(A) = C.

® If D(A) = F and A is bounded, then r,(A) < ||All.
wl Sy A b closwsl

T‘ll S?M(W‘ s ' 'ﬂWna\‘ OA(.\/ gr C[D&l[/ DM('S

fone: F2 € o) =05 () - {0}

A: (% l@) ‘—E grr(ﬁ)
”'fH: ) o(A)
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Projection-valued measures [spetul wrajed)

Definition 4.37.
Let (H, (-, )n) be a Hilbert space over C. A map E : B(C) — B(H) is

called a projection-valued measure (PVM) if: £ =Cs)
@ For every S € B(C), E(S) is an orthogonal proiection,/-f())’ﬁ= ECD
@ E(C) = 1.

@ For every f,g € H, the map e : B(C) — C with

4(5) = (FLE(S)e)n . welhilihts

is a complex measure.

v . —admt wan pnads x .
Lcﬂl& H: d:) A,?b’.; g (ﬂ’l: ﬂaeRigC'\e""Ma&hi

b b (P 2‘ ﬂ'/""/ . ~s L0
w:;f HQF- tmrh o srhonﬂrw) s {'u\,-—'/ ”"{ 'tfh F’L’ufﬁ:‘% JT;"“/
7[:' (4 g(’{) }-[ . T{j v = <MJ') V>cu 1“)' Cnrufnd‘ﬁ’l TAJ

) - Sy - TVA
£.8(c) — Bl 34 E(S) %Esm \



jecti Funcho [
Projection-valued measures unchonal.  (alenfus

Theorem 4.38. é
With the notation of Definition 4.37, let f : C — C be a

Borel-measurable function. Then, there exists a unique operator
Ef : D(Ef) — H with domain

D(Ef) = {h €EH: / |f|? depn < oo},
C
such that

(g, Erh)y = / fdegn, Vg€ H, Vhe D(Ef).
C
m SJ‘[ A{olm\' mdnx 14 ‘H/T'WDM)

Wﬂ“"?ll/ |u4| c 'u'ﬁln M (E —7

Notation. ) we (o dehne A? »
© JofdE=EF e | e Z 40T
° If A= [.Id dE, then f(A) = Ef. J

C?MJ\")( cmnh A= 'Z ﬂfr j) J/E(A




Spectral theorem for skew-adjoint operators

Theorem 4.39.
Let A: D(A) — H be skew-adjoint.

@ o(A) is a subset of the imaginary line.
@ There exists a unique PVM Ep . B(C) — C such that

A= /Ria dEA(a).

@® isupp Ex = o(A).
@ If {U"': H— H}cr is the Gy unitary group generated by A, then

Ut_ tA_/ l(xtda



Unitary Koopman evolution group

Generator: V : D(V) — L2(u),

utf — f
2 * __ — i
D(V)cC L*(u), V*=-V, Vf t!l_% P

Spectral measure: E : B(R) — B(L?(u)),

= / iwdE(a), U'= / et dE(w).
R R



Unitary Koopman evolution group

Ut LP(p) = (), Utf=fodf U*=U"

Theorem 4.40.
There is a Ut-invariant orthogonal splitting L?(11) = H, & H. such that:

® Hp, has an orthonormal basis {z;} consisting of eigenfunctions of the
generator, e ({21 =
Vzj = iajz;, o €R. or oy "E'jc L,
rﬁpnb{;'-n
2 AL (=)

1§ lonfiMovs

@ Forevery f € H. and g € L?(u),

1

)
Jim 1 [ g Ul de =0,

® E = E, + E., where:

E, is a purely atomic measure taking values in B(H,).
K_‘. E. is a continuous measure taking value)s in B(FI;IC S"C S
] -
o the Toel s S - 5(s')=0 fr o
o 4 5, SRR

ot ks covighiny o Tl dgovolues ¥ Y Y e
Wu\;r_a T P=5<§§,)%?,;d[r)1‘, iy orflegoul prigeh o flo orespuliy 7P



Compactification schemes for the Koopman generator

® ranG CranK* C D(V).

® A= VG is a Hilbert-Schmidt integral operator on L2(j1) with kernel
k'€ C(X x X), k'(-,w) = Vk(-,w), i.e.,

Af = /Q K (- w)F(w) dpu(w).



Compactification schemes for the Koopman generator

* GV C(GV)* =B=-A"
® B is a Hilbert-Schmidt integral operator with

Bf — —/Qk’(-,w)f(w)du(w).



Compactification schemes for the Koopman generator

e W is a skew-adjoint, Hilbert-Schmidt operator on K satisfying

WF = — /Q K (w0, ) (w) dp(w).



Compactification schemes for the Koopman generator

* K =UG'? (polar decomposition).

* V is a skew-adjoint, Hilbert-Schmidt operator on [?(1) related to
W by

V =U*WU.



Eigenvalues and eigenfunctions

Proposition 4.41.
Let k : Q2 x Q — R be a CL, [2-universal, u-Markov ergodic kernel.

@ There exists an orthonormal basis Zg, 71, . . ., of L2(u) consisting of
eigenfunctions of V,

\72 = iajfj, Qaj € R.
@ In the above, iag = 0 is a simple eigenvalue corresponding to the

constant eigenfunction Zy = 1.

® V has an associated purely atomic PVYM E : B(R) — B(L?(1))
such that

E(S)= > (%, )iz, V:/iadE‘(a).
j:Oé_,’ES L—/“[—'_) R

T == i T
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Strong resolvent convergence

Definition 4.42.

@ A one-parameter family of operators A, : D(A;) — H, 7 >0, 0on a
Hilbert space H is said to converge to a skew-adjoint operator
A: D(A) — H in strong resolvent sense if for every p € C\ {iR} in
the resolvent set of A the resolvents (A, — p)~! converge to
(A — p)~1 strongly.

® The family A, is said to be p2-continuous if it is uniformly bounded
and 7 — ||p(A;)|| is continuous for every degree-2 polynomial p.

@ If A, is skew-adjoint, A, is said to converge to A in strong
dynamical sense if for every t € R, e** converges to e strongly.



Strong resolvent convergence

Theorem 4.43.
With the notation of Definition 4.42, suppose that A, is skew-adjoint.
Then:
@ Strong resolvent convergence is equivalent to strong dynamical
convergence.
@ A sufficient condition for strong resolvent convergence A, — A is
that A, converges to A strongly in a core, i.e., a subspace
C C D(A) such that Alc = A.
@® The domain D(A?) is a core for A.



Strong resolvent convergence

Theorem 4.44.

Let A, : D(A;) — H be a one-parameter family of skew-adjoint
operators that converges to a skew-adjoint operator A: D(A) — H in
strong resolvent sense. Let E; : B(R) — B(H) and E : B(R) — B(H)
be the PVMs associated with A, and A, respectively.

@ For every bounded, Borel-measurable set 2 C R such that
E(0Q) =0, E-(Q) converges strongly to E(Q).

@ For every bounded, continuous function Z : iR — C, Z(A,)
converges strongly to Z(A).

® If the operators A, are compact, then for every element i € iR of
the spectrum of A there exists a one-parameter family ia.; of
eigenvalues of A, such that lim, o o, = . Moreover, if A, is
p2-continuous, the curve T — v, Is continuous.



Spectral convergence of the compactified generators

Theorem 4.45.

Let {G;}r>0 be a strongly continuous, ergodic semigroup of Markov
operators on L?(u1) such that for every T > 0,

G, f = /Q ke (-, ) F () dpa(w),

where k. : Q x Q — R is a C, L%-universal, positive-definite kernel.
Then, Theorem 4.44 holds for the compactified generators

V, = GY2VGL/2,



Construction of the semigroup G,

@ Start from an L2-universal, C! kernel k: Q x Q — R.

® Normalize x to an L2-universal, C1, bistochastic Markov kernel
p:QxQ— R (Coifman & Hirn '13). Let P: L?(u) — L2(u) be
the associated integral operator.

@ Define the Laplace-like operator A = (I — P)~1.
@ Define G, = e ™2,



Dirichlet energy

® H: RKHS associated with p.
® f € L2(p) has a representative in H iff

0o ) . 2
D(f) = ZM < 0.

j=0 /

® For every such (nonzero) f, we define the Dirichlet energy

_ D(f)
P = 17



Coherent observables

W, = K, VK

. K*C T
W.(ir = i Sj, Ty 'T:T—J"
Gor = iwj CGry 2, K&, Il 2
Proposition 4.46.

There exists a continuous function R(e,T) that diverges as T — 0 for
every € > 0 such that

R(e,7)

Utz — €z o llizgy < € [t] < T(e, 1) i= ——te—.
J 2l (») | (e,7) D(z.) +1

Moreover:
@ Iflim.owj, =: wj exists and T (e, T) diverges as T — 0 for every
€ > 0, then iw is an element of the spectrum of V.
@ Iflim,_,, exists and D(z;j .) is bounded as T — 0, then iw is an

eigenvalue of V. Moreover, z; . converges to the eigenspace of V
corresponding to iw.



Numerical examples

(e) Torus Rotation i . {b)Lorenz63 i {0} Rossler

10g,,(0)




Torus rotation—eigenfunctions of W,

¢4» wy =1.000, D(C,) = 0.043 (g wg = 5.473, D((;) = 0.141 (g Wy = 7.466, D((g) = 0.250




Torus rotation

, (@) 7=0, L =500,N = 6.4k _(b) 7=0, L =500, N = 6.4k (c) =0, L =1000, N = 6.4k d) 7=0, L = 10,000, N = 64k

Due to the density of the spectrum in the imaginary line, regularization is
important, even for a system with pure point spectrum.



L63 system—eigenfunctions of W,
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Rossler system—eigenfunctions of W

¢,» wy =1.03, D(¢,) = 0.608 (g wy =2.05,D((;) =1.44

o hon i

| A |
L i

1IN | I

I | I

N
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=0.355, D((yq) = 75.3
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