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Section 1

Introduction



Ergodic theory

Ergodic theory studies the statistical behavior of measurable actions of
groups or semigroups on spaces.

Definition 1.1.
A left action, or flow, of a (semi)group G on a set Q is a map
G x Q — Q with the following properties:

@ P(e,w) = w, for the the identity element e € G and all w € Q.
@ P(gh,w) = P(g, P(h,w)), forall g,h € G and w € Q.
The set Q is called the state space.

In this course, G will be an abelian group or semigroup that represents
the time domain. Common choices include:

N, Z, Ry, R

We write & = ®(g,-), n€ N, Z, and t € Ry, R.



Ergodic theory

Ludwig Boltzmann

Ergodic theory has its origin in the mid 19th century with the work of
Boltzmann and Maxwell on statistical mechanics.

The term ergodic is an amalgamation of the Greek words ergo (4pyo),
which means work, and odos (086¢), which means street.



Ergodic theory

8"

John von Neumann

Bernard Osgood
Koopman

The mathematical foundations of the subject were established by
Koopman, von Neumann, Birkhoff, and many others, in work dating to
the 1930s.

Modern ergodic theory is a highly diverse subject with connections to
functional analysis, harmonic analysis, probability theory, topology,
geometry, number theory, and other mathematical disciplines.



Observables and ergodic hypothesis

Rather than studying the flow ® directly, ergodic theory focuses on its
induced action on linear spaces of observables, e.g.,

F=A{f:Q- Y},
for a vector space Y (oftentimes, Y =R or C).

Drawing on intuition from mechanical systems, Boltzmann postulated
that time averages of observables should well-approximate expectation
values with respect to a reference distribution, p.

This is encapsulated in the ergodic hypothesis,
=
-1 n _
Jm G @) = [ rdn
n=0 < ,

space average

time average

which is stipulated to hold for typical initial conditions w € Q and
observables f : Q — Y in a suitable class.



Operator-theoretic perspective

Definition 1.2.
@ For every g € G, the composition operator, or Koopman operator is
the linear map U® : F — F defined as

U8 =fo &,

@ The transfer operator P& : F' — F' is the transpose of U#, defined

as
P&y =poUS.

Koopman and transfer operators allow the study of nonlinear dynamics
using techniques from linear operator theory.

A central theme of this course is that operator-theoretic techniques also
provide a bridge between dynamical systems theory and data science.



Connections with representation theory

Observe that the set ® = {®& | g € G} equipped with composition of
maps forms a group.

@ h: G — ® with h(g) = ®# is a group homomorphism.
@ o: ® — End(F) with o(®) = U# is a representation.

Using operator-theoretic techniques, we study the dynamics through the
induced representation p : G — End(F), where p = g o h:



Examples

Circle rotation in continuous time

°* G=R, Q=S5
® Frequency parameter o € R.
° &1(0) =6+ at mod 27.



Examples

Rational circle rotation in discrete time

°* G=17,Q0=SL
® Rotation angle A € [0,27), A/(27) € Q.
° dL(H)=d(0) =60+ A mod 27.



Examples

Irrational circle rotation in discrete time

°* G=17,Q0=SL
® Rotation angle A € [0,27), A/(27) ¢ Q.
° dL(H)=d(0) =60+ A mod 27.



Examples
Doubling map

°* G=N Q=51
® ®(0) =20 mod 2.



Examples

Rational torus flow

e G=R, Q="T2
* Frequency vector a = (ay,a3) € R?, aj/as € Q.
° &1(0) =6+ at mod 2.



Examples

Irrational torus flow

e G=R, Q="T2
* Frequency vector a = (a1, a3) € R?, aj/as ¢ Q.
° &1(0) =6+ at mod 2.



Examples

Arnold cat map

°* G=17,0="T>2

°® ¢(0) =A0 mod 271, A= 2 1.
11



Examples

Lorenz 63 system

°* G=R, Q=R
® ®'(x) is the solution map of the initial-value problem

with

V(.y) = (Vla V2, V3)
Vi = U(Xz - Xl)» Vo = X1(P - Xa), v3 = x1x2 — X3,
p=28,0=10, 628/3.



Dynamical systems and data science

Given. Time-ordered samples (xo, o), (x1,¥1), .-, (Xn—1, Yn—1) of
observables X : Q — X (covariate) and Y : Q — Y (response), where
is a vector space and

xnp=Xwn), Yn=Ywn), wh=>"(wo), t,=(n—1)At.

Problem 1 [forecasting]. Using the data (x,,y,), construct (“learn”) a
function Z; : X — Y that predicts Y at a lead time t > 0. That is, Z;
should have the property that Z; o X is closest to Y; := Y o ®f among all
functions in a suitable class.

Problem 2 [coherent pattern extraction]. Using the data x,, identify a
collection of observables ¢; : Q@ — ) which have the property of evolving
coherently under the dynamics in a suitable sense.



Dynamical systems and data science

In this course, we explore various approaches for pointwise approximation
(for Problem 1) and spectral analysis (for Problem 2) of
Koopman/transfer operators.

A major requirement is that the approximations are refinable, i.e., the
learned functions Z; and ¢; should have well-controlled limits as N — oo.

Challenges. Linear operators on infinite-dimensional function spaces can
exhibit qualitatively new features which are not present in
finite-dimensional linear algebra, including:
@ Discontinuous (unbounded) linear maps.
@ Elements of the spectrum which are not eigenvalues (e.g.,
continuous spectrum).
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Section 2

Measure-preserving transformations;
Ergodic theorems



Measure-preserving dynamical systems

Definition 2.1.
Let (2, X, 1) be a measure space.
@ A measurable map T : Q — Q is said to be measure-preserving if
Tt = p, ie.,
p(T7HS)) = u(S), VSex.
Conversely, we say that y is an invariant measure for T.

@ A measure-preserving map T : Q — Q is said to be invertible
measure-preserving if T is bijective and T—! is also
measure-preserving.

® A measurable action ® : G x Q — Q is u-preserving if ®& : Q — Q
is p-preserving for every g € G.



Recurrence

Theorem 2.2 (Poincaré).

Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Let S € ¥ be a measurable set with 1i(S) > 0. Then,
under iteration by T, almost every point of S returns to S infinitely often.
That is, for ji-a.e. w € S, there exists a sequence ny < np < n3 < --- of
natural numbers, increasing to infinity, such that T"(w) € S for all j.



Ergodicity

Definition 2.3.
Let (2, %, 1) be a probability space.

@ A measurable map T : Q — Q is said to be ergodic if for every
T-invariant set, i.e., every S € ¥ such that T~1(S) = S we have
either u(S) =0 or u(S) = 1.

® A measurable action ® : G x Q — Q is ergodic if for every S € ©
such that $~8(S) = S for all g € G we have either u(S) =0 or
n(S) =1.



Measure-theoretic characterization of ergodicity

Theorem 2.4.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is ergodic.

@ The only measurable sets S € ¥ such that u(T~1(S)AS) = 0 have
either 1(S) =0 or p(S) = 1.

® For every S € ¥ with u(S) > 0, we have u(|J;2; T71(S)) = 1.

@ For every R,S € ¥ with u(R) > 0 and 1(S) > 0, there exists n > 0
with f(T-"(R)N S) > 0.



Measure-theoretic characterization of ergodicity

Theorem 2.5.
Let (2, X, 1) be a probability space.
@ A measure-preserving action ® : N x Q — Q is ergodic iff

=

-1
lim ~ S7 u(6"(R) N S) = u(R)u(S), WR,Sc¥.
N—oo N "

I
o

@ A measure-preserving action ® : R, x Q — Q is ergodic iff

T

im = [ u(@=t(R)N S)dt = u(R)u(S), VR,S €Y.
T—oo T 0



Koopman operators on LP spaces

Definition 2.6.
A measurable map T : Q — Q on a measure space (2, X, i) is said to be
nonsingular if it preserves null sets, i.e., if whenever ;(S) = 0 we have
T.u(S) = u(T-1(S)) = 0.
Notation.

e L(X)={f:Q—R:fis X-measurable}.

o L(p) =Alflu: f€]L( )}

o LP(u) = {[f]. € L(w) : [olfIP dp < oo} .

o L[(p) =A{[fl, L( ) - esssup,,|[f| < oo}.



Koopman operators on LP spaces

Proposition 2.7.
With notation as above, the following hold.

@ If T is measurable, then the composition map U : f — f o T maps
L(X) into itself.

@ If T is nonsingular, then U : L(p) — L(p) with U[f], = [Uf], is a
well-defined linear map.

® If T is nonsingular, then L*°(u) is invariant under U, i.e.,
UL () © L ()

@ If T is measure-preserving, then U is an isometry of LP(u),
1<p<o0,ie,

AT Ll ouy = NTFLulleog)-

® If T is invertible measure-preserving, then U is an isomorphism of
LP(), 1 < p < oo, ie, U and U™ are both isometries.

Henceforth, we abbreviate [f], = f, U =U.



Koopman operators on L2

Notation.
® <ﬂ7 f2>L2(H) = fQ f;lf2 d,l.l/

The Koopman operator induced by a u-preserving map T : Q — Q
preservers Hilbert space inner products,

<Uf;la Uf2>l_2(lt) = <f17 f2>L2(p,)'

If, in addition, T is invertible measure-preserving, then U is a unitary
operator,

Ur=ut



Duality of LP spaces

Notation.
For a probability space (2, X, i), we let:

o Mg(Q,p) = {measures v < p with density STVL € Lq(/,b)}.

* Duality pairing: (-, ), : LP(1)* x LP(p) = R, (o, f),, = af.
For 1 < p < oo, we can identify functionals in LP(u)* with measures in
Mq(2, 1), % + = =1, through the map ¢4 : Mg(Q, n) — LP(p)*,

dv
f = f P _—
(tqv) /Q pdu, p dn

Equipping Mq(€2, 1) with the norm

1
q

)

L(p)
g becomes an isomorphism of Banach spaces. Thus, we have

1 1
LP(p)* = Mg(2, p) = L), 1< p <o, P + q =1

dv
||V||Mq(Q,u) = di,u



Transfer operators on LP

Definition 2.8.
With the notation of Proposition 2.7, the transfer operator
P L[Y(u) — LY(p) is is the unique operator satisfying

/Pfdu:/ fdu, YfeLl'(u).
S T-1(S)

We define P : LP(u) — LP(p), 1 < p < oo by restriction of
P L () = Li(n).

Proposition 2.9.

Under the identification L*(u)* ~ L>°(u), the transpose
P": LY(p)* — L(u)* of the transfer operator P : LY(u) — LY(u) is
identified with the Koopman operator U : L*°(u) — L*°(p); that is,

/Q F(Pg) dy = /Q (Ufgdu, VF e L(s), Vg e LMy).



Duality between Koopman and transfer operators

Proposition 2.10.
Let 1 < p < oco. Then, under the identification LP(u)* ~ L9(u),
L+ % =1, the following hold:

@ The transpose U’ : LP(u)* — LP(u)* of the Koopman operator

U : LP(u) — LP(p) is identified with the transfer operator
P L9(u) — L9(u); that is,

(f,Ug) = (Pf,g)y, VfeLI(u), VgelP(n)
@ The transpose P’ : LP(u)* — LP(u)* of the transfer operator
P : LP(u) — LP(u) is identified with the Koopman operator
U:L9(u) — L9(u); that is,

(f,Pg), = (Uf,g)u, Vfeli(u), VgelP(u).



Duality between Koopman and transfer operators
Corollary 2.11.
@ Forl<p<oo, U:LP(u)— LP(u) and P : LP(u) — LP(u) satisfy
u=Uv", pP="r".
@ In the Hilbert space case, p = 2, we have P = U*.

® For1 < p < oo, P has unit operator norm, ||P|| s,y = 1.

Lemma 2.12.
With the notation of Proposition 2.8, if T : Q — S is invertible

measure-preserving then P : LP(u) — LP(u) is the inverse of
U:LP(n) — LP(p), P=U"1.



Spectral characterization of ergodicity

Observe that the Koopman operator U : F — F on any function space
F has an eigenvalue equal to 1 with a constant corresponding
eigenfunction, 1: Q — R,

Theorem 2.13.

Let T : Q — Q be a measure-preserving transformation of a probability
space (2, X, ). Then, p is ergodic iff the eigenvalue equal to 1 of the
associated Koopman operator U on L(1) (and thus on any of the LP(u)
spaces with 1 < p < o0) is simple, i.e.,

Uf =f = f = const. u-a.e.



Spectral characterization of ergodicity

Theorem 2.14.

@ Let ©: N x Q — Q be a measure-preserving action and U", n € N,
the associated Koopman operators on any of L(u) or LP(u),
1< p<oo. Then ® is ergodic iff U"f = f for all n € N implies that
f is constant p-a.e.

@ Let d: R, x Q — Q be a measure-preserving action and Ut,
t € R, the associated Koopman operators on any of L(p) or LP(u),
1< p<co. Then, & is ergodic iff U'f = f for all t € R, implies
that f is constant u-a.e.



Pointwise ergodic theorem

Theorem 2.15 (Birkhoff).

Let T : Q — Q be a measure-preserving transformation of a probability
space (Q, X, u) with associated Koopman operator U : L}(p) — L1(p).
Then, for every f € [}(u) and p-a.e. w € Q,

=
-

fy(w) = F(T"(w))

=2~
1

n

converges to a function f € L*(u) that satisfies

Uf =f, /fdu:/fdu.
Q 9]

In particular, if T is ergodic, then for u-a.e. w € €,

f(w) = /Q fdu.



Mean ergodic theorem

Theorem 2.16 (von Neumann).

Let T : Q — Q be a measure-preserving transformation of a probability
space (Q, X, u) with associated Koopman operator U : L2(p) — L2(p).
Let M : L?(p) — L2?(u) be the orthogonal projection onto the eigenspace
of U corresponding to eigenvalue 1. Then, the sequence of operators
Uy =Nt Z,':I:_OI U™ converges strongly to I, i.e.,

lim Unf =TNf, Vfel?(u).
N— oo

In particular, if T is ergodic, I is the projection onto the 1-dimensional
subspace of L?(u) containing ji-a.e. constant functions, i.e.,

Mnf = <]l,f>l_2(#)l = (/ fd,u> 1.
Q



Topological dynamics

Of particular interest is the case where (G, 7¢) and (Q,7q) are
topological spaces and @ : G x Q — Q is a continuous, and thus
Borel-measurable, action. We let B(Q2) denote the Borel o-algebra of Q.

Definition 2.17.
The support of a measure i : B(Q2) — [0, 00] is the set

suppp = {w € Q: u(Ny) >0, VN, € 7q}.

Lemma 2.18.
With notation as above, the following hold.

@ supp i is a closed (and thus Borel-measurable) subset of .

@ If Q is Hausdorff, and y. is a Radon measure, every Borel-measurable
set S C Q\ supp p has pu(S) = 0.

® If u is invariant under a continuous map T : Q — €, then supp u is
also invariant,

T~ (supp )  supp p.



Existence of invariant measures

Theorem 2.19 (Krylov-Bogoliubov).

Let (2, 7q) be a compact metrizable space and T : Q — Q a continuous
map. Then, there exists an invariant Borel probability measure under T.



Existence of dense orbits

Theorem 2.20.

Let (2, 7q) be a compact metrizable space, T : Q — Q a continuous
map, and p an ergodic, invariant Borel probability measure with
suppp = Q. Then, p-a.e. w € Q has a dense orbit { T"(w)}52,.



Geometry of invariant measures

Theorem 2.21.

Let T : Q — Q be a continuous map on a compact metrizable space. Let

M(Q; T) denote the set of T-invariant Borel probability measures on Q.
Then, the following hold:

@ M(Q; T) is a weak-* compact, convex space.
@ 1 is an extreme point of M(; T) iff it is ergodic.

® If u and v are distinct, ergodic measures in M(Q; T), then they are
mutually singular.



Equidistributed sequences

Definition 2.22.

Let T :Q — Q be a continuous map on a compact metrizable space
(2, 7q) and u a Borel probability measure. A sequence wg,ws, ... with
wp = T"(wo) is said to be p-equidistributed if

=
lim ~ 3 Flwy) = / fdu, Vfe C(Q).
N— oo N Q
n=0
Remark.
p-equidistribution of wg, w1, ... is equivalent to weak-* convergence of

the sampling measures py = N~1 Zy;ol dy,, to the measure p.



Basin of a measure

Definition 2.23.
With the notation of Definition 2.22 the basin of y is the set

B(p) = {wo € Q: wo, w1, ... is p-equidistributed}.

By the pointwise ergodic theorem (Theorem 2.15), if Q is a metrizable
space and i is an ergodic invariant measure with compact support, then
p-a.e. w € Q lies in B(u).



Observable measures

Definition 2.24.

With the notation of Definition 2.23, let v be a reference Borel probability
measure on §2. The measure p is said to be v-observable if there exists a
Borel set S € B(Q) with v(S) > 0 such that v-a.e. w € S lies in B(p).

Intuitively, we think of v as the measure from which we draw initial
conditions. v-observability of 11 then means that the statistics of
observables with respect to ;1 can be approximated from experimentally
accessible initial conditions.



Koopman operators on spaces of continuous functions

Proposition 2.25.

Let T : Q — Q be a continuous map on a locally compact Hausdorff
space. Then, the Koopman operator U : f — f o T is well-defined as a
linear map from C(Q) into itself. Moreover:

@ U is a contraction, i.e.,
[Ufllci) < [Ifllc), Ve C(Q),

with equality if T is invertible.
@ U has operator norm |U|| = 1.
® U has the properties

U(fg) = (Uf)(Ug), U(f") = (Uf)", Vf,g e C(Q),

i.e., it is a *~-homomorphism of the C*-algebra C(Q).



Transfer operators on Borel measures

Notation.
® M(Q): Space of signed Borel measures on topological space (2, 7q).

Definition 2.26.
Let T : Q2 — Q be a continuous map on a compact metrizable space.

The transfer operator P : C(Q2)* — C(Q)* is the transpose (dual)
operator to the Koopman operator U : C(2) — C(Q),

Pa=aoU.



Unique ergodicity

Definition 2.27.

Let T :Q — Q be a continuous map on a compact metrizable space
(2, 7q). T is said to be uniquely ergodic if there is only one T-invariant
Borel probability measure.

Theorem 2.28.
With notation as above, the following are equivalent.

@ T is uniquely ergodic.

@ Forevery f € C(Q), N Z ' £(T"(w)) converges to a constant,
uniformly with respect to w € Q

® Forevery f € C(Q), N Z ! f(T"(w)) converges pointwise to a
constant.

@ There exists an invariant Borel probability measure p such that

N—-1

.1 n B
NITOONZ)‘(T (w))—/Qz"d,u7 Yw € Q.

n=0



Strong and weak continuity of continuous-time (semi)flows

Theorem 2.29.
Let ®t: Q — Q, t > 0, be a continuous-time, continuous, semiflow on a
compact metrizable space Q with associated Koopman operators

Ut: C(Q) — C(Q). Then, as t — 0, U* converges strongly to the
identity,

lim||Utf — fllc@ =0, Vfe C(Q).
t—0

Theorem 2.30.
Let t: Q — Q, t > 0, be a continuous-time, measurable semiflow with

invariant probability measure p and associated Koopman operators
Ut : LP(u) — LP(u). Then, the following hold as t — 0:

@ Forl < p < oo, Ut converges strongly to the identity,
. te — p
tll—%”U f—flleuy =0, VFfe LP(u).

@ For p = oo, U converges in weak-* sense to the identity,

t—0

nm/g(uff) du:/gfdu, VE e L®(u), Vg e LY(w).
9] Q



Mixing

Recall from Theorem 2.4 that a measure-preserving transformation is
ergodic iff

R »
Jim ; w(T"(R)NS) = u(R)u(S), VR, SeX.

Definition 2.31.

Let T :Q — Q be a measure-preserving transformation of the probability
space (2, X, ).

@ T is said to be weak-mixing if

ngnmNZm R)NS) = w(R)u(S)| =0, VR, SeX.

@ T is said to be strong-mixing, or mixing, if

lim u(T~"(R)NS) = u(R)u(S), VR,S€X.

n— 00



Mixing

Theorem 2.32.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is weak-mixing.
@ There is a subset N' C N of zero density such that

Jim u(T-(R)1S) = w(RIu(S). VR.S € X
ng N



Observable-centric characterization of ergodicity and mixing

Let T :Q — Q be a measure-preserving transformation of the probability
space (Q, %, u). Let U: L2(u) — L?(p) be the associated Koopman
operator on 2.

For f,g € L?(u), define the cross-correlation function Ce : N = R, where

Cfg(n) = <f, Ung>l_2(“)
and the autocorrelation function Cr = Cg.

Consider also the expectation values f = [, f du and g = [, g dp.

Theorem 2.33.
With notation as above, the following are equivalent.

@ T is ergodic.
@ Forall f,g € L2(u), lim, oo N2 N1 Crp(n) = T2
® Forall f € [2(), limy oo N"2SN 0 Cr(n) = 72



Observable-centric characterization of ergodicity and mixing

Theorem 2.34.
With notation as above, the following are equivalent.

@ T is weak-mixing.
® Forall f,g € L2(u), limy_yoo N71 ZHN:_01|Cfg(n) —fg|=0.
® For all f € L2(p), limy—oo N2 N Cr(n) — 72 = 0.

Theorem 2.35.
With notation as above, the following are equivalent.

@ T is mixing.
@ Forall f,g € L?(p), limy—oo Cre(n) = f&.
® For all f € L?(p), limy_o Cr(n) = F2.



Spectral characterization of mixing

Theorem 2.36.

Let T : Q — Q be a measure-preserving transformation of the probability
space (2, %, ), and U : L?(u) — L?(u) the corresponding Koopman
operator. Then, T is weak-mixing iff the only eigenvalue of U is the
eigenvalue equal to 1.



Mixing and product flows

Theorem 2.37.
Let T : Q — Q be a measure-preserving transformation of the probability
space (2, X, ). Then, the following are equivalent.

@ T is weak-mixing.
@ T x T is ergodic with respect to the product measure i X [i.
® T x T is weak-mixing with respect to the product measure i X [i.



Further reading

[1] V. Baladi, Positive Transfer Operators and Decay of Correlations,
ser. Advanced Series in Nonlinear Dynamics. Singapore: World
Scientific, 2000, vol. 16.

[2] N. Edeko, M. Gerlach, and V. Kiihner, “Measure-preserving
semiflows and one-parameter Koopman semigrpoups,” Semigr.
Forum, vol. 98, pp. 48—63, 2019. DOI: 10.1007/s00233-018-9960-3.

[3] T. Eisner, B. Farkas, M. Haase, and R. Nagel, Operator Theoretic
Aspects of Ergodic Theory, ser. Graduate Texts in Mathematics.
Springer, 2015, vol. 272.

[4] P. Walters, An Introduction to Ergodic Theory, ser. Graduate Texts
in Mathematics. New York: Springer-Verlag, 1981, vol. 79.


https://doi.org/10.1007/s00233-018-9960-3

Section 3

Forecasting



Setting

Recall the forecasting problem from Section 1:

Given. Time-ordered samples (xo, o), (x1,¥1), .-, (xn—1, yn—1) of
observables X : Q — X (covariate) and Y : Q — Y (response), where )
is a vector space and

xn=X(wn), ¥Yn=Y(Wn), wn=>"(wo), t,=(n—1)At.

Goal. Using the data (x,, y,), construct (“learn”) a function Z; : X — Y
that predicts Y at a lead time t > 0. That is, Z; should have the
property that Z; o X is closest to Y; := Y o ®f among all functions in a
suitable class.



General assumptions and notation

Throughout this section we assume:

@ t:Q —Q, t>0,is a continuous, measure-preserving, ergodic
semiflow on a compact metrizable space Q, with a Borel invariant
probability measure .

@ X :Q — X is a continuous map into a metrizable space X.

® Y :Q — Y is a continuous map into a Banach space ) (typically,
Y =R).

@ The discrete-time ®2t: Q — Q is ergodic.

Notation.
o My(Qp) = {measures v < p with density Z—Z € LP(,u)}.
® Mc(Qp) = {measures v < p with density Z—Z € C(Q)}.

® Xg = X(Q): Image of state space in covariate space.
® uxy = X,.pu: Pushforward of invariant measure into covariate space.



Probabilistic initial conditions

We first consider the case where we assign to each initial condition
x € X with x = X(w) a probability measure p, € Mo(2; ) with
continuous density.

dp.

We let p, = = € C(Q2) be the density of py relative to p.

Algorithm 3.1 (construction of the density p,).

@ Pick a continuous, strictly positive kernel function k: X x X — R,

“& 2 /
d
k(x,x") = exp (—X(XQ’X)) , €>0.
€

® Normalize k to a continuous Markov kernel p: X x X — R,

p(x,x") = Vo) v(x):/Xﬁ(x,~)duX.



Target function

Assuming Y € L2(p), define the target function Z, € C(Xq) where
Zt(X) = EPX(UtY) = <pX, UtY>Lz(H) = <Ptpx, Y>L2(#).

Notation.
® ¢o,¢1,. ... Orthonormal basis functions of L2(u).
® My : L?(u) — L?(u): Orthogonal projection onto
span{¢07 ey QZS[_,l}.
° U{t) =My U'MN;: Finite-rank approximation of the Koopman
operator.

Proposition 3.2.
With notation as above, as L — oo U{t) converges to U' weakly. As a
result, Zy | = ]pr(Uit) Y) satisfies

lim Z:(x) = Z:(x),

L—oo

where the convergence is uniform with respect to x € Xq and t in
compact sets.



Target function

Algorithm 3.3 (evaluation of the target function).
@ Represent U{t) by the L x L matrix U®t) = [U,-(jt)] with
U = (61, Ud)iaguys 1, =0,...,L—1.
@ Represent py by the column vector px = (px.0,- - - ,ﬁx,L_l)T e Rt
with
Px.i = (Bi, Px) 12()-
@® Represent Y by the column vector y = (§o,...,9-1)" € RE with

Vi = {01, Y) 12
@ Compute Z;;(x) as the matrix—vector product

Z1(x) = plu®



Shift operator

Notation.

° B(u) : Basin of the invariant measure.

° N = En o Ow,: Sampling measure.
® px N = Xepn = Zn:O x,. Sampling measure in data space.
o {eo,/v,.-.,e/vq,/v}, ej.n(wn) = N/25;,: Orthonormal basis of
L2 ().
[ )

t: C(Q) — L2(u), of =[f], : Inclusion map.
wv: C(Q) = L2(un), of = [f]uy: Restriction map.



Shift operator

Definition 3.4. .
For g € N we define the shift operator U, : L?(un) — L?(un) as

N flwpy1), 0<n<N-1-gq,
(U/‘\q/f)(wn)—{ (w +1) 0 n q

0, N—g<n<N-1.

Remark 3.5.
Intuitively, UJ, should be related to U92t. However, it is not a

composition operator. In fact, it is a nilpotent operator, 0,’\\,’_‘”1 =0.

Lemma 3.6.
The following hold:

@ Ulor=1olU.
@ Foreveryge N and f € C(Q),

(Uﬁ/ o I,N)f = (LN OUth)f + v,

where ry is a remainder satisfying limy_ oo || || 12 () = O-



Koopman operator approximation in a continuous basis

Theorem 3.7.
Let {¢o.n,--.,dn_1.n} be an orthonormal basis of L2(juy) such that

c(Q)
DN = INPiN,  PIN —— O,
N— oo

where ¢; = 1p; are orthonormal basis vectors of L?(y1). Let

M L2(un) — L2(un) be the orthogonal projection onto

span{do n,- ., Pi—1,n}. Assume that the initial state wy lies in the basin
B(u), and set q,L € N. Then, the L x L matrix representations

U,(Vq) = [O,Sq,)\,] and U942t = [Ulg.qm)] of U,(_q,{, and U7, respectively,
with

0,5?,)\, = <¢i,N7 0/‘\7/¢j7N>L2(HN)’ UlS-th) = <gi),-7 UAt¢j>L2(H)

satisfy limy_ o0 U,(Vq) = U2 jn any matrix norm.



Discrete density

We assign to each initial condition x € X with x = X(w) a probability
measure py ny € Ma(£; puy) with continuous density.

dpx,n

We let pyn = T

€ C(Q) be the density of p, n relative to up.
Algorithm 3.8 (construction of the discrete density p, n).

@ Pick a continuous, strictly positive kernel function x: X x X — R,
as in Algorithm 3.1, e.g.,

2 /
k(x,x") = exp (—dX(X’X)) , €>0.

€2

@ Normalize k to a continuous Markov kernel py : X x X — R, with
respect to fix n,

, vN(x)_/X/@(x,)dux,N.

pN(val) =

® Set pen(w) = pn(x, X(w)).



Discrete density

Proposition 3.9.

With the notation of Algorithm 3.8, the following hold as N — oo for
every initial state wo € B(u):

@ px,n converges to py in the C(Q2) norm, uniformly with respect to
x € Xo.

@ p«,n converges to py in the weak-* topology of M(Q).



Target function based on samples

We consider a forecast lead time t = g At, g € N.
Algorithm 3.10 (evaluation of the sample-based target function).
@ Represent UEq,z, by the L x L matrix 0,(Vq) = [U,Sq,)v] with

O = (i, O djn)i2uyys 0J =0, L—1.

@ Represent p, y by the column vector
ﬁx,N = (pr,N,07 - ,ﬁx7N7L—1)T S RL with

Px,N,i = (Pi, Ny Px,N) L2 ()
® Represent Y by the column vector yy = (Jn,0, - - - ,)7N7L_1)T e Rt
with
INi = Bins V) 12(un)-

@ Compute Z;; n(x) as the matrix—vector product

Zei n(x) = ﬁj,/v Unyn.



Approximation in a continuous basis

Corollary 3.11.
With the notation of Algorithm 3.10, the target function Zy  n : X — R,

Zean(x) = Py 0 9,

satisfies
lim Z 1 n(x) = Z;1(x),
N— oo

uniformly with respect to x € Xq and t in compact sets.



Measures of forecast skill

Definition 3.12.
For forecast lead time t > 0 and a target function Z; : X — R such that
Y; := Z: o X lies in L2(u), we define:

® Mean: Y = E.Y, \:/t = ]E#\N’t.

@ Anomaly relative to mean: Y/ =Y — Y, Y/t’ =Y, — \:/t.

® Standard deviation: std Y = || Y”||;2(,,), std = HVt/HLz(u)

@ Root mean square error (RMSE): RMSE; = || Y; — Yellez()-

® Normalized RMSE: NRMSE; = RMSE, /std Y.

® Anomaly correlation: AC, = (Y{, Y;)2(,)/(std Yy std Y).

Remark 3.13.

In practice, we estimate the skill scores in Definition 3.12 by
approximating integrals with respect to p by integrals (time averages)
with respect to a sampling measure fi associated with a trajectory that
is independent of the training trajectory wq, w1, - . ..



Mixing and loss of predictability

Proposition 3.14.

With notation as above, suppose that the system is mixing. Then, for
any x € X and L € N, the long-time limit of the target function Z; ;(x)
is a constant Y independent of x,

lim Ze 1(x) = Y.

In addition, if span{¢o, ..., $L-1} includes the constant functions, we
have Y = Y. In that case,

lim NRMSE, =1, lim AC, = 0.
t— o0 t—00



Estimating the forecast uncertainty

Defigition 3.15.
Let Y; = Z; o X be the pullback of target function onto Q. We define
the forecast variance associated with the initial condition x € X as

Be(x) = Ep, (V{)*.

We can approximate 3; : X — R using an analogous approach as in the
construction of Z;; and Z; y, treating Y{ as the response variable.



Kernels and kernel integral operators

For our purposes, a kernel is a bivariate function k : Q x Q — R that
captures a notion of similarity or correlation between points in Q.

Given a continuous kernel k € C(Q2 x Q) and a Borel probability measure
v € M(Q), there is an associated kernel integral operator
K : L2(v) — C(Q), where

Kf (w) :/Qk(w,~)fdu.

Notation.

® When we wish to make the dependence of K on v explicit, we will
use the notation K, = K.



Kernels and kernel integral operators

Lemma 3.16.
Under our general assumptions, K is a compact operator.

Corollary 3.17.
The operators G : L2(v) — 12(v) and G : C(Q) — C(Q) with

G=10K, G=Ko.

are compact.



Types of kernels

Definition 3.18.

@ Akernel k:Q xQ — R on aset Q is said to be positive-definite if
for any finite sequence wy,...,w, € Q and numbers ci,...,c, € R,
we have

n
Z c,-cjk(w,-,wj) Z 0.
ij=1

@ Akernel k:Q xQ — R on aset Qis said to be strictly
positive-definite if for any finite sequence ws, ..., w, of distinct
points in Q and numbers c¢y,..., ¢, € R, at least one of which is
nonzero, we have

n
Z c,-cjk(w,-,wj) > 0.
ij=1



Types of kernels

Definition 3.19.
Let Q2 be a topological space and k : Q x Q2 — R be a Borel-measurable,
bounded kernel.

@ k is said to be integrally positive-definite if for every finite, signed
Borel measure v on Q, we have

/Q /Q k(w,w') dv(w) dv(w') = 0.

@ k is said to be strictly integrally positive-definite if for every nonzero,
finite, signed Borel measure v on 2, we have

/Q /Q K(w, o) di(w) d(w) > 0.

Remark 3.20.

If k is (strictly) integrally positive-definite, G, : L2(v) — L?(v) is a
(strictly) positive operator. We will then say that k is
L2(v)-(strictly)-positive.



Types of kernels

Theorem 3.21.
Suppose that Q is a compact metrizable space. Then, with the notation
of Definition 3.19, the following hold:

@ k is integrally positive-definite iff it is positive-definite.
@ If k is strictly integrally positive-definite then it is strictly
positive-definite.



Kernel eigenfunctions

Proposition 3.22.
Let K : [2(v) = C(Q), G : L2(v) = [2(1), G : C(Q) — C(R) be the
operators from Corollary 3.17. Then:

@ There exists an orthonormal basis {¢g, ¢1,...} of L>(v) which are
eigenfunctions of G corresponding to real eigenvalues \g, A1, . .., Ie.,

Goj = Ajgj.

@ Every nonzero eigenvalue \; has finite multiplicity, and the
eigenvalues can be ordered in a sequence |X\g| > |A\1] > -+ N\, 0 with
no accumulation point other than 0.

@® For every \j # 0, the continuous function p; := )\j_lK(bj is an

eigenfunction of G corresponding to the same eigenvalue \;,

Geoj = Nigj.



Data-driven basis

Algorithm 3.23 (data-driven basis).
Set v = pun, Kn = Ky, Gn = Gy, Gy = G#N. Assume k is symmetric.
@ Represent Gy by the N x N kernel matrix K = [Kj;] with
Kij = (ein: Gnejn) 12(uy) = k(wi, w)).

@ Solve the matrix eigenvalue problem

Koj = Nndj, &5 = (dojs--ron-1))"s  llojlla = VN.
® Reconstruct the eigenvectors ¢; v € L?(up),

N—-1

SN =Y dinein. Gndin = Andjn.

i=0

@ For \j vy # 0, compute the continuous extensions ¢; y € C(£),

N—-1
1 1 .
Pim = 5 Ko = AN ; k(- wi) dijn,  Gnwjn = A n@jn-

J>



Data-driven basis
Setv=u K=K, G=G,, = C:'N,

1 .
Go; = \pj, @ = YK@’ Gyj = \jpj.
J

Strategy.

® Use the weak-* convergence of uy to i to deduce spectral
convergence of Gy to G. This implies convergence of the nonzero
Aj.n to Aj and convergence of ¢ y to ¢; in a suitable sense.

® Use an integrally strictly positive-definite kernel k. Then, A\; > 0,
and the ¢; y converge to an orthonormal basis of L2(y). The
assumptions of Theorem 3.7 are satisfied.



Compact convergence

Definition 3.24.

Let (F,|||lr) be a Banach space, and Aj, A, ... a sequence of bounded
operators on F. We say that A, converges compactly if it converges to a
(bounded) operator A pointwise, and for every bounded sequence f, € F,
the sequence (A — A,)f, has a convergent subsequence in F.

Notation.
® B(F): Banach space of bounded operators on F.
® o(A): Spectrum of an operator A € B(F).



Compact convergence

Theorem 3.25.

With the notation of Definition 3.24, let A, converge to A compactly. Let
X € o(A) be an isolated eigenvalue of A with finite multiplicity m, and T
the spectral projection of A corresponding to A. Let S C C be an open
neighborhood of X\ such that o(A)N'S = {A}. Then, the following hold.

@ There exists n, € N such that for all n > n,, o(A,) NS is an
isolated subset of o(A,), consisting of at most m distinct
eigenvalues whose multiplicities sum up to m. Moreover, every
sequence A\, € o(A,) N S satisfies lim,_ 00 Ay = A

@ The spectral projections M, of A, corresponding to o(A,) NS
(which are well-defined for n > n, ) converge strongly to T. In
particular, for every eigenfunction ¢ of A at eigenvalue X\, there
exists a sequence of eigenfunctions ¢, of A, at eigenvalue X\, such
that lim,_ oo ¢, = ¢ in the norm of F.



Compact convergence

Theorem 3.26.
Suppose that k : Q x Q — R is a continuous kernel. Then, under our
general assumptions, Gy converges compactly to G.

Corollary 3.27.

If k is integrally strictly positive-definite, the conditions of Theorem 3.7
are satisfied.



Kernels on covariate space

In practice, we construct k : Q x Q — R as a pullback of a continuous
kernel k : X x X — R in covariate space, i.e.,

k(w,w') = k(X (w), X ().

All computations involving Gy and Ky can be expressed using covariate
data.

® Gy is represented by the N x N matrix
K= [Kij]v Kij = k(wi,wj) = Ii(X,',Xj).

® The continuous extension ; y of ¢; n is given by

—K
)\j,N N¢J N

pjn(w) =



Kernels on covariate space

Every eigenfunction ¢; y or ¢; corresponding to nonzero eigenvalue is of
the form @ ( :
%N—%NoX pj = oX,

for continuous functions np(),(v), ®; ) e C(Xq).

® The corresponding ¢; = tp; form an orthonormal set in L?(p), but if
X is not injective they might not form an orthonormal basis (even if
Kk is integrally positive definite).

Remark.

The kernel x used to compute the basis vectors ¢; y and ¢; need not
(and in general, will not) be the same as the kernel used to assign the
initial density px via Algorithm 3.8.



Data-driven forecast

The construction and evaluation of the data-driven target function
Ze 1 n(x) for x € X and t = q At, can be summarized as follows.

Algorithm 3.28 (data-driven target function).

@ Apply Algorithm 3.23 using the covariate training data x, and a
kernel k : X x X — R to compute the basis vectors ¢; y.

@ Apply Algorithm 3.8 using the covariate training data x, and a
strictly positive kernel & : X x X — R to compute the initial density
Px-

@® Set a spectral resolution parameter L (number of eigenfunctions).
Apply Algorithm 3.10 using ¢; n from Step 1, p, from Step 2, and
the response training data y, to compute Z; ; n(x).



Conditional expectation

Notation.
For a measure space (Q,X, 1) and a sub-o-algebra ¥’ C T, we let:

e L(X)={f:Q— R:fis X-measurable} C L(X).
o L(uT) = {[fl,: f € L(T)} C L),
© LP(u, ') = LP(p) N L(p, ).
Definition 3.29.
Let (2, X, 1) be a probability space. Given f € L*(u) and a

sub-o-algebra ¥’ C ¥, the conditional expectation of f on ¥’ is the
unique element g € L*(u1, ¥') such that

/fdu:/gdu, Eecy
E E

We write g = E(f | &').



Conditional expectation

Lemma 3.30.
With the notation of Definition 3.29, the following hold.

@ LP(u,XY’) is a closed subspace of LP(u).
@ Iff € LP(p), then E(f | ¥') € LP(u, X).
® The map Ny @ LP(p) — LP(u) with

My f=E(f|Y)

is a linear projection onto LP(u,¥') with norm 1.
@ My : L2(p) — L%(p) is the orthogonal projection onto L?(p,Y").



Conditional expectation

Corollary 3.31.

For any f € L2(u),
E(f | Y)=Ngf

is the unique element of L?(u, ') that minimizes the distance from f to
L2(p,X'), e,

If —E(f | Z)l2quy < If — 8llzys Vg € L2(, Z)\ {F}



Conditional expectation on measurable maps

Definition 3.32.
Let (2, X, 1) be a probability space and X : (2,X) — (X, Xx) a
measurable map. We define the conditional expectation of f € L}(u) on
X as

E(f | X)=E(f | Zx), Zx=X1(Zx).

Remark 3.33.

@ X x is the o-algebra generated by X, i.e., the smallest sub-c-algebra
of X such that X : (Q,Xx) — (X, Xx) is measurable.

@ Every f € L(Xx) is of the form f = go X for g € L(Xx).
® Every f € LP(u,Xx) is of the form f = go X for g € LP(ux), where
pa = Xifh.



|deal target function

In light of Corollary 3.31 and Remark 3.33, the ideal target function in
the sense of L2(1) error (RMS error; see Definition 3.12) is Z, € L?(ux)

such that
E(U'Y | X) = Z; o X.

That is, Z; satisfies

[UYY = Zi o X|i2quy < |UTY = Yellizguy,  VYe € (1, Tx).



Conditional probability

Notation.
® xs:Q — {0,1}: Characteristic function of a set S C Q.

Definition 3.34.

Let (Q,X, 1) be a probability space. For every sub-c-algebra ¥’ C X and
measurable set S € ¥, we define the conditional probability

P(S|¥') e LYpu,X') as

P(S | T) =E(xs | ).

Remark 3.35.
The map S € ¥ — IP(S | ') defines a vector measure on ¥, i.e., an
LY ()-valued map such that for any sequence S, of disjoint measurable

sets in X,
P (U S| z’) => P(S, | X).



Regular conditional probability

Definition 3.36.
With the notation of Definition 3.34 we say that P(S | ¥') is a regular
conditional probability if there is a map p: Q2 x £ — R such that:

@ For every w € Q, p(w,-) is a probability measure on X.

@ For every S € ¥, the map w +— p(w, S) is a representative of the
conditional probability P(S | £') € L(p).

The map p is called a Markov kernel.

If ¥’ = ¥ x is the sub-c-algebra generated by a measurable map
X :(2,X) — (X,0x) then we have

P(w7 ) = PX(X(W)7 )

for a Markov kernel py : X x £ — R.



Regular conditional probability

Theorem 3.37.
For a compact metrizable space Q2 equipped with its Borel o-algebra
every conditional probability P(- | ') is a regular conditional probability.

Proposition 3.38.

IfP(- | ¥') is a regular conditional probability with Markov kernel p, then
for every Y € L(u1) we have

(Y | 5) = / Y (w) pl- dw),

where the equality holds ji-a.e.



Conditional density

Definition 3.39.
With the notation of Definition 3.34, if p(w,-) < u, we say that a
function p : Q x Q — R is a conditional density of p if

du

p(w7 ) y  p-ae

Proposition 3.40.
If it exists, p(w, -) lies in L>° ().

If ¥’ = X x is the sub-o-algebra generated by X : Q — X, then we have
plw, ) = px(X(w),-) for a function px : X x Q — R.



Conditional density

Remark 3.41.
If p has a conditional density, then for every Y € L(u), we have

BY 1) = [ Y()olw) dne).

In particular, for Y € [2(u) and p-a.e. o' € Q,

E(Y | 2) (W) = (p(w',), V)2 ()-



Hypothesis space

Goal. Construct the ideal target function Z; : X :— R such that
Zio X =E(U'Y | X), p-a.e.

Strategy. Approximate Z; in a hypothesis space H of continuous
functions on Xq such that:

@ H is a convex subset of a Hilbert space K of continuous functions
on XQ.
@ The inclusion map ¢ : K — L?(ux) is compact.
® H=H is closed in L2(ux).
Proposition 3.42.

Under the assumptions stated above, there is a unique minimizer Z; 3, of
the square error functional &; : H — R, where

gt(f.) = ||Lf — ZtH%z(HX)'



Reproducing kernel Hilbert spaces

Definition 3.43.

A Hilbert space (K, (-, -)x) of complex-valued functions functions on a
set X is called a reproducing kernel Hilbert space (RKHS) if for every
x € X the pointwise evaluation functional d, : L — C is continuous.

By the Riesz representation theorem, for every x € X, there exists a
unique function k, € K such that

F(x) = (ke, Flic, V€ K.

The function k : X x X — C with k(x,x") = k.(x') is called the
reproducing kernel of K.

Proposition 3.44.
k is a positive-definite kernel on X .



Reproducing kernel Hilbert spaces

Theorem 3.45 (Moore-Aronszajn).

Let k : X x X — C be a positive-definite kernel on a set X. Then, there
is a unique RKHS KC on X with k as its reproducing kernel. Explicitly, K
is the completion of the inner product space (Ko, (-, -}x,) with

= span{kx X E X}, <i a,-kxy.,i bjkx/> = iié;k(x,-,xj)bj.
i=1 =

Ko i=1J=1



Reproducing kernel Hilbert spaces

Lemma 3.46.
Let k : X x X — C be a positive-definite kernel on a set X with
associated RKHS KC. Then, for any subset S C X, the restriction

Kls ={fls: f e £}
is an RKHS with reproducing kernel k|sxs.

Notation.
® If v is a probability measure on X' we write K, = K|sypp, and
ku = k|suppu><suppu-



Mercer kernels

Theorem 3.47 (Mercer).

Let X be a compact Hausdorff space and k : X x X — C a continuous,
positive-definite kernel with associated RKHS KC. Let v be a Borel
probability measure on X. Consider the the corresponding self-adjoint
integral operator G, : L?(v) — L?(v), G, = 1, o K,, (see Corollary 3.17),
and its eigendecomposition as in Proposition 3.22,

Gudj = Ndj, (i, dj)izw) = 0jj; Ao = Ar =+ (0.

Then, the kernel k, admits the series expansion

kV(X’X,): Z /\J'W(pj()(/%

j:)\j>0

where @; = )\j_lKl,(bj is the continuous representative of ¢;, and the
convergence Is uniform with respect to (x,x") € suppv X suppv.



Mercer kernels

Corollary 3.48.

@ K is a subspace of C(X).

@ Upon restriction to supp v, the range of K,, : L>(v) — C(X) is a
dense subspace of IC,,.

@® The functions v); = )\;1/2 K, ¢; form an orthonormal set in KC, and
their restrictions to supp v form an orthonormal basis of IC,,.

@ The operator G, : L?(v) — L2(v) is of trace class, and we have

|Gl =trG :/Xk(x,x)dy(x).



Inclusion operators

Proposition 3.49.
Viewing K, as an operator from L%(v) to K, the adjoint K} : K — L%(v)
coincides with the inclusion map v, : C(X) — L2(v), i.e.,

K f =u.,f, Vfek.
In particular, we have G, = K} K.

Corollary 3.50.

@® K, embeds compactly into L?(v).

@ Every element of ran K} has a representative in K (and thus in
C(x)).

@ ran K* s closed iff IC,, is finite-dimensional.



Universal kernels

Definition 3.51.
A positive-definite kernel k : X x X — C on a locally compact Hausdorff
space is said to be:

@ Co-universal if k(x, ) lies in Go(X) for all x € X, and the
corresponding RKHS K is dense in Go(X).

® C-universal if X is compact, k is continuous, and the corresponding
RKHS K is dense in C(X).

@® LP-universal if for every Borel probability measure v on X, K is a
dense subspace of LP(v) for some p € [1, 00).

Theorem 3.52.

On a compact Hausdorff space, C-universality, LP-universality, and strict
integral-positiveness are equivalent notions. Moreover, every kernel
having these properties is strictly positive-definite.



Radial kernels
Definition 3.53.

A bounded, continuous kernel k : RY x RY — C is said to be radial if
there exists a positive, finite Borel measure a on [0, 00) such that

k(x,x") = / esl=xIlz da(s), Vx,x €Rq.
[0,00)

Theorem 3.54.
A radial, strictly-positive definite kernel on RY is Cy-universal.

Theorem 3.55.
The radial basis function (RBF) kernel on RY,

12
k(x,x") = exp <—|X2Xz>, €e>0,

€

is strictly positive-definite (and radial).



Feature maps

Definition 3.56.
A feature map on a set X isa map F : X — F, where F is a Hilbert
space, called feature space.

Lemma 3.57.
If F: X — F is a feature map, then k : X x X — C with

k(x,x") = (F(x), F(x')) 7
is a positive-definite kernel.

Definition 3.58.
Let k: X x X — C be a positive-definite kernel on a a set X. We say
that a feature map F : X — F is associated to k if

k(x,x") = (F(x), F(x))F.



Feature maps

Proposition 3.59.

Let k : X x X — C be a positive-definite kernel on a set X with
associated RKHS K.

@ F: X — K with F(x) = k(x,-) is a feature map associated to k.

@ If k is strictly positive-definite, then F is injective. Moreover, F(x)
and F(x') are linearly independent whenever x and x" are distinct.



Feature maps

Lemma 3.60.
Let k : X x X — C be a continuous, positive-definite kernel on a

compact Hausdorff space X with associated RKHS K. Let {o, 1, ...

be the orthonormal basis of IC,, from Corollary 3.48. Then,
F : suppv — £? with

F(X) = (Z/JO(X)7"/}1(X)7 = )

is a feature map associated to k,,.



Moore-Penrose pseudoinverse

Theorem 3.61.

Let A: Hy — H, be a linear map between two finite-dimensional Hilbert
spaces. Then, there exists a unique linear map A" : Hy — Hy, called the
Moore-Penrose pseudoinverse of A, with the following properties:

@ ker AT =ran A+,
® ran AT = ker AL.
® AATf =f for all f € ran A.

Theorem 3.62.
With notation as above AT : Hy — Hy is the pseudoinverse of A iff the
following conditions hold:

® AATA=A.

@ ATAA = AT,

@ (AAT)* = AAT,
@ (AtA) = ATA,



Moore-Penrose pseudoinverse

Proposition 3.63.

With the notation of Theorem 3.61, the following hold.
@ /fran A= Ha, then At = A*(AA*)~1 and AAT = I.
® Ifran A* = Hy, then AT = (A*A)71A* and ATA=I.



Pseudoinverse in infinite-dimensional Hilbert spaces

Theorem 3.64.

Let Hy and H> be Hilbert spaces, and A : D(A) — Ha a closed linear map
with dense domain D(A) C Hy. Then, there exists a unique, densely
defined, closed operator A™ : D(A™) — Hy with domain D(A") C H,,
called the pseudoinverse of A, such that

@ ker AT =ran A+,
® ran AT = ker AL.
® AATf =f forall f € ran A.

Theorem 3.65.
With notation as above, the following hold.

@ (AT =A
@ (A) = (A")".
® AT is bounded iff ran A is closed.



Pseudoinverse in infinite-dimensional Hilbert spaces

Theorem 3.66.
With the notation of Theorem 3.64, given g € D(AY), f = AT g has the
properties

® [|Af — gl = infhep(a)lAh — gllH, -

@ ||fl|H, < ||h||n, for all h # f attaining the infinum above.

We refer to g as the best approximate solution to the equation Af = g.



Nystrom operator

Definition 3.67.

Let k: X x X — C be a continuous, positive-definite kernel on a
compact Hausdorff space X with corresponding RKHS K. Let v be a
Borel probability measure on X'. We define the Nystrom operator
associated with k and v as



Nystrom operator

Proposition 3.68.

With the notation of Definition 3.67, the following hold.
@ ran N, = K,. In particular, N,, has closed range.
@® The domain D(N,)) C L?(v) is given by

D(Ny)z{f:ch(bj: Z lc;\'|.2<oo}.

J J:Aj>0 J

® N, is bounded iff K, is finite-dimensional.
@ For every f € D(N,) we have

.
Nof =3 ot 6= (9.1,

JiA>0 7Y



Nystrom operator

Proposition 3.69.
With the notation of Definition 3.67, the following hold.

@ Forevery f € Ky,
KN f=f.

@ For every f € D(N,),
KN =N, f,

where M, : L?(v) — L2(v) is the orthogonal projection onto ker K;-.



Truncated Nystrom operator

Definition 3.70.
With the notation of Definition 3.67, and for L € N such that A\;_; > 0,
we define the truncated Nystrém operator N, : L?(v) — K, as

ND,L = Ny o I_Il/,L;

where M, : L2(v) — L?(v) is the orthogonal projection onto
span{do, ..., pr-1}.
Lemma 3.71.
The following hold as L — oc.
@ N, converges to N, strongly on D(N,,).
@ K}N, . converges to N, strongly on L?(v).

Corollary 3.72.

For every g € L?(v), fi = N,,1g is a sequence of continuous functions
that converges to MN,g in L?>(v) norm.



Approximating the conditional expectation

Theorem 3.73.

Let k: X x X — C be a continuous, positive-definite kernel on the
covariate space X with associated RKHS K*). Let k : Q x Q — C with
k(w,w") = k(X(w), X(w")) be the pullback of k to Q. Define

S}t,L - NN’L Ut Y
Then, the following hold:
@ \N/nL is the pullback of a function Z;; € KX e,
Yii=2ZisoX.

@ Z; is the minimizer of the error functional & | = &; from
Proposition 3.42 for the hypothesis space H; = H...

® As L — oo, &,1(Z:,1) converges to 0 and \N’tyL converges in L?(11)
norm to the conditional expectation E(U'Y | X).



Approximating the conditional expectation

Assume the notation of Theorem 3.73, set a lead time t = g At, g € N.
Algorithm 3.74 (data-driven conditional expectation).

@ Apply Algorithm 3.23 using the covariate training data x, and the
kernel k(%) to compute the basis vectors é1n of L2(un).

@ Fix a spectral resolution parameter L, and compute the expansion
coefficients of U Y in the ¢y basis,

Vena = (1w, OF Y) 12(un)-

® Compute the target function Z;; n : X — R, where

(-1

N X

Zii N = E yt,N,/@S ),
=0
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Section 4

Spectral theory



Setting and objectives

General assumptions

e &: G xQ— Q: Continuous-time, continuous flow on compact,
metrizable space Q.

® 1 Ergodic invariant Borel probability measure.
® X :Q — X continuous observation map into metric space X.

e Ut: F — F: Koopman operator on Banach space F of
complex-valued observables.

Given. Time-ordered samples
xp = X(wn), wp=0"(wo), t,=(n—1)At.
Goal. Using the data x,, identify a collection of observables (j : Q@ — Y

which have the property of evolving coherently under the dynamics in a
suitable sense.



Setting and objectives

We recall the following facts from Section 2 (see Proposition 2.7 and
Theorems 2.29, 2.30).

Theorem 4.1.

@ {U': C(Q) — C(Q)}eer is a strongly continuous group of
isometries.

@ {U": LP(u) = LP(u)}eer, p € [0,00) is a strongly continuous group
of isometries. Moreover, Ut : L?(u) — L%(u) is unitary.

@ {U": L°°(n) = L°®(p) }rer is a weak-* continuous group of
isometries.

Notation.
e F: Any of the C(Q2) or LP(u) spaces with 1 < p < 0.
Fo: Any of the C(Q) or LP(u) spaces with 1 < p < 0.

Co (semi)group = strongly continuous (semi)group.

® (¢ (semi)group = weak-* continuous (semi)group.



Generator of Cy semigroups

Definition 4.2.
Let {S*}:>0 be a Cp semigroup on a Banach space E. The generator
A: D(A) — E of the semigroup {S*};>0 is defined as
tf_
Af = lim > ft f7 f e D(A),

t—0

where the limit is taken in the norm of E, and the domain D(A) C E
consists of all f € E for which the limit exists.



Generator of Cy semigroups

Theorem 4.3.
With the notation of Definition 4.2, the following hold.

@ A is closed and densely defined.

@ For all f € D(A) and t > 0, the function t — S*f is continuously
differentiable, and satisfies

d
S StF = AS'f = S'AF.
dt
® A uniquely characterizes the semigroup {S'}, i.e., if {5t} is another

Co semigroup on E with the same generator A, then St = St for all
t>0.



Generator of C§ semigroups

Definition 4.4.

Let {S*}:>0 be a C§ semigroup on a Banach space E with predual E..
The generator A : D(A) — E of the semigroup {S'};>0 is defined as the
weak-* limit

<g75tf_ f>
t

(g, Af) , feD(A), VgekE,,

= lim

t—0
where the domain D(A) C E consists of all f € E for which the limit
exists.



Theorem 4.5.
With the notation of Definition 4.4, the following hold.

@ A is weak-* closed and densely defined.

@ For all f € D(A) and t > 0, the function t — S'f is weak-*
continuously differentiable, and satisfies

(2.55) = (6.4 = lg.5°AN),

® A uniquely characterizes the semigroup {S'}, i.e., if {5t} is another
G semigroup on E with the same generator A, then St = S* for all
t>0.



Generator of unitary Cy groups

Theorem 4.6 (Stone).

Let {S*'}¢>0 be a unitary Cy group on a Hilbert space H. Then, the
generator A : D(A) — H is skew-adjoint, i.e.,

A= —A.

Conversely, if A: D(A) — H is skew-adjoint, it is the generator of a
unitary evolution group.



Generator of Koopman evolution groups

Corollary 4.7.
Under our general assumptions the following hold:

@ The Koopman evolution groups Ut : Fo — Fo are uniquely
characterized by their generator V : D(V) — Fo, where
Utf — f

Vf = lim .
t—0 t

Moreover, for Fo = L?(u1), V is skew-adjoint.

@ The Koopman evolution group Ut : L>(u) — L% (u) is uniquely
characterized by its generator V' : D(V) — Fo, where

te
VFf = lim Uir - f
t—0 t

in weak-* sense.



Generator of Koopman evolution groups

Theorem 4.8 (ter Elst & Lemanczyk).
Let (Q2,X) be a compact metrizable space equipped with its Borel
o-algebra . Let 11 be a Borel probability measure on Q and
Ut : L2(p) — L2(p) a Co unitary evolution group with generator
V : D(V) — L?(u). Then, the following are equivalent.
@ For every t € R there exists a ji-a.e. invertible, measurable, and
measure-preserving flow &t : Q — Q such that U'f = f o ®°.

@ The space A(V) = D(V) N L>(u) is an algebra with respect to
function multiplication, and V is a derivation on 2:

V(fg) = (Vf)g + f(Vg), Vif,ge (V).



Point spectrum

Definition 4.9.

Let A: D(A) — E be an operator on a Banach space with domain

D(A) C E. The point spectrum of A, denoted as ¢,(A) C C is defined as
the set of its eigenvalues. That is, A € C is an element of ¢,(A) iff there
is a nonzero vector u € E (an eigenvector) such that

Au = \u.

Notation.

® We use the notation o,(A; E) when we wish to make explicit the
Banach space on which A acts.



Eigenvalues and eigenfunctions

Definition 4.10.

Let A: D(A) — E be the generator of a Cy semigroup {S'};>0 on a
Banach space E. We say that A € C is an eigenvalue of the semigroup if
A is an eigenvalue of A, i.e., there exists a nonzero u € D(A) such that

Au = du.

Lemma 4.11.

With notation as above, A is an eigenvalue of {S*} if and only if z is an

eigenvector of St for all t > 0, i.e., there exist A* € C such that
Stu=Awu, Vt>0.

In particular, we have N\t = e*t.



Point spectra for measure-preserving flows

Theorem 4.12.
Let ® : Q — Q a be a measure-preserving flow of a probability space

(0, X, ). Let Ut: LP(u) — LP(u) be the associated Koopman operators
on LP(u), p € [1,00], and V : D(V) — LP(u) the corresponding
generators. Then, the following hold.
@ Forevery p,q € [l,00] and t € R, o,(U", LP(u)) = op(UY, L9(1)).
@ op(V, LP(p)) = op(V, L9(1))-
® 0,(U?) is a subgroup of St.
@ o,(V) is a subgroup of iR.
Corollary 4.13.
Every eigenfunction of V lies in L>°(u), and thus in LP(u) for every
p € [1, 0]

Given A\ = ia € 0,(V), we say that « is an eigenfrequency of V.



Generating frequencies

Definition 4.14.
Assume the notation of Theorem 4.12.

@ We say that {iag, ia1,...} C 0,(V) is a generating set if for every
ia € op(V) there exist ji,jo,...,jn € Z and ky, ko, ..., k, € N such
that

[0} :jlak1 +j20zk2 + ... +jnakn.

@ We say that o0,(V) is finitely generated if it has a finite generating

set.

® A generating set is said to be minimal if it does does not have any
proper subsets which are generating sets.

Lemma 4.15.
@ The elements of a minimal generating set are rationally independent.

@ If a minimal generating set has at least two elements, then o,(V) is
a dense subset of the imaginary line.



Generating frequencies

Lemma 4.16.

Let g1, 8>, ... be eigenfunctions corresponding to the eigenvalues of the
generating set in Definition 4.14, i.e., Vgj = ijgj. Then, for every

ia € op(V) with a = jroug + ok, + ... + jnQik,,

is an eigenfunction of V' corresponding to the eigenfrequency «.



Invariant subspaces

Notation.

® H, =span{u € L?(p): u is an eigenfunction of V}.

* H. = Hy.

o {zo,zl,. .}: Orthonormal eigenbasis of H,, Vz; = iajz;.
Theorem 4.17.

Let ®t : Q — Q be a measure-preserving flow on a completely metrizable
space with an invariant probability measure .

@ H, and H. are Ut-invariant subspaces.
@ Every f € H, satisfies

= Z f/j-e"(ljtzh 6 = <ZJ7 f>L2(l‘)'
Jj=0

® Every f € H, satisfies

T—oo

lim —/|g,Ut iz =0, Vg € L?(n).



Pure point spectrum

Definition 4.18.
With the notation of Theorem 4.17, we say that a measure-preserving
flow &t : Q — Q has pure point spectrum if H, = L?(u).

Remark 4.19.
For a system with pure point spectrum:

@ The spectrum of V is not necessarily discrete.

@ The continuous spectrum is not necessarily empty.



Point spectra for ergodic flows

Proposition 4.20.
With the notation of Theorem 4.12, assume that ®t : Q — Q is ergodic.
@ Every eigenvalue \ € o,(V) is simple.

@ Every corresponding eigenfunction z € LP(u) normalized such that
|zllp(uy = 1 for any p € [1, 0q] satisfies |z| = 1 p-a.e.



Factor maps

Definition 4.21.

Let 71 : Q1 — Qy and T, : Q5 — Q5 be measure-preserving
transformations of the probability spaces (Q1, %1, 1) and (Qz, X2, i2).
We say that T, is a factor of Tj if there exists a Ti-invariant set S; € X1
with p2(541) =1, a Ty-invariant set Sy € X with pp(S52) =1, and a
measure-preserving, surjective map ¢ : S; — S such that

Toop=¢poT;.
Such a map ¢ is called a factor map and satisfies the following
commutative diagram:

Ml L Ml

o lo-

MQLMQ



Metric isomorphisms

Definition 4.22.

With the notation of Definition 4.21, we say that T; and T, are
measure-theoretically isomorphic or metrically isomorphic if there is a
factor ¢ : S; — S, with a measurable inverse.

Theorem 4.23 (von Neumann).

Let & : Q — Q be a measure-preserving flow on a completely metrizable
probability space (2, X, ) with pure point spectrum. Then, ®* is
metrically isomorphic to a translation on a compact abelian group G.
Explicitly, G can be chosen as the character group of the point spectrum
op(V).



Metric isomorphisms

Corollary 4.24.

If o,(V) is finitely generated, then ® is metrically isomorphism to an
ergodic rotation on the d-torus, where d is the number of generating

frequencies of o,(V). Explicitly, supposing that {icu, ..., iag} is a
minimal generating set of o,(V') with corresponding unit-norm
eigenfunctions zi, . .., zq we have

R'op = o df,
where Rt : T9 — T js the torus rotation with frequencies as, . .., oq,
and

olw) = (z(w),...,z¢(w)), p-a.e



Spectral isomorphisms

Definition 4.25.

With the notation of Definition 4.22, let Uy : L?(p1) — L?(p11) and

Uz : L2(p12) — L2(p2) be the Koopman operators associated with T; and
T>, respectively. We say that T; and T, are spectrally isomorphic if there
exists a unitary map U : L2(p1) — L?(p2) such that

UQOL[:Z/{OU1.

Theorem 4.26 (von Neumann).

Two measure-preserving flows with pure point spectra are metrically
isomorphic iff they are spectrally isomorphic.



Dynamics-invariant kernels

® k: Bounded, symmetric kernel.

® G is self-adjoint, compact.

Proposition 4.27.
If k is invariant under the product flow,

k(@ (w), ¢ (w')) = k(w, '),
then G commutes with the Koopman operator,

[Ut,G] = U'G — GU* = 0.



Dynamics-invariant kernels

Corollary 4.28.

Every eigenspace W of G with nonzero corresponding eigenvalue is a

finite-dimensional, U*-invariant subspace of H,, and V| is unitarily
diagonalizable.



Kernels from delay-coordinate maps

2
I

Q
Se(w,w’) Z [ X (@984(w)) = X(®724(w"))

By the mean ergodic theorem,

Sq—>5
Q—o0

in L2(j x p1), where S is a Ut ® U* invariant function.

Proposition 4.29.
Fix a continuous kernel shape function h: R, — R,. Then:

® k(w,w') := h(S(w,w")) satisfies the assumptions of
Proposition
@ Gq: L%(u) — L?(u) with
Gaf = [ ko(-)f du(w)
Q

converges to G in L?(;1) operator norm.



Finite-difference approximation of the generator

Explicitly, we have

(f(wns1) — f(wn))/At, 0<n<N-2,

Varnf(wn) =
aenf{wn) {—f(wN_l)/At, n=N-1.



Finite-difference approximation of the generator

VAt,N - VZt,N & o UN —Id
2 y VAt,N — At

Varn - L(un) = L2(pn), Varn =

Lemma 4.30.
For f € CY(Q) and g € C(Q),

A'lTo N"_[n (&, Vaenf) iz = (8 V) 12(u)-

Corollary 4.31.

With the notation of Section 3, if k is C*, then for every i, j € N such
that \;, /\j 75 0,

A','_EON'”“ (Din VN atdiN) 2(un) = (Bir V) 12 ()



Markov normalization

® Assume: k >0, k, k=1 € L>®(v x v).

® pis a Markov kernel with respect to v, i.e.,

p >0, / plw,-)dv =1, v-ae we M.
o



Markov normalization

Set: k = kg, v = pn or v = . We get Markov operators

Gon : L2(un) — L2(un), Gg : L2(1) — L?(u) with continuous transition
kernels:

Gonf = [ pa-)f(w)dunt). 6 = [ pal)f(w) dunte).

Large-data limit: As N — oo, Gg n converges spectrally to Gg in the
sense of Theorem 3.25.



Markov normalization

Set: k = k, v = 1. We get a self-adjoint Markov operator
G : [2(n) — L?(p) that commutes with the Koopman operator:

6f = | Al )f(w) due).

Infinite-delay limit: As @ — 0o Gg converges in operator norm, and thus
spectrally, to G.

Remark.

By Corollary 4.28, every eigenfunction ¢; of G corresponding to nonzero
eigenvalue lies in the domain of the generator V.



Diffusion regularization

* Hy=ranG C H,.
© D(B) = A3 = {f € Ay 22 mil{@y. )i < oo}

Proposition 4.32.

@ Foreverye >0,
L=V —€A|

is a well-defined dissipative operator on H2, i.e., Re(f, L f) < 0.

@ Let z be an eigenfunction of V lying in H,f with corresponding
eigenvalue iw. Then, we have

Az=nz, Lz=~z, ~v=—en+iw.



Petrov-Galerkin method

® The above is a well-defined variational eigenvalue problem, i.e., it
satisfies the appropriate boundedness and coercivity conditions.

® We order the solutions z; in order of increasing Dirichlet energy,

E; = (z;, Azj)2(,) = Renj/e.



Petrov-Galerkin method

* Horon =span{do.on: .- r-1.qn} € L2(w), where ¢,y are
eigenfunctions of Gg n.

* H2, o defined analogously to H2.
® The data-driven scheme converges in the iterated limit

lim lim lim lim .
L—o00 Q—00 At—0 N—oo



Variable-speed rotation on T?

@(t) = V(w(1))
\7(0.}) = (\/17 VQ), w = (01,92)
Vi =1+ Bcosb;
V2 = O/(l — ﬂsin 192)

a=+/30,8=+/1/2




Koopman eigenfunctions




Koopman eigenfunctions from noisy data

;‘,521:071.E‘:102

(d)

¢, Q,=887,E,=292

Koopman eigenfunctions for the variable-speed flow on T? recovered from
data from data corrupted with i.i.d. Gaussian noise in R3 with SNR ~ 1.



Approximate Koopman eigenfunctions

Definition 4.33.
An observable z € L?(1) is said to be an e-approximate Koopman
eigenfunction if there exists v; € C such that

||UtZ — Vtz”Lz(u) < GHZHLZ(M)‘

* A Koopman eigenfunction is an e-approximate eigenfunction for
every € > 0.

® We seek z € L?(u) which is an e-approximate eigenfunction for
“small” ¢, and t lying in a “large” time interval.



Approximate eigenfunctions from delay-coordinate maps

Theorem 4.34.

Let ¢ and v be mutually-orthogonal, unit-norm, real eigenfunctions of
Gq corresponding to nonzero eigenvalues k and A, respectively, with

Kk > \. Assume that k, A are simple if distinct and twofold-degenerate if
equal. Define

zZ = %(¢+ "¢)7 Qr = <Za Utz>7 V= <’(/}’ V¢>’

where w is real, and set T = (Q — 1) At, 61 = (k — \)/V2, é1 = 61 /k,

= min{|k —ul, A —u
vr=,min{mingls = ][ = ul}}.

Then, the following hold for every t > 0:



Approximate eigenfunctions from delay-coordinate maps

Theorem 4.34.

@ « lies in the &;-approximate point spectrum of Ut, and z is a
corresponding €:-approximate eigenfunction for the bound

gt:5t+\/§tv

where

1 (Gt G(1+46 t
S = — (1 + 36T) , S = 72( +07) / s, du.
yr \ T A 0

Here, C; and C, are constants that depend only on the observation
map F and generator V.

@ The modulus |v| is independent of the choice of the real
orthonormal basis {$,1} for the eigenspace(s) corresponding to
and \. Moreover, the phase factor et is related to the
autocorrelation function o, according to the bound

|Olt - eiyt‘ § 2\/ St'



Application to L63 system




Application to L63 system

(a) Sampling interval At = 0.01, Delay embedding window T = 0.00

640 Ay = 0.992 U, t=1.00 u's,, t=2.00

1 Time series along orbit




Application to L63 system

(b) Sampling interval At = 0.01, Delay embedding window T = 8.00

- t - t _

610 Ay = 0.603 U, t=1.00 U,y t=2.00 5 Time series along orbit
s 2
1
0
-1
-2
. -3

641 A, = 0.602 U%,, t=1.00 0 2 4 6 8






Spectrum

Definition 4.35.
Let A: D(A) — F be a densely-define operator on a Banach space F
over C with domain D(A) C F.

@ The spectrum of A, denoted as o(A) is the set of complex numbers
A such that A — A/ has no bounded inverse.

@ The resolvent set of A, denoted as p(A), is the complement of o(A)
in C.

® For every A € p(A) the resolvent Ra(A) is the bounded operator
given by p(A) = (A — AI)~L

@ The spectral radius of A is defined as r;(A) = sup,c,(ayx|-



Spectrum

Theorem 4.36.
With the notation of Definition 4.35, the following hold.

@ o(A) is a closed subset of C.
@ If A is not closed, then o(A) = C.
® If D(A) = F and A is bounded, then r,(A) < ||A]l.



Projection-valued measures

Definition 4.37.
Let (H, (-, )n) be a Hilbert space over C. A map E : B(C) — B(H) is
called a projection-valued measure (PVM) if:

@ For every S € B(C), E(S) is an orthogonal projection.
@ E(C)=1.
@ For every f,g € H, the map e : B(C) — C with

erg(S) = (F, E(5)g)m

is a complex measure.



Projection-valued measures

Theorem 4.38.
With the notation of Definition 4.37, let f : C — C be a

Borel-measurable function. Then, there exists a unique operator
Ef : D(Ef) — H with domain

D(Ef):{hEHZ/|f|2d€hh<OO},
C

such that
<g, th>H = / fdf':gha Vg e H, VYhe D(Ef)
C
Notation.
° fc f dE = Ef.

 If A= [.1d dE, then f(A) = E;.



Spectral theorem for skew-adjoint operators

Theorem 4.39.
Let A: D(A) — H be skew-adjoint.

@ o(A) is a subset of the imaginary line.
@ There exists a unique PVM Ep : B(C) — C such that

A= /Ria dE(a).

@® isupp Ex = o(A).
@ If {U"': H— H}cr is the Gy unitary group generated by A, then

Ut =e = / et dE(a).
R



Unitary Koopman evolution group

Generator: V : D(V) — L2?(u),

utf — f
2 * __ — i
D(V)cC L*(u), V*=-V, Vf t!l_% P

Spectral measure: E : B(R) — B(L?(u)),

= / iwdE(a), U'= / et dE(w).
R R



Unitary Koopman evolution group

Ut LP(p) = (), Uf=fodf U*=U"

Theorem 4.40.
There is a Ut-invariant orthogonal splitting L?(11) = H, & H. such that:
@ H, has an orthonormal basis {z;} consisting of eigenfunctions of the
generator,
Vz; = iojzj, o €R.
@ Forevery f € H. and g € L?(u),

17
lim —= Utf dt = 0.
Jim 2 [ le U )
® E = E, + E., where:
® E, is a purely atomic measure taking values in B(Hp).
® E. is a continuous measure taking values in B(H.).



Compactification schemes for the Koopman generator

® ranG CranK* C D(V).

® A= VG is a Hilbert-Schmidt integral operator on L2(;z) with kernel
k' e C(X x X), k'(-,w) = Vk(-,w), i.e.,

Af = /Q K (- w)F(w) dpu(w).



Compactification schemes for the Koopman generator

* GV C(GV)* =B=-A"
® B is a Hilbert-Schmidt integral operator with

Bf — —/Qk’(-,w)f(w)du(w).



Compactification schemes for the Koopman generator

e W is a skew-adjoint, Hilbert-Schmidt operator on K satisfying

WF = — /Q K (w0, ) (w) dp(w).



Compactification schemes for the Koopman generator

* K =UG'? (polar decomposition).

* V is a skew-adjoint, Hilbert-Schmidt operator on [?(1) related to
W by

V =U*WU.



Eigenvalues and eigenfunctions

Proposition 4.41.
Let k : Q2 x Q — R be a CL, [2-universal, u-Markov ergodic kernel.

@ There exists an orthonormal basis Zg, 71, . . ., of L2(u) consisting of
eigenfunctions of V,

sz iz, aj€R.

@ In the above, iag = 0 is a simple eigenvalue corresponding to the
constant eigenfunction Zy = 1.

® V has an associated purely atomic PVYM E : B(R) — B(L?(1))
such that

ES) = 3 Gdews. V= [ iadE).

JjiojES



Strong resolvent convergence

Definition 4.42.

@ A one-parameter family of operators A, : D(A;) = H, 7 >0, 0n a
Hilbert space H is said to converge to a skew-adjoint operator
A: D(A) — H in strong resolvent sense if for every p € C\ {iR} in
the resolvent set of A the resolvents (A, — p)~! converge to
(A — p)~1 strongly.

® The family A, is said to be p2-continuous if it is uniformly bounded
and 7 — ||p(A;)|| is continuous for every degree-2 polynomial p.

® If A, is skew-adjoint, A, is said to converge to A in strong
dynamical sense if for every t € R, e*A* converges to e strongly.



Strong resolvent convergence

Theorem 4.43.
With the notation of Definition 4.42, suppose that A, is skew-adjoint.
Then:
@ Strong resolvent convergence is equivalent to strong dynamical
convergence.
@ A sufficient condition for strong resolvent convergence A, — A is
that A, converges to A strongly in a core, i.e., a subspace
C C D(A) such that Alc = A.
@® The domain D(A?) is a core for A.



Strong resolvent convergence

Theorem 4.44.

Let A; : D(A;) — H be a one-parameter family of skew-adjoint
operators that converges to a skew-adjoint operator A: D(A) — H in
strong resolvent sense. Let E; : B(R) — B(H) and E : B(R) — B(H)
be the PVMs associated with A, and A, respectively.

@ For every bounded, Borel-measurable set 2 C R such that
E(0Q) =0, E.(Q) converges strongly to E(Q).

@ For every bounded, continuous function Z : iR — C, Z(A,)
converges strongly to Z(A).

® If the operators A, are compact, then for every element i € iR of
the spectrum of A there exists a one-parameter family ia.; of
eigenvalues of A, such that lim, o a; = . Moreover, if A, is
p2-continuous, the curve T — v Is continuous.



Spectral convergence of the compactified generators

Theorem 4.45.

Let {G;}r>0 be a strongly continuous, ergodic semigroup of Markov
operators on L?(u1) such that for every T > 0,

G,f = /Q ke (- ) F(w) dpa(w),

where k. : Q x Q = R is a C, L%-universal, positive-definite kernel.
Then, Theorem 4.44 holds for the compactified generators

V. = GY2VGL/2,



Construction of the semigroup G,

@ Start from an L2-universal, C! kernel k: Q x Q — R.

@ Normalize x to an L2-universal, C1, bistochastic Markov kernel
p:QxQ— R (Coifman & Hirn "13). Let P: L?(u) — L2(u) be
the associated integral operator.

@ Define the Laplace-like operator A = (I — P)~1.
@ Define G, = e ™2,


https://dx.doi.org/10.1016/j.acha.2013.01.001

Dirichlet energy

® H: RKHS associated with p.
® f € L2(p) has a representative in H iff

0o ) . 2
D(f) = ZM < 0.

j=0 /

® For every such (nonzero) f, we define the Dirichlet energy

_ D(f)
P = 17



Coherent observables

W, = K, VK

. K*C T
W.(ir = i, TSj, Ty 'T:T—J"
Gor = iwj ey 2, 1K, Il 2
Proposition 4.46.

There exists a continuous function R(e,T) that diverges as T — 0 for
every € > 0 such that

R(e,7)

Utz — €z o2y < € [t] < T(e,7) 1= ——te—.
J .l (») | (e,7) D(z.)+1

Moreover:
@ Iflim.owj, =: wj exists and T (e, T) diverges as T — 0 for every
€ > 0, then iw is an element of the spectrum of V.
@ Iflim,_,, exists and D(z;j .) is bounded as T — 0, then iw is an

eigenvalue of V. Moreover, z; . converges to the eigenspace of V
corresponding to iw.



Numerical examples

(e) Torus Rotation i (o) Lorenz63 i o) Rossler

10g,,(0)




Torus rotation—eigenfunctions of W,

¢4» wy =1.000, D(C,) = 0.043 (g wg =5.473, D((;) = 0.141 (g Wy = 7.466, D((g) = 0.250




Torus rotation

, (@) 7=0, L =500,N = 6.4k _(b) 7=0, L =500, N = 6.4k (c) =0, L =1000, N = 6.4k d) 7=0, L = 10,000, N = 64k

Due to the density of the spectrum in the imaginary line, regularization is
important, even for a system with pure point spectrum.



L63 system—eigenfunctions of W,
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Rossler system—eigenfunctions of W

¢, w, =1.03, D((,) = 0.608 (g wy = 2,05, D((,) = 1.44

o hon i
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=0.355, D((yg) = 75.3
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