Chain Rule Practice

Compute the following derivatives.

1. Find the derivative of
f(l’) _ ecos(x).
Answer:

We observe that f(z) can be decomposed into g(h(x)) where g(z) = €* and h(z) = cos(x),
since we must first take the cosine of  and then raise e to that power.

Thus by the chain rule

() = ¢ (h(z))W® = "@p/ () = @R () = @) (—sin(z)) = —e@ sin(x).

2. Find the derivative of
g(x) = cos(z?) sin(x?).

Answer:

We observe that g(z) can be broken into a non-trivial product g(z) = g1(z)g2(z) where
g1(x) = cos(2?), and go(z) = sin(x?).

Thus we need to compute the derivative of ¢;(x) and go(z). We observe that g; can be
decomposed as fi(hi(z)) where fi(x) = cos(z) and hi(z) = x2. Thus by the chain rule

gy (x) = fi(hi(z))R)(x) = —sin(hy(x))R](z) = — sin(z?)R](x) = —sin(z?)22 = —2zsin(z?).

We also observe that g, can be decomposed as fo(ho(x)) where fo(x) = sin(z) and hy(z) = 3.

Thus by the chain rule
g5(2) = fy(ha(z))hy(z) = cos(hy(x))hy(x) = cos(z®)hy(z) = cos(z®)3z* = 327 cos(z?).
Thus by the product rule

g'(z) = g1(2)gh(x) + g1 (2)ga(x) = cos(z?) (22° cos(z?)) + sin(z?) (=3 sin(z?))

S0
¢ () = 32% cos(x?) cos(x*) — 2z sin(2*) sin(z?)



3. Find the derivative of
{(z) = cos(ze®).
Answer:

We observe that ¢(x) can be decomposed into f(g(z)) where g(z) = ze® and f(x) = cos(x).
Thus by the chain rule

(x) = f(g(2))g" = —sin(g(x))g'(x) = —sin(ze”)g(x) = — Sin(xex)% (9(x))

Since g(z) can be written as the product of two non-trivial functions g,go where gi(x) = x
and go(x) = e”. Thus, by the product rule, we have

9 (z) = g1 ()g2(7) + go(w) g1 (w) = 1e” + we” = (1 + x)e”

Thus
V(z) = —sin(ze®)(1 + z)e”

4. Find the derivative of
()
k(x) =2 :
Answer:

We observe that k(z) can be written as the composition of three functions f(g(h(z))) where
f(z) =2 g(x) = 3%, and h(x) = 5.

d d (3(51')) d "
—k(z) = f'(g(h(z)))—g(h(z)) = In(2)2 — (36%).
k(@) = fg(h(2)7-g(h(x)) = ()20 L (30
Thus we need to apply the chain rule to the composition of g and h. Observe that
L g(h(a)) = g (b)) () = In(3)3°) n(5)5"
dx dx '
Hhus d (5%) (5%)
k() = (220 10(3)369 n(5)5% = In(2) In(3) In(5)2" ) 36757



