Practice problems review I

Exercise 1: domains and ranges; inverse functions

(1)

Let f(x) = sin(z), g(z) = arcsin(z). What are the domains and ranges of f, g, fog
and go f7

Solution: The domain for f(z) = sin(z) is (—oo, +00), the range is [—1,1]. The
domain for g(x) = arcsin(x) is [—1, 1] and the range is [—7/2, 7/2]. Since (fog)(z) =
sin(arcsin(x)), the domain of f o g is contained in the domain of arcsin(x), and since
the domain of sin(z) are all the real numbers, we have no further restriction. So the
domain of fogis [—1,1]. Since (f o g)(z) = sin(arcsin(z)) = © when —1 < z < 1,
the range is [—1, 1].

Since (g o f)(z) = arcsin(sin(x)), the domain of g o f is contained in the domain
of sin(x), as long as the range of sin(x) is in the domain of arcsin(z). Since sin(x)
has domain all real numbers, and the range of sin(z) is [—1,1] and contained in
the domain of arcsin(x), the domain of g o f is all of the domain os sin(z), that is
(—00, +00). The range of g o f is the whole range of arcsin(z), since the range of
sin(x) is the hole domain of arcsin(x) (if this is still confusing, it might be helpful to
draw a picture of the two compositions and track domains and ranges)

Let f(z) = 2%, g(z) = vz + 1. What are the domains and ranges of f,g, f o g and
go f?

Solution: The domain of f(z) = z?is (—o0, +00), the range is [0, 00). The domain
of g(x) = vV +1is [—1,400), the range is [0,400) (this is just the function /x
moved horizontally 1 to the left, which doesn’t affect the range.) fog(x) = (Va + 1),
so the domain is [—1, +00). Due to this, (fog)(z) = (Vo +1)> = z+1 when z > —1,
so the range is [0, 4+00).

(gof)(x) = V22 + 1, and since z2+1 > 0 always, the domain of go f is (—o0, +00).
Since 22 4+ 1 > 1, then /22 + 1 > /1, so the range of go f is [1, +00).

Let f(x) =2+ 2,g9(x) = V& + 2. What are the domains and ranges of 5 and 47

Solution: % = f%, sovr+2#0and x+2 >0, so the domain is (—2, +00).
Given this domain, géj)) = fg% =+vx+2whenz>-2soxr+2>0and vVr+2>
v/0. Therefore the range is (0, +00).

~

Let f(z) = €%, g(z) = In(x + 3). What are the domains and ranges of fog and go f?

Solution: The domain of f(z) is (—oo, +00), the range is (0, +00). The Domain
od g(x) is (—3,+00), the range is (—o0, +00) (this is just the function In(x) moved
3 to the left, so the range doesn’t change).

(fog)(z) = ™= 50 the domain is (—3, +0c). Given this domain, (f o g)(z) =
em@+3) = 7 + 3 when z > —3, so the range is (0, +00)

(go f)(z) =1In(e” + 3), so the domain is (—oo, +00) because e* + 3 > 3for any z.
Then In(e” + 3) > In(3) so the range is (In(3), +00).



Exercise 2: logarithm and exponential equations. Solve for z:

(1) In(z + 2) 4+ In(z — 2) = In(6)
Solution: First, the equation makes sense when both x +2 > 0 and x —2 > 0, so
x > 2. Then
In(xz + 2) + In(x — 2) = In(6)
In[(x + 2)(x — 2)] = In(6)
In(a? — 4) = In(6)
Raising e to the both sides, we have

eln(:):2 —4) _ 61n(6)

2 —4=6
2 =10
x = +v10.

Since —v/10 &~ —3.16 < —2, it doesn’t satisfy the conditions we have started with,
so the only solution is x = v/10.

(2) In(x + 3) — In(z — 3) = In(5)
Solution: First, the equation makes sense when both x +3 > 0 and x —3 > 0, so

x > 3. Then
In(xz 4+ 3) — In(x — 3) = In(5)
T+ 3
1 = In(b
n———s =1In(5)
Raising e to the both sides, we have
eln ifg _ e1n(5)
T+ 3
=5
x—3

r+3=5(z—3)
r+3=>5x—15
or —x =3+ 15
dr =18
r=4.5
Since 4.5 > 3, x = 4.5 is a solution.
(3) 237+l = 4o
Solution: The equation is defined for any real x. We can take log, of both sides:
10g2(23x+1) = log,(4")
3z +1=xlog,(4)
3r+1=2zx

r=—1



(4) 2¢° =¥
Solution: The equation is defined for any real x. We can take log, of both sides
again:
log,(2°7) = log,(e*")
e” = 2%log,(e)
Now we can take In of both sides:
In(e”) = In(2 log,(e))
x = In(2%) + In(log,(e))
zr = z1n(2) + In(log,
r — 2 1n(2) = In(log,
z(1 —1In(2)) = In(log,(e))
In(log,(e))
1 —1In(2)

—~
[

is our solution, since 1 — In(2) # 0.

Exercise 3: library of functions. Consider the following classes of functions: linear,

power, polynomial, rational, algebraic. For each of the following functions, write down

which classes it belongs to and which classes it doesn’t belong to (all five classes should be
mentioned).

(1) f(z) = 1 is linear, power (1 = 2°), polynomial, rational and algebraic (since it is
already linear)

(2) g(z) = 2% + 1 is polynomial, rational and algebraic. It is not power or linear.

(3) h(z) = Va3 is algebraic, power (Va3 = 2*/2). It is not linear, polynomial or rational.

x
(4) k(z) = + . is rational and algebraic. It is not linear, power or polynomial since it
x
is not defined at z = —1.

(5) f(x) = 2 is power. It is not linear, polynomial, rational or algebraic.

Exercise 4: Let f(x) be a function with domain [—2, 3] and range [0,8]. What are the

domains and ranges of the following functions?

(1) —f(—z—1)
Solution:
2< —r-1<3,
SO
1< —x<4
—4<z<l,

and therefore the domain is [—4, 1]. Since
0< f(—z—1)<8,
—8< —f(-x—1) <0,
so the range is [—8,0].



(2) 3f(2x+1)
Solution:
—2<2x4+1<3

SO
—3<2r <2
—15<z <1,
and therefore the domain is [—1.5,1]. Since
0< f2r+1) <8,
0<3f(2x+1) < 24,

so the range is [0, 24].
(3) 4f (=) +1

Solution:

We are dealing with f~! not f. Since f~! has domain [0, 8] and range [—2, 3],
0< —x <8
—8< <0

so the domain is [—8,0]. Since
—2< fH(-2) <3
—8<4f M (—x) <12
—7<4f Y —2)+1<13
so the range is [—7, 13]

Exercise 5: True/False Are the following statements true or false?
(1) sin(z) is an even function: false (look at the graph)

2) sin(zx) is an odd function: true(look at the graph)
3) cos(z) is an even function: true
4) cos(x) is an odd function: false
5) e” is an increasing function: true
2n+1

7) The sequence a, = 5= is bounded by 2/3: false

322

= is even : false
x—1

)

)

)

)

6) In(z) is a decreasing function: false

)

) The function

9) The function (z — 5)? 4 5 is one-to-one on the interval [—1,5]: true
)

(10) The function (z —5)% +5 is one-to-one on the interval [0, 7]: false , plugging in x = 6
and z = 4 gives the same number



