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I. Bic IDEA OF THE DAy

We can compute derivatives of polynomial and rational functions without using the
limit definition, and trig functions, and sums, differences, products, quotients and
compositions of these. Let’s compute derivatives of inverse functions, and extend our
power rule.

II. SUMMARY OF WHAT WE CAN DIFFERENTIATE

e Constant rule: if ¢ is some constant real number, and f(z) = ¢, then f'(z) =
0.
e Power rule: if n is a positive integer, and f(z) = 2", then f'(z) = na" .

e Sum and Difference rule: %(f(x):tg(x)) = i(f(x)):l:%(g(a:)) = f'(x)*

dx

9(2) d d d
o Product rule: —(f(z)g(x)) = f(z) -(9(2)) + —(f(2))g(z) = f()g'(z) +

o) d f(z) (2) 5 (f(2) = f(2) £ (9(2))

) . d f(z) _ 9@) G (@) - f@) & (g(x _

e Quotient rule: dx(g(:z)> (@)

9(x)f'(x) — f(x)g'(x)

9(x))

e Chain rule: If h(z) = f(g(x)), then W' (z) = f'(9(x))d'(z).

o
J'(f~Ha)

e Inverse Function Theorem: (f ') (a) =

1



d . d .
We also learned that . sin(z) = cos(z) and o cos(x) = —sin(z), so we can compute
X X
the derivatives of all trigonometric functions using the quotient rule (or can memorize
them!). For posterity:

d 2
o &(tan(x)) = sec”(x)

o d (Cot(

)
o d (sec( )) = sec(x) tan(x)
)

) = — csc?(xz)

> — (esc(x)) = — esc(x) cot(z)
Finally, we have some derivatives of inverse trig functions:
. d sin=(z) 1
—sin” () = ——
dx V1 — a2
d “1(z) -1
o —cos (7)) = —
dx V1 — 12
d tan~1(z) 1
e —tan (x)=
ddx 1 +1x2
-1 . -
o&cot (90)—1_1_902
e —sec _
dx |z|vVx? — 1
d -1

II1. ImPLICIT DIFFERENTIATION

Some equations clearly define y in terms of . Other equations just have both variables
in there, and implicitly define y in terms of x. Often times we can solve for y in terms
of x, but not always. Look at the circle of radius 5, 2* + 1 = 25. We can kind of solve

for y in terms of z, and get y = V25 — 22, and differentiate this. If we do this, we get
d x

&' T m
On the other hand, we can do implicit differentiation. This just means differentiating
the whole equation with respect to x, remembering everywhere that y is a function of

x so we need to use the chain rule whenever we see it, and multiply by d—y
X




Example

|

Assuming that y is defined implicitly by the equation 22 4+ y* = 25, find d—y Well we
X

d
just differentiate both sides! And we get d—(x2 + %) =
X

or d—y = —z/y. This matches up with what we have above, but works more generally!

d dy
2 2 2y — =
d(5),80 x + Y 0,

X

X
For the whole equation, not just the top half.

Example

|

Assuming that y is defined implicitly by the equation sin(y) = z, find d—y Differ-
X
d d
entiating both sides gives us cos(y) d—y =1, so d—y = 1/cos(y) = 1/ cos(sin"'(x)) =
X X
1/v/1 — 22, which is good, because y = sin~*(z), so we know that is the derivative!

Content

How to perform implicit differentiation:
(1) Differentiate both sides, taking care to use the chain rule any time you run into

Y
a 1y, so you get a —.
dx

(2) Collect terms with d—y on one side of the equals sign, and the terms without
X
on the other side.

(3) Factor out d_y from the appropriate side, and divide through by what is left to
X

solve for d—y as a fraction of functions.
X

Example

|

Let’s find d—y for ysin(zy) = ¢*> + 2.  Well differentiating both sides gives
X

yisin(xy) + d—ysin(xy) = 2y d_y With the chain rule and product rule, we see
ddX dx dx q q q
Y

d
™ sin(zy) = cos(zy)(x d—i +y), so y(cos(zy)x d—i + cos(zy)y) + d—i sin(zy) = 2y e

d d
Collecting terms with d—y, we get cos(zy)y? = —y(2y — sin(zy) — xycos(zy)), so
X

dx
dy cos(zy)y?

dx 2y —sin(zy) — zy cos(zy)’

Example

Let’s find the equation of the tangent line to zy* + sin(ny) — 22* = 10 at the point
(2,-3).




d d d

First implicitly differentiate to get 2zy Y +y* + cos(my)T Y 4y = 0, so —y(2xy +
dx dx dx

dy g — y?

cos(my)m) = 4z — y?, or

dy —1

= 22y T cos(mg)n Evaluating at the point (2, —3) gives

= . Then the equation of our tangent line is

dx'®™7 12+ cos(—3m)  —12—7

We can do the same for xy + sin(z) =1 at (7/2,0).

IV. DERIVATIVES OF EXPONENTIAL AND LOG FUNCTIONS

d
Consider the function f(x) = e®. We want to figure out o e” = f'(x). Using the limit
X
ex-i—h — e® ex(eh _ 1) eh -1
550 / T = 8 _ T 1 _
definition, we get that f'(z) = }lllir(l) — ]lllg%] — = ¢ ]}15)10 -
e” f'(0). We talked a long time ago about how one of the nice properties of e” is that

its derivative at 0 is 1, i.e. the slope of the tangent line at x = 0 is 1. This means that

f(0) =1, and we get that f'(z) = ™ e® = e”. This is a function whose derivative is

the same function! It is the only function with this property.

Content

We know f~'(x) = In(w) is the inverse function to f(z) = e”. Thus we have by the
1 1 1

- f(f@)  f(nz) e

1

—. This is a really nice use of the inverse function theorem to compute the derivative

x

of In(x).

inverse function theorem that e In(z) = (f 1 (x)
x

Content

We need to figure out the derivative of a general exponential function, f(z) = b" for
b>0,b# 1. Well we know f(z) = ™" = ¢*™ 5o by the chain rule, f'(z) =

G ixlnb =" nph = b%Inb.
dx
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