Midterm Exam 1
Math 20
July 19, 2012

Name:

Instructions: This exam is closed-book, with no calculators, notes, or books allowed.
You may not give or receive any help on the exam, though you may ask the instructor for
clarification if necessary. Be sure to show all your work wherever possible. You can leave
unless explicitly

your answer in terms of factorials, binomial coefficients, fractions, etc.

stated otherwise.
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1.

[14 points] True or False. For each problem, write the word true if the statement is

always true or false if the statement is not always true.

(a)

A Bernoulli trial can only ever have exactly two outcomes.

If A and B are independent, then P(AU B) = P(A) + P(B).

If A¢ and B¢ are independent, then so are A and B.

If PLANBNC) = P(A)P(B)P(C), then A and B are independent.

Expected value is additive. That is, for random variables X and Y,

E(X+Y)=EX)+ E().

Variance is additive. That is, for random variables X and Y,

VX +Y)=V(X)+V(Y).

If P(A°) = .2, P(B) = .8, and P(AN B) = .7, then P(AU B) = .3.



2. Short Answer. You only need to provide an answer for these. However, if you do
show work, you can receive partial credit.

(a.) [5 points] What is the probability of getting exactly n heads when you flip a fair coin
2n times?

(b.) [5 points| Suppose you have an urn with 34 red balls, 50 green balls and 36 yellow balls.
You select 10 balls from this urn. Find the expected number of yellow balls you end up
with.



(c.) [5 points] Suppose five people get on an elevator at the ground floor. The building has
10 floors (not including the ground floor) and each floor is equally likely to be visited by
a random elevator passenger. Find the probability that at least two of the passengers
will visit the same floor.

(d.) [5 points] Suppose you are playing the following game: A dealer places five cards face
down on the table in random order. One of them is the King of Hearts. If you can find
the King of Hearts, you win the prize. You pick a card at random. The dealer, who
knows where the King of Hearts is, flips over three of the other cards. He will only flip
over cards that are not the one you picked and not the King of Hearts. So there are
now only two cards left face down. The dealer now gives you a chance to switch cards.
Should you switch? If you switch, what is the probability that you win the prize?



3. [7 points] Prove the following formula: P(ANBNC) = P(A)P(B|A)P(C|AN B). Show
all steps.

4. [9 points] Prove that if X and Y are independent random variables, then V(X —Y) =
V(X)+ V(Y). Show all steps.



5. [7 points] There are two surgeons: Dr. House and Dr. Zoidberg. Each of them perform
two types of surgeries: brain surgery and removal of stitches. The following chart shows how
successful each procedure has been for each doctor.

Dr. House | Dr. Zoidberg
Brain Surgery 5% 20%
Stitch Removal 100% 90%
Overall 80% 85%

Notice that even though Dr. House is the better doctor when you look at the average
results of each procedure, Dr. Zoidberg has the better average record overall. What is this
phenomenon called? Describe the phenomenon and explain why it occurred in the case of
Dr. House and Dr. Zoidberg. Your answer should not be more than a few sentences.



6. Suppose there are 3 jars. In Jar 1, there are 4 gold coins and 1 silver coin. In Jar 2,
there are 4 gold coins and 4 silver coin. In the Jar 3, there are 4 gold coins, 10 silver coins,
and a copper coin.

(a.) [8 points] You pick a jar at random and draw a gold coin. What is the probability that
the jar you chose was Jar 37

(b.) [3 points] You pick a jar at random again and draw a copper coin. What is the proba-
bility that the jar you chose was Jar 37



7. Recall that a poker hand is a set of five cards randomly drawn from a deck of 52 cards.
For each of these problems, you should justify your answer.

(a.) [5 points] Find the probability that a poker hand does not include any face cards (so it
does not contain Jack, Queen, or King).

(b.) [7 points] Find the probability that a poker hand contains exactly two kings.



(c.) [8 points] Given that the hand contains exactly two kings, find the probability that the
hand doesn’t contain any other pairs. (For example, if your other three cards are 4, 5,
and Jack, your hand doesn’t contain any other pairs. However if your other three cards
are 6, 6, 9, or 4, 4, 4, then your hand does contain another pair.)



(d.) [12 points] Let Y be the random variable equal to the number of kings in a poker hand.
Find E(Y) and V(Y). Show all steps! You don’t have to completely simplify your
answer for variance, but there shouldn’t be any summation signs in your answer.

10



Bonus: Pick a letter from the word MISSISSIPPI. Call this letter your “point”. Replace
the letter. Keep drawing letters with replacement until you draw your “point” letter again.
What is the expected number of draws you will make (including the first one)?

11



