Math 22: Linear Algebra FINAL, Summer 2006

No calculators; one letter sheet of notes allowed. Your NAME: Nissuta
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1. [12 points] Consider the dynamical system x4 = Axy, where A = [ ;g _02 ]
(a) Categorize the stability of the origin: is it a repellor, attractor, or saddle point?
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(b) Given the initial condition xp = ERE compute x; and xs. [Hint: you will not
want to do this via simple matrix multiplication!)

For- 2= iy AL V;f L . l& [f,} f;,} egenveetor L |
él-;g’ *':H-t} ‘-“/2 Q g\'qgv\\)r’f&‘?ﬂ( ET { R
) a3 o N
l*cgl“_‘a ) *o= 2]\ - 3[J D Ky s NN ARV,
L‘]" Ko x( o D‘[] 3{1{ Lil“"..é]:\?]
?]E\} e l( \T] -3 ‘n azj = 1%,
- boe [2.,, ‘X.} li[ ] ¥ ‘l‘t, (fu- : I ] :5'\::« -
eL” 1181 'j ?.'l Yy - 93 f‘[ ]}‘Srﬁ\"[ S [ur}t‘l uij E};—‘. /
A Xc - Y 3( ﬂ%ro X [ u,
{c¢) Find a formula (111 terms oﬁ[n%mt oAt s { m [,%j ‘c|>f

yers, and the symbol k, only) for the entrle
Xy, for general k > 1.

N 2

N k k
X, 7 & \IL +0 ANy

¥l
2() 1]+ o [ 1]
-k
2 [ ] E 5)( a\]
[;‘ i qj z -3»( zJ
(d) To what direction will x; tend as k — oo 7 (You may give any nonzero vector in

this direction).
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2. [11 points] An engineering problem gives the linear system Ax = b, where A =

|
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1| andb= | 1 |, where a can vary.
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For what values of a is the system consistent? \
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(b) When consistent, is the solution unique? Why?
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(d) In this case, what is the minimum approximation error ||Ax — b|} 7
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3. [13 points] In parts a—c you don’t necessarily need to diagonalize the matrix in order
to answer the question. Also at least one eigenvalue will be obvious each time.
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(a) Is the matrix A= | 0 3 1 | diagonalizable? Why?
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(b) Is the matrix B= | 0 1 | diagonalizable? Why?
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(d) Take C to be whichever of the last two above matrices b) or ¢) was diagonalizable.

Find a matrix P and a diagonal matrix D such that C = PDP~!. [Note: several
points available here, so take care].
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4. [11 points]

(a) B={1,1+2t,—1+#*} is a basis for IP;, the vector space of all degree-2 polyno-
mials. Find the B- coordinate vector [P]s of the polynomial p(t} = 1 + 2t 4 3¢2.
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(b) Let U and V be orthogonal matrices. Prove that UV is then also an orthogonal

matrix.
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(c) If A and B are n x n matrices with the same set of n linearly independent eigen-
vectors, but possibly different eigenvalues, prove that A and B commute.
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5. [8 points] Assume all stock prices can have only two possible values, $1 (state a) and
$2 (state b). Let x, represent the probability vector whose two entries give the fraction
of stocks in state a and in state b respectively. The evolution of the market each day
is given by the following. Of the stocks in state a, one third of them jump up to b and
the other two thirds stay in a. Of the stocks in state b, all of them jump down to a.

{a) Construct the stochastic matrix for the Markov chain. .
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(b) Find the steady state probability vector. R .
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(c) Does efuery st arting probability vector xg converge to this steady state vector?
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6. {12 points] The matrix A has been converted to reduced echelon form as follows

1 2 0 1 1 20 1
9 4 -1 3 0 0
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(a) Find a basis for Row A
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(b} Find a basis for Col A
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(c) What is rank A?
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(d) Find a basis for (Col A)L. [Hint: to make this easier write Col A as the span of
the set from b), then write this as the column or row space of a new (smaller)
matrix].
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(e) The lines Span 0 and Span 1 are subspaces of R® and meet at
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right-angles. Are they each other’s orthogonal complement? Explain.
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7. [10 points]
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(a) Compute the determinant of the matrix 1 -9 9 6 [Hint: you may want
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to mix two techniques).
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(b) Use your above result to determine whether or not the matrix has a zero eigen-
value, or state that this cannot be determined using this result.
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(¢) Find the orthogoﬁal projection of the point x = | 0 onto the plane W =
-7
1 1
Span 1/(,] -1 . [Hint: use some nice property of the spanning set].
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8. [10 points] In each the following, 1 point is for true/false, and 1 point is for your
explanation.

(a) Tru@ A system of6 equations in 7 unknowns that is consistent for every
right-hand side vectoran have two linearly-independent solutions.
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(e True Given a linear dynamical system with matrix A, if all initial points

xg corvefge to.the origin (x; — 0 for k — o00), then all eigenvalues of A lie in the
range [0, 1).
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(f) [2-point BONUS:] True_/@{)Considered as a function of A, det
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