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1. THE GROUP Use

We have shown that U, is cyclic for any prime power p® where p is odd. In contrast,
we will see that Use is not cyclic, for e > 3, but we will be able to describe its group
structure concretely.

First, notice that Uy, U, are cyclic, but Uy is not, because 1,3,5,7 mod 8 all have
order 2. To prove that Use is not cyclic for e > 3, we will use induction. First observe
that |Uye| = ¢(2°) = 2°7!. Let a mod 2¢ be an arbitrary element of Us. This
element has order dividing 2¢~!, so must have the form 2¢, for some 0 < i <e—1. To
show that Use is not cyclic, we need to show that @ mod 2¢ has order 272 or less for
all @ mod 2¢ € Uy. Another way of saying this is that we want to show a2~ =1
mod 2¢ for all odd a.

First, we know this is true for Ug. Suppose this statement is true for e; we want to
show it is also true for e + 1. Since a2~ =1 mod 2¢, for every odd a, we can write
a2 ”® = 1+ k2 for some integer k. We want to show that ¢ =1 mod 2°t!, so we
square this expression for a2’

(a2572)2 _ a2671 _ (1 + k2€)2 -1 T k26+1 + k222€.
Notice that the second and third terms are divisible by 2! when e > 3. Therefore,
a2 =1 mod 2¢M, as desired.
So Use is not cyclic when e > 3. However, we will prove the following:

Proposition 1. The numbers 5,0 < i < 2°72, give a complete set of representatives
for Use.

One way of interpreting this proposition is that while Use is not cyclic, it ‘almost
is’, in the sense that while powers of 5 do not generate all of Use, the powers of 5
along with their negatives do generate all of Use.

Proof. The idea of the proof is to first show that the numbers 5%, 5%, ..., 5% "~ are
all distinct, and then show that their negatives are also distinct, and not congruent
to any of these powers of 5 mod 2°. The first part is equivalent to showing that 5
has order 2¢72 in Use. Since the order of 5 in Use is a power of 2, this is equivalent to
showing that 52" # 1 mod 2¢.

We do this by induction. Indeed, for e = 3, notice that 52° ° = 52" = 5, and clearly
5% 1 mod 23. Assume that 52 ° % 1 mod 2% we want to prove this statement

with all the es replaced by e + 1. First, notice that
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5277 1= —1)(5* " +1).

The second term on the right is = 2 mod 4, because 52 ° = 12" = 1 mod 4.
Therefore the second term on the right hand side is divisible by 2 but not 4. On the
other hand, 5% — 1 is not divisible by 2¢, by the inductive hypothesis. Therefore
52°* — 1 is not divisible by 2¢t!, because if this were so, then 52" — 1 would be
divisible by 2°.

So we know that 5%, 5%, ..., 52 °~! are all incongruent mod 2¢. Consider —5°, —5, ..
These are all incongruent to each other mod 2¢, and they are also incongruent to any
of the positive powers of 5. Indeed, if 5 = —5/ mod 2¢, then 5 = —5/ mod 4,
which is impossible, because 5° =5 =1 mod 4, and 1 Z —1 mod 4. So the entire
list £5%, £5%, ..., +52*~1 consists of 2671 integers which are all incongruent mod 2°.
But then these must be a complete set of representatives for Use, because there are
2¢71 elements in Use. O

Example. This proposition tells us that Ug consists of £5°, +5', which matches
what we already know, because —1 =7 mod 8, —5 =3 mod 8.

Corollary 1. As a group, for e > 3, Use is isomorphic to 727 x Z/2¢ *Z.

Proof. Consider the map f : Use — Z/27 X 7./2¢7%7Z given by f(5') = (0 mod 2,1
mod 2¢7%), f(—5") = (1 mod 2,7 mod 2°72). The previous proposition tells us that
this map is well-defined and a bijection. This map also clearly respects the group
operation on the respective groups. U

2. THE GENERAL CASE: U,

We are now in a position to understand when U, is cyclic, for general n. Recall
that we know when U, is cyclic: if p is odd this is always cyclic, while if p = 2, this
is only cyclic for e = 1,2, and otherwise is not cyclic. A homework exercise, which
is an application of the CRT, tells us that if a,b are relatively prime, then U,,, is
isomorphic to U,, x U,. One can apply this repeatedly to see that

Up(ilmpgr ~ Upil X ... X Upgr.
So to understand when U, is cyclic, we should try to understand when a direct
product of groups is cyclic or not. This is the content of the following sequence of
lemmas.

Lemma 1. If m,n are not coprime, then Z/mZ x Z/nZ is not cyclic. More generally,
given two groups G,G' of orders m,n, if m,n are not coprime, then G x G’ is not
cyclic.

Proof. The first part is a homework assignment. The second part is an easy general-
ization, although we will not need to use it. U

Lemma 2. If G is not cyclic, and G’ is any group, then G x G’ is not cyclic.

Proof. Suppose that G x G" were cyclic, and had generator (g, ¢’'). Then the elements
(¢°,¢") as i ranges over integers cover all the elements of G x G'. In particular, every

_526*2—1
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element of G' can be written in the form ¢¢ for some integer ¢, which would imply
that ¢ is a generator of (G, contradicting the fact that G is not cyclic. O

We can now completely determine when U, is cyclic:

Theorem 1. U, is cyclic if and only if n = 1,2,4,p°, or 2p°, where p is any odd
prime, e > 1 any positive integer.

Proof. First we check that if n = 1,2, 4, p° 2p°, then U, is cyclic. For n = 1,2, 4, this
is clear. We also know this already for n = p®, so we need only check n = 2p°. In this
case, Ugpe > Uy x Upe. Since U, is the identity group (the group consisting of exactly
one element), this means that Usye o~ Upe, which we know is cyclic, so Uy is cyclic
as well.

Now we prove the converse. If n is not of the form above, then n is either equal
to 2¢,e > 3,2/p°, f > 2,e > 1, or has two distinct odd prime divisors. In the first
case, we already know that Use is not cyclic. In the second case, we know that
Usrpe =~ Uyr x Upe. If f > 3, we are done, because then Uy is not cyclic and the
second lemma tells us that U,, will not be cyclic either. If f = 2, then Uy ~ Z/2Z. On
the other hand, we know that U, is cyclic and of order p*~'(p — 1), so is isomorphic
to Z/p*~t(p — 1)Z. Since p is an odd prime, p*~!(p — 1) is even, so is divisible by 2.
But Uy x Upe ~ Z /27 x Z./p°*"'(p—1)Z, and the orders of the two groups in the direct
product are not coprime, so their direct product is not cyclic by the first lemma.

Finally suppose we are in the final case, where n is divisible by two distinct odd
primes, say p,q. Then U, ~ ...Up x U, X ..., where the missing parts of the
product on the right correspond to the unit groups mod other prime powers in the
factorization of n (if there are any). Then 2 | ¢(p®), ¢(q), so Upe x U,s is not cyclic
(since the relevant orders are not coprime), which in turn means that Uy x Uyr x ...
is not cyclic.
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