Math 35: Real analysis
Winter 2018 - Homework 5

Total: 20 points Return date: Wednesday 02/07/18
Chapter 6.1 - 6.3

keywords: infinite series

Instructions: Write your answers neatly and clearly on straight-edged paper, use complete
sentences and label any diagrams. Please show your work; no credit is given for solutions without
work or justification.

Chapter 6.1

exercise 1. ¢) (& points) Find a simple expression for the sequence of partial sums. Then
find out whether the following series converges or diverges.

[e.e]

(k + 1)

S (A1),

k=1

Solution: We first note that In (51) = In(k + 1) — In(k). Hence

S, = 21 <k+1> Zln(k+1)—ln(k):kiln(k—i—l)—zn:ln(k;)
=1

k=1
..+ In(n)+1In(n+1))
—(In(1) +In(2) + In(3) + ...+ In(n)) =In(n + 1) — In(1) = In(n + 1).
The series converges if and only if the sequence (S, ), converges. But
lim S, = lim In(n+1) =
n—oo n—oo

Hence the sequence and therefore the series diverge.

exercise 3. (4 points) Let p € IN be a fixed natural number. Find the sum of the series
>
— k(k +p)

Solution: Idea: We would like to relate the product k(k+ y to the sum 7 + ﬁ to (hopefully)
turn the series into a telescoping sum. So we try to find constants A and B, such that

0-k+1| 1 —é+ B A-(k+p)+B-k _|(A+B)-k+A-p
k(k+p)| k(k+p) k k+p k(k + p) B k(k + p)
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As k varies this is only possible if A= —B and 1 = A - p, hence A = % and B = —%. We obtain

11 /1 1
Ek+p) p \k k+p)’
Hence
5 " 1 "1 1 "1 &1
p-on| = P = 7 = 7.
kzlk'(k—i—p) 1k; k+p kzlk kleH—p
T bt 41
o\ 2 P p+1 p+2 n
( 1 1 1> 1 1 >
==+ —=+...+=) -
p+1 p+2 n n+1 n—+p

The series converges if and only if the sequence (Sy,), converges. We have

p

PRI R SR S DR B R o8 S R N
i Sn = m A\ -2 ) T | R | -

k=1

D=
o
M-
—

El

Hence the sequence and therefore the series converge.

Chapter 6.2
exercise 1. (4 points) Prove the Comparison test. We recall
Theorem 6.6 (Comparison test) Let Y .-, a; and Y .-, by be two series, such that
ap,bp >0 forall keIN and ap <b, forall k> K € N.
Then
a) If the series > ;- | b converges, then the series -, ay converges.
b) If the series > - aj diverges, then the series > ;- by diverges.

Solution: We recall that a series converges, if and only if its sequence of partial sums
converges. Let (Sy)n = (3 p_; ax), and (Tn)n = (D>_j_; ax), be the two sequences of partial
sums. We first note that, as all elements of the sequence (ay), are non-negative that

Sn+1—5n:an+120:>5n+125n for all n € IN.
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Hence (S,), is an increasing sequence and by Theorem 2.10 of the book it converges if and
only if it is bounded. Furthermore the same is true for the sequence (T},),
) As the series )~ | b, converges, we know that (77,), is bounded. This implies that, as a; < by,

for all £ > K that
oo o0 oo
1< ms S nedn
k=K k=K k=1
As Y, ag is a finite sum and therefore bounded from above by some A € R, we have
00 K- 0o
I SIS SPPES:
= k= k=K
——
<A

Hence ) ;2 aj is bounded and therefore the series converges
b) In a similar fashion, if > 72 | a diverges then it must be unbounded, as if it was bounded, it

would converge by Theorem 2.10. Hence
K—1

lim S, = o0 and lim S, —Zak—T}LIgoZak—

n—o0 n—oo

This means that Y77 ;- ai is unbounded and therefore also have

n n
oo = lim ar = lim b, = lim b

Hence the series Y2 by diverges.

exercise 8. (3 points) Find the sum of the given series

b) Solution: For > ;2 , 1%,? — we get
10-2 2 2 2
SO - w2 w3 (2) oo (2 (2) -2 (3))
k=4 53 k=4 k=0 k=0
geom. serics 1 2 22 23 320
2500 - —(1+= ) ) ==
(1 -2 N 3
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c) Solution: For ) 77, 2% - %% we get

3 2 33 =2 [3 o~ 2 2
Zﬁ—gk-l-l ok gk+1 Zﬁ_?’ o 23 3k 3
k=1 k=1 k=1 k=0 k=0
geom;em’es 31_3 _ 2 11_2 :3_1: §
1-1 3 1-1 3 3 (3

Chapter 6.3
exercise 4. (3 points) Suppose that the series )~ | aj converges absolutely. Prove that the

by Theorem 6.2 of the

series Y ;o a2 converges.

Solution: We know that > 72, |ax| converges and that

book. This means that for € = 1 there is N = N(€) € N, such that

lim a; =0
k—o0

lap, — 0| = |ag| <1 forall k>N

As 22 < |z for all z € [0,1] we have that
0 <ai <lag| forall k> N.

As 7% |ag| converges the Comparison test implies that the series Y 3o, a2 converges.

exercise 12. ¢) (3 points) Determine whether the series

~ (kD)?
Z ]{7)‘ converges.

= 2
Solution: We try the Ratio test. As all a; are positive, we have
lagy1] (b + 1)!)? . (2K)  (2k)! _ (k+1)H?2 B (2k)! . (k+1)! 2
lar]  (2(k+1) (kN2 (2k+2)! (N2 (2k+2)-(2k+1) - (2k)! k!
B 1 (k+1)-k)\* (k+1)2 k41
2k +2)-(2k+1) k! C2(k+1)-(2k+1)  2-(2k+1)°
Hence L1 .
lim 2l g, kAL gL
k—oo |ag] k—oo 2+ (2k + 1) 2

As L = % < 1 we conclude that the series converges by the Ratio test.




