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Note: So far, we have seen limit sets that are closed loops and limit sets that
are a single point. Poincaré-Bendixson tells us that these are essentially the

only two possibilities in IR*, In higher dimensions, limit sets can be far more
complicated (i.e. strange attractors).
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Note: The limit set in the previous question is not a sable equilibrium.
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Limiting Sets and Stable Manifolds tor Continuous Dynamical Systems

3. Consider the system of equations

T =z — 2y — z(z* + 3y°)
y = 2z 4+ y —y(z® + 3°).
(a) Classify the fixed point at the origin.
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{b) Rewrite the system of differential equations in polar coordinates.
Use r? = 22 + 4* and differentiate both sides.
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Limiting Sets and Stable Manilolds for Continuous Dynamical Systems

Definition For a fixed point z*, the stable manifold 5(2*) is the set of
all points xo that tend to the fixed point as ¢ — 0.

S(z*) = {xo: tlirgo |F'(t, zo) — z*| = 0}.

And similarly, the unstable manifold is the set of points zy that tend
to the fixed point as t - —o0,

U(z") = {0 : lim_|F(t,20) — "] =0},
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The general solution is given by
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where vy = (c1, 02 #2¢, ¢4} . . Show that v* = (0,0,0) is an unstable
equilibrium. Then, verify that the stable manifold of v* = (0,0,0) is
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(¢) Find the maximum radius 7, for the circle on which all the
solutions are crossing outward across it.
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(d) Find the minimum radius 7., for the circle on which all the
solutions are crossing inward across it.
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(e} Prove that there is a periodic orbit somewhere in the annulus
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Limiting Sets and Stable Manifolds for Continuous Dynarmical Systems

5. Consider
zT=—-2r+y

y=4-2zy.

Find the fixed points and determine their stability. Indicate the local
behavior of the system near each fixed point (saddle, spiral, .. .).
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6. Consider

Determine the fixed points and the stability of each. Indicate the local
behavior of the system near each fixed point (saddle, spiral, . ).
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