Bases

Definition

If X is a set and 5 C P(X), then we call 5 a basis in X if
(a) Forall x € X thereis a U € 8 such that x € U.

(b) If Ui, U, € 8 and if x € Uy N Uy, then there is a
Us € B such that x € U3 C U; N Us.

We can summarize property (a) by saying the union of the elements
of B is all of X. We will often just say that /3 is a cover of X.

If B covers X and is closed under nonempty intersection—that is
U,V € g implies UN V € [ provided it is nonempty, then (b)
holds.




The Generated Topology

Definition
If 5 is a basis in X, let 7(53) be those subsets U C X such that
give x € U thereisa V € § such that x € V C U.

If B is a basis in X, then 7(53) is a topology on X called the
topology generated by B. If U € 7(8), then U is a union of
elements from (3.

Definition

If (X, 7) is a topological space and f is a basis in X such that
7 = 7(), then we call 8 a basis for 7.




Key Proposition

Proposition

Let (X, 7) be a topological space. Suppose 3 C T is such that give
U € 7 and x € U, then there is a VV € 8 such that x € V C U.
Then (3 is a basis for 7.




