Let R/ = HjeJ R. Then the uniform metric on R’ is given by

p(x,y) =sup{d(x,y;) :j€ J}

where

d(a,b) = |a—b| if|a—b| <1, and
SR if la—b| > 1.

The corresponding metric topology on R is called the uniform
topology.

Proposition

Let 75, T4, and Ty, be, respectively, the product topology, the
uniform topology, and the box topology on R?. Then

Tp C Ty C Tp.




Metrizable

The product topology on R = HneZ+ is metrizable. In particular,

d(Xn, Yn
D(x,y):sup{(ny):n62+}

is a metric on R¥ inducing the product topology.




analysis

Theorem

Suppose that (X, d) and (Y, p) are metric spaces and f : X — Y
is a function. Then f is continuous if and only if for all x € X and
all e > 0 there is a 6 > 0 such that

d(x,y) >0 implies p(f(x),f(y)) <e.




The Sequence Lemma

Theorem (The Sequence Lemma)

Suppose that A is a subset of a topological space X.

Q [f there is a sequence (a,) C A such that a, — x in X, then
x € A.

O If X is metrizable and x € A, then there is a sequence
(an) C A such that a, — x.




