Order Topology

Let (X, <) be an ordered set. Then the order topology on X is the
topology generated by the basis 8 consisting of unions of sets of
the form

@ Open intervals of the form (a, b) with a < b in X.

@ If X has a smallest element ag, then we also include half-open
intervals [ag, b) with ag < b in X.

© If X has a largest element by, then we also include half-open
intervals of the form (a, by] with a < by.

@ The order topology on R is the usual topology.

@ The order topology on Z is the discrete topology.




The Product Topology

Then the product topology on the cartesian product X X Y is the
topology generated by the basis of open rectangles

B={UxVcCcXxY:UertandVeo}.

Let (X,7) and (Y,0) be topological spaces. Suppose that (3 is a basis for
T and ~y is a basis for o. Then

y={UxVcXxY:UeBandV ey}

is a basis for the product topology on X x Y.

The product topology on R = R x R is the usual topology on R2.




The Subspace Topology

Theorem
Suppose that (X, 7) is a topological space and that Y C X. Then

v={UnY:Uer}

is a topology on Y called the subspace topology on Y. We say that
(Y, 7y) is a subspace of (X, T)

Theorem
Suppose that Y is a subspace of X. If 5 is a basis for the topology on X,
then

By ={UNY:UecpB}

is a basis for the subspace topology on Y.

Example

The order topology on [0, 1] is the subspace topology on [0, 1] viewed a
subspace of R.




