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Getting Started

@ We should be recording.

@ Our preliminary exam will be available on gradescope after
class. It must be turned in by Sunday January 31st by 10pm.
You will have 150 minutes to work the exam and an additional
30 minutes to scan, link, and upload your exam to
gradescope. The Exam will cover through §I11.5 in the text.

© | suggest blocking out a three hour window now so that you
can work undisturbed. Although officially a take home exam,
it is effectively an “in class” exam where you get to pick when
you take it.

@ Time for some questions!
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Continuous Functions

If (E,d) and (E’,d") are metric spaces, then we write
f:(E,d)— (E’,d’) to denote a function f : E — E’ and at the
same time name the metric d on E and d’ on E’. Just as
previously, we will often simple write f : E — E’ and name the
metrics later.

A function f : (E,d) — (E’,d’) is said to be continuous at xp € E
if for all € > 0 there is a § > 0 such that d(x,xp) < 0 implies

d'(f(x), f(x)) < €.

Formally, the ¢ is the above definition depends on the choice of
both € > 0 and xp € E. But we get fussy and write § = d(e, xp)
when we need to emphasize this point.
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Alternatives

Note that f : (E,d) — (E’,d") is continuous at xp € E if and only
if given € > 0 there is a § > 0 such that

f(Bf (x0)) € BE ((x0))-

Let W be a subset of a metric space a neighborhood of xg € E if
W contains an open subset containing xo. Then f : E — E' is
continuous at xq if f~1(V) is a neighborhood of xo whenever V is

a neighborhood of f(xp).

| will leave this as an exercise. ]
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Continuous on

Definition

|‘

If E and E’ are metric spaces, then we say that f : E — E’ is
continuous if f is continuous at every x € E.

Example

Consider f : (0,00) — (0,00) given by f(x) = 1. Show that f is
continuous.

Solution

Fix xg € (0,00). Let § = min{ 2 eXO }. Then if |x — xo| < 0, we
havexeo—(xo—x)Zxo—]xo—xl > % >0. Then

|x — xo 2
If(x) —f(x0)| = — < |x— x| < e
|xx0] xg

Thus f is continuous as claimed.
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Let (E, d) be a metric space and pg € E. Let f(x) = d(x, po).
Then f is continuous from E to R.

Note that |f(X) o f(y)| = |d(Xa pO) - d(YaP0)| < d(Xay) by the
reverse triangle inequality. Hence given xo € E and € > 0 we can
let 6 = e. Then |f(x) — f(xo| < d(x,x0) < €. Note that in this
case, our choice of ¢ did not depend on the choice of xp.

Let E be a metric space with xp € E. Let f : E — E be the
constant function f(x) = xo for all x. Then f is continuous.
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More Examples

Let E be a metric space and f : E — E the identity function; that
is, f(x) = x for all x € E. Then f is continuous. In the case where
E = R, then we usually denote this function by simply x.

Example
Consider the function f : R — R given by

F(x) = { x if x is rational, and

—x if x is irrational.

Then f is continuous at xp if and only if xo = 0.
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Solution

Solution

Suppose xo = 0 and € > 0. Since |f(x) — f(x0)| = |x — 0| we can
take § = € and f is continuous at 0. Now suppose xp > 0 and
rational. Let € = xg. Then for all 6 > 0, there is a irrrational x such
that |x — xo| < min{ 6, [xo| }. Then x > 0 and since x is irrational
|f(x) — f(x0)| = x + xo0 > xo. Therefore f is not continuous at xg.
The proof is similar if xg > 0 and irrational or if xg < 0.
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Suppose that f : E — E’ is continuous. Suppose that S is a subspace of
E and f|s : S — E’ the restriction of f to S. Then f|s is continuous.

This is practically automatic. Suppose xog € S and € > 0. Then there is a
d > 0 so that if x € E and d(x, x0) < 9, then d'(f(x),f(x) < €. But
then if y € S and d(y,xp) < 9, then

d'(fls(y), f(x0)) = d'(f(y), f(x0)) < € as required.

Similarly, if S” is a subspace of E’ and if f : E — S’ a function, we can
formally extend f to a function " : E — E’ by letting '/(x) = f(x).
Then f is continuous if and only if ' is continuous. Then for example,
the function f(x) = 1 is continuous from (0,1) to (1, 0).
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Time for a quick break and questions.
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Topological Continuity

Suppose that E and E' are metric spaces and f : E — E' is a
function. Then f is continuous if and only if

f~1(V)={x€ E: f(x) € V} is open in E whenever V is open in
E'.

Suppose that f : E — E’ is continuous. Let V be open in E’ and
fix xo € f71(V). Then f(xp) € V and there is a € > 0 such that
BE'(f(x0)) C V. Since f is continuous at xo, there is a § > 0 such
that f(BE(x0)) C BE'(f(x0)). Hence

BE(x0) € F1(BE (f(x0)) € FH(V).

Since xp € f1(V) was arbitrary, this shows f~1(V) is open.
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Proof

Proof Continued.

Conversely, now suppose that the inverse image of open sets is
open. Let xo € E and € > 0. Since BE'(f(xp)) is open in E’, by
assumption, f~1(BE'(f(x))) is open in E. Since

X0 € f‘l(BeE/(f(xo))), there is a § > 0 such that

BE(x0) € f~1(BE'(f(x0))). But then

f(Bf (x0)) C BE (f(x0))
and we agreed that, since € > 0 was arbitrary, this shows f is

continuous at xp. Since xg was arbitrary, we've shown f is
continuous as required. []
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If f: E — Ris continuous, then {x € E : f(x) > a} is open in E;
it is the inverse image of the open set (a,00). Similarly,
{xeE:f(x)<b}and {xe€ E:a<f(x)<b} areopenin E.
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Suppose that f : (E,d) — (E',d") and g : (E',d") — (E",d") are
functions. Then we can form the composition

gof:(E,d)— (E",d") (recall that g o f(x) := g(f(x))). If f is
continuous at xg and g is continuous at f(xp) then g o f is
continuous at xg. In particular, if both f and g are continuous,
then sois gof.

In flowery terms, “the composition of continuous functions is
continuous” .
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Fix xo and € > 0. Since g is continuous at f(xp) there is a ¢’ such
that d’'(y, f(xo) < &' implies d”(g(y), g(f(x0))) < €. Since f is
continuous at xg, there is a 0 > 0 such that d(x, xg) < ¢ implies
d'(f(x),f(x0)) < &’. But then d”(g(f(x)),g(f(x0))) < e. This
shows that g o f is continuous at xg. Now the second assertion
follows as well. O

If we just want to prove that g o f is continuous when f and g are,
we can use our open set criterion. If V is open in E”, then

gof (V)= f"1(g 1(V)). Then g~ (V) is open in E’, so that
f~Y(g=(V)) is open in E as required.
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A Bit of Fluff

Example
Consider the function f : R — R given by

Flx) = {O if x is irrational, and

% ifx:gwithpEZ,qENwith (p,q) =1

Here (p, g) = 1 just means that p and g have no nontrivial
common factors. This function is sometimes called the ruler
function. Why do you suppose that is? Does anyone want to
speculate on where, if anywhere, the ruler function is continuous?
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The Ruler Function

Solution

I claim that the ruler function is continuous at every irrational and
discontinuous at every rational. Suppose that x is rational and
that f(x) = %. Let0<e< %. Then for any § > 0, there are
irrational y such that |y — x| < 6. But then |f(y) — f(x)| = % > €.
So f is not continuous at x.

Now suppose that x is irrational and € > 0. Then there isan € Z
such that n < x < n+ 1. Since there is a N € N such that % < €,
there are only finitely many g € N such that % >e€ ButifpelZis
such that n < g < n+1 then gn < p < q(n+ 1). Hence for any
q € N, there are only finitely many rationals of the form £ in
[n,n+ 1]. Thus the set F of r € [n, n + 1] such that f(x) > € is
finite. We can assume n,n+1¢€ F. Let 6 =min{|r—x|:r € F}.
Then if |y — x| < 9, we have |f(y) — f(x)| = f(y) < e. Thus the
ruler function is continuous at every irrational.
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@ That is enough for today.
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