16 GENERAL DEVELOPMENTS Cuap. 2

an arbitrary individual cannot

The first clause of the axiom guarantees that
e restrictions on

play the role of the empty set 0. Justifying reasons for th
the variable v are given in the next section.

Tn principle all of the axioms and theorems of set theory that we state
in the following pages can be written as primitive formulas of the object
language — indeed, our official object language chall consist of these prim-

itive formulas. For working purposes it will be useful and eonvenient to

introduce by definition considerable _additional notation. We shall in

practice apply the axiom schema of separation to formulas which are not
written solely in primitive notation; but since at any point in our develop-

ber of definitions will have preceded, such a formula

ment only a finite num
can be replaced by a primitive formula by 2 finite number ot substitutions.

Regarding definitions, then, our viewpoint 18 that they are informally
admitted if clear recipes are given for eliminating new symbols from any

context. We thus require that 2 formula of the object language which

introduces a new symbol must satisfy the following:

CRITERION OF ELIMINABILITY. A formula P introducing a new symbol
satisfies the criterion O climinability f and only if: whenever Q, isa
formula which the new symbol occurs, then there 1S @ primitive formula

Q. such that P — (Qu > Qo) 18 derivable from the axioms.

Notice that we have stated this criterion without giving an exact definition

of formula (as opposed to primitive formula). Quch a definition ig straight-
d in this book, and then

forward if we list all the defined symbols introduce
f this list as we did before with the primitive notation.

proceed in terms ©
This tedious task we shall not perform, but we do want to mention a second

criterion we expect our definitions to satisfy, namely, our definitions must

not be creative.
e
_//CRITERION oF NoN-CREATIVITY. A formula P introducing a mMew
symbol satisfies the criterion of non-creativity if and only if: there 8 N0
primitive formula Q such that P —Q 18 derivable from the axtoms but

Q is not.
In other words, 2 definition should not function as & creative axiom per-
mitting derivation of some previously unprovable sormula in which only
primitive notation oceurs.

The classical problem of the theory of definition for any exactly stated
mathematical theory is to provide rules of definition whose satisfaction
entails satisfaction of the two ecriteria just stated. We may restriet our-
selves here to rules for defining operation symbols. Slight modifications
leg for defining relation symbols and individual con-

yield appropriate ru
stants.* In these rules we refer to preceding definitions, which implies

that the definitions are given 1n 2 fixed sequence and not simultaneously;

*Individual constants may in fact be treated as operation symbols of degree zero-
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Sec. 2.1 GENERAL DEVELOPMENTS 15

Ezxpressions of the object language are finite sequences of the five classes
of symbols of the language. Certain of these expressions, simply because
of their structure, are called primitive formulas of the object language.
- We now define such formulas so that merely by looking at the form of an
expression we can automatically decide in a finite number of steps whether
or not it is a primitive formula. Although this definition is purely syntac-
tical or structural, it is just the expressions satisfying it which have a clear
intuitive meaning. An expression like ‘( — € 2’ is not a primitive formula
and has no intuitive meaning.

We first define primitive atomic formulas.

A primitive atomic formula is an expression of the form (v € w), or of
the form (v = w), where v and w are either general variables or the con-
signt D"
Thus ‘zc ¥’ and ‘% = 0’ are primitive atomic formulas.
We may now give what is usually called a recursive definition of primitive
formulas:

(a) Every primitive atomic formula ts a primitive formula;

(b) If P 2s a primitive formula, then =P is a primitive formula;

(¢) If P and Q are primitive formulas, then (P& Q), PV Q),
(P— Q), and (P < Q) are primitive formulas;

(d) If P is a primitive formula and v is any general variable then (Wv)P,
(3v)P and (EW)P are primitive formulas;

(e) No expression of the object language is a primitive formula unless
its being so follows from rules (a) - (d).

The following are examples of primitive formulas of the object language
which are not atomic: ‘(Jz)(Vy) - wez), @ecy—yc, (Elz)
(0 = 2)’. In terms of this definition, an exact formulation of the axiom
schema of separation is then:

Any primitive formula of the object language of the fwm

(IN(@Ew)w, EvVv=0& (VW wEveowcv&y))

18 an axtom, provided the variable v is distinct from v and w, and 18 not
free in the primitwe formula .

[ $qr? i ¥ £

*In this definition, as elsewhere, we use the boldface letters ‘w’, %, ‘w’, ‘u/, v/,
‘wy’, . .. as metamathematical vm"mbles which take as values varlables el Ayl it

. or the constant ‘0’ of the object language. And we use boldface letters, ‘P, ‘Q’

., as well as Greek letters ‘¢’ and ‘¥’, as metamathematical variables which take as
values formulas of the object language. The conventions about use and mention fol-
lowed here, which are probably obvious, are that (i) the constants ‘€’ and ‘=’, the
sentential connectives, the quantifier symbols, and the left and right parentheses are
used as names of themselves, and (ii) juxtaposition of names of expressions denotes a
binary operation on expressions which yields new expressions (for example, ‘z€y’ &
‘Y€z = ‘ecy & y£2’). For amore detailed discussion of these conventions, see Chapter 6
of Suppes [1957].
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Sec. 2.1 GENERAL DEVELOPMENTS 17

this approach permits use of defined symbols in the definitions of new
symbols. *

Proper definitions of operation symbols may be either equivalences or
identities. We begin with the former.

An equivalence P introducing a new n-place operation symbol O is a
proper definition if and only if P is of the form

Olvy ... va) =we=Q

and the following restrictions are satisfied: (i) v,, ... ,vs, w are distinct
variables, (i) Q has no free variables other than v, . . ., va, w, (i) Q
ts @ formula in which the only non-logical constants are the primitive or
previously defined symbols of set theory, and (iv) the formula (BE!w)Q
28 derivable from the axioms and preceding definitions.

Regarding the phrase ‘non-logical constants’ in (iii), the only logical con-
stants are those introduced in §1.2; all other constants are non-logical.
Justification of the various restrictions is easily given. Here we shall
emphasize only the importance of (iv). Consider the following definition
in elementary arithmetic of the pseudo-operation .

(1) rThy=zoz<z&y<a
Clearly it is false that
(ER) (z <z2&y <2).

Thus (1) violates (iv), and we want to show that violation of it will lead
to a contradiction. Now since 1 < 3,2 <3, 1< 4, and 2 < 4, we im-
mediately infer from (1):

1+x2=3
and

1x2=4
whence

4 = 3,

which is absurd. In ordinary mathematical language the point of (iv)
is to require that performing an operation shall always yield a unique object.
For a definition which is an identity we have the following rule.

An identity P introducing a new n-place operation symbol O is a proper
definition if and only if P is of the form

O(vy oo o) =t

*The rules to be given and related matters are discussed in more detail in Chapter 8
of Suppes [1957].

-
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An example of a definitio
definition of subtraction in

It is straightforward to prove that definition
rules just given, or the analogous one

. va are distinct

and the following restrictions are solisfied: (1) vy - -
. Va, ond

variables, (i) the term t has no free variables other than vy, - -

(iii) the only non-logical constants in the term t are primative symbols

and previously defined symbols of sel theory.
n by means of an identity in arithmetic is the
terms of addition and the negative operation.

z—y=2c+ (=9
s satisfying either of these
s for relation symbols and individual

he criteria of eliminability and non-creativity.

constants, satisfy t
in mathematics and many

of the definitions to be introduced in th
of eliminability; and t
not satisfy one of the t
may be simply stated:
typical instance of a
definition of division,

s common1
e sequel do not satisfy the eriterion

ns of operation symbols do
wo rules introduced. The reason for this failure
the definitions are often conditional in form. A
conditional definition in arithmetic 18 provided by a
for which the problem of division by zero arises.

Unfortunately many of the definition:

hus most of the definitio

(1) y#@—%(x/y=z¢—>x=y-z).

Using (1) as the definition of the operation symbol fd_r divist
eliminate the symbol from contexts like:
1/0 # 2.

on, we cannob

On the other hand, we can use (1) to eliminate division in all “interesting’”’
cases, that is, all those which satisfy the hypothesis of (1). Moreover, it

is not difficult to modify the two rules given in such a way that conditional

definitions satisfying them satisfy the criterion of non-creativity. In fact,
the appropriate modifications of the rule for equivalences which define
bodied in the following.

operation symbols are em
An implication P introducing a new operatiorn symbol O is @ conditional

definition if and only if P is of the form
Q — [Ovysas « Vn) = w <Rl

are satisfied: (i) the variable w 1s mot free
Nny, W QTE distinct, (iii) R has no free
w, (iv) Q and R are formulas wn which
the only mon-logical constants are the primative symbols and previously
defined symbols of set theory, and (v) the formula Q — (Ew)R 18
derivable from the axioms and preceding definitions.

on of an operation symbol into a proper
¢ eliminability is a routine matter once

and the following restrictions
in Q, (i) the variables vy, - - -
variables other than vy, - - - ;¥n

To convert a conditional definiti
definition satisfying the criterion o
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