Taylor Polynomials
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Goal and motivation

We want to approximate certain functions with polynomials
(such that they have the same derivatives).

Such approximations are also useful to

@ integrate functions that may not have an elementary antiderivative

(eg. flz)=¢")

e to solve some differential equations (i.e. equations involving
derivatives)
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We already know such an approximation... linear aproximation:

Given a differentiable function f : R — R, then the linear
approximation of f at x = a is given by

T(z) = f(a) + f'(a)(z — a)

Idea: approximate a function with a straight line close to a given
point (i.e. use the tangent to its graph).
Example: The linear approximation of f(z) = e* at x = 0 is given by

Tx)=e+e(z—-0)=1+z

Unfortunately, this is a bad approximation further away from 0. E.g.
f(4) = 54.59815003, but 7'(4) = 5.
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An improved approximation

Let’s explore T'(z) = f(a) + f'(a)(x — a), for some function f at z = a,
and build on its properties to find better approximations.
We note that

o T(x) = f'(a)x + constant, that is, T(x) is a 1%!-degree polynomial

e T'(a) = f(a) and T'(a) = f'(a), i.e. they have the same derivatives
at r = a.

New idea: approximate f by a polynomial T}, (of arbitrary degree n)
such that derivatives of all orders are equal (i.e. Tr(Lk)(a) = f®)(a)).

Hopefully the approximation gets better as we increase the degree of
the polynomial...
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Taylor Polynomials

Suppose f has continuous derivatives of all orders.

The n'*-degree Taylor polynomial of f at z = a is
" (3)
@) = f@)+ @0+ 2w 0+ LD ey g
fMa)
..—1—2.3.'.”(:5 a)
S f(k) (a) k
k=0

When a = 0 we call T,, a Maclaurin polynomial.
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https://www.geogebra.org/m/s9SkCsvC

Examples

Find
@ the 4'-degree Taylor polynomial for f(z) = e at = = 0,
@ the 4"~ and 40'"-degree Taylor polynomials for g(z) = cos(z) at
x =0,
@ the 20""-degree Taylor polynomial for h(z) = 272 at = 1.
@ the 70""-degree Maclaurin polynomial for y(z) = sin(3z) at = = 7.

How good are these approximations?
Consider
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https://www.geogebra.org/m/s9SkCsvC

Error

Definition

The n'* remainder is defined by

R () = f(x) = Tu().

The error in the approximation is

| R(z) | -

We hope that
lim R(z) =0

n—oo
or equivalently, that
lim T,,(z) = f(z).

n—o0
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Examples

We’ll have more to say about the following important example that
will be used later on again.

1
1 — gltn
(1) Show the Maclaurin polynomial for f is T, (z) = .
-z
$1+n $1+n
(2) Show that T),(z) = f(z) — . So Ry (z) = 1
-z -z

(3) Compute lim R,(3) and lim R,(%). What can you say about T},
n—oo n—oo
as an approximation for f?
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