Tangent Planes and Linear Approximations

Why do you look so worried?

I've just remembered | have a really

Well then, | hope you've been revising,
cos it's a bad sine if you haven't

\ important maths exam tomorrow! HAHAHAHAHAH
Don't you think you're going off on a Too far dude!

bit of a tangent?
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If f:R — R has a continuous derivative at x = a, then (for b “close” to
a) we can approximate f(b) with the equation of the tangent line at

f(a).

Analogously,

If f:R? — R has a continuous partial derivatives, then we want to
approximate f with a tangent plane.
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(a,b,0)

The tangent plane of f(z,y) at P(a,b,c) is defined as the plane
containing both tangent lines 77 and T3 (having directions f, and f,
and with the point P in common)
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Tangent plane

If f(x,y) has continuous partial derivatives, then the equation of the
tangent plane to the surface z = f(x,y) at the point P(z, 3o, 20) is

z — 20 = fz(0,y0)(x — x0) + fy(l“o,yo)(y — %)

Find the equation of the tangent plane to the graph of
f(z,y) = sin(xy) at (2,,0).
Solution: f;(2,7) = and f,(2,7) = 2. Thus,

z—0=mn(zx—2)+2(y —n),

or
x4+ 2y —z=A4rw

is the equation of the tangent plane
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Linear apprximation

Consider a function z = f(z,y) with continuous partial derivatives at a
point (a, b, f(a,b)). Then the equation of the tangent plane to f at

(a,b, f(a,b)) is
z— f(a,b) = fa(a,b)(z — a) + fy(a,b)(y — b)

z = f(a7b) + fz(a? b)(ZL‘ - a) =+ fy(av b)(y - b)

(so z is a linear function in the two variables = and y)

The linearization of f at (a,b) is the function

L(z,y) = f(a;b) + fz(a,b)(x — a) + fy(a,b)(y = b).

The linear aproximation (or tangent approximation) of f at (a,b) is

f(x,y) = f(a,b) + fa(a,b)(z —a) + fy(a,b)(y — b).
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Examples

@ Find the equation of the tangent plane to the graph of
f(z,y) = In(xy) — 3y? at the point (1,1, —3).

@ Find the linearization of f(z,y) = #%e¥ + sin (£) at (1,0).

@ Use a linear approximation of f(x,y) = x%e¥ + sin (%) to estimate
£(1.1,-0.1).
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