Tangent Approximations and Differentiability

when sinf = 6 :




o We want to define the notion of differentiability for functions of
two variables.

o It is tempting to say f(z,y) is differentiable at (z¢, o) if the
partial derivatives f;(xo,y0) and fy(xo,yo) are exist and are
defined.

e However, with this definition we run into some issues.
For example, it is not compatible with the idea of using the partial
derivatives to find a tangent plane and using this plane as a linear
approximation.
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For example, consider f(z,y) =

e It can be shown that both partial derivatives are defined at (0,0).
Tangent plane at (0,0)?
e A problem is that the partial derivatives only give a rate of change

(or a derivative) in two very specific directions - what about the
other infinitely many directions?
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A way to remedy this problem is to define differentiability as having a
(non-vertical) tangent plane.
Then we just need to sort out what it means to be a tangent plane.

Idea: apply the notion of a slope - how the function values change as
the distance from the point (zg,yo) changes:

f(x7y) B f(x07y0)
V(& —20)2 + (y — 0)?
If a tangent plane P is to approximate a given function f(z,y) (in all

directions), we want the difference in slopes be as small as we like.
More precisely,

Definition

P is tangent to f at (xo, Yo, 20) if and only if f(xo,y0) = P(zo,y0) and

f(x,y) — P(!L}y)

=0

lim
(@)= (@o,90) v/(z — 20)2 + (Y — Y0)?
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Definition

A function f:R? — R is differentiable at (x¢, ) if its graph has a
non-vertical tangent plane at (zg,yo). This tangent plane is unique
with equation

z = f(wo,90) = fu(z0,Y0)(® — x0) + fy(0,Y0)(y — o)

February 26, 2020 5/5




