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Differentiating ex

Question: How do we show
d

dx
ex = ex?

First, it depends on how e is defined. You may have seen

e = lim
n→∞

(
1 +

1

n

)n

given as the definition of e. This isn’t our textbook’s approach, but let’s use this definition,
and try to compute the derivative of f(x) = ex.

d

dx
ex = lim

t→0

ex+t − ex

t
= lim

t→0

ex(et − 1)

t
= ex lim

t→0

et − 1

t
.

In other words, the derivative of ex is a constant multiple of ex, and that constant is

lim
t→0

et − 1

t
. (We are taking it on faith that this limit exists.) We will call this limit L:

L = lim
t→0

et − 1

t

d

dx
ex = Lex.

We want to show that L = 1.

The natural logarithm ln(x) is defined as the inverse function to ex, so we can use the
inverse function rule to compute its derivative:

d

dx
f−1(x) =

1

f ′(f−1(x))

d

dx
(ln(x)) =

1

Leln(x)
=

1

Lx
.

Now we will use our definition of e:

e1 = e = lim
n→∞

(
1 +

1

n

)n

= lim
n→∞

eln((1+
1
n)

n
) = elimn→∞ ln((1+ 1

n)
n
)

This gives us (using l‘Hôpital’s Rule at step ∗)

1 = lim
n→∞

ln

((
1 +

1

n

)n)
= lim

n→∞

ln
(
1 + 1

n

)
1
n

=∗ lim
n→∞

1

L(1+ 1
n)

(−1
n2

)
−1
n2

= lim
n→∞

1

L(1+ 1
n)

1
=

1

L
.

So L = 1, which is what we needed to show.
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