° mo-)-?U(rl-Fom

“ DFQa desoube change

> dange = deusative

- edat 5 16e rale of clarge of a vawialile given Hhe Mate o} 1t
"wniverse” Might vow?

- ‘fﬂamg Potter adjucting e dineckon of kid @soom (e alope)
baded on hin padion in e xy- plane

° g,m?ﬂal form of a DFQ:
% = fome expnesdion m Bumd of X and Y
L- Qene:

X ~ independent yarioble (e.q.Jme of e dalaﬂ
g = depevdent varialle (9.3- Youwt mooal )

AX“"dX\

infaide  decimod
ay — dy — "

A\

DX =S(X,‘<‘D ™ A%‘—‘g(x,g\'ﬁx

“ Jellt, you how e chamge m y i affected By ¥e change in x



° exampled
() do you bnow o
i 3@0}0&1’% 3()&3 b4 gl"&
Snsmu; 4. =97
b -
QY 2uth '
— what T
] g(o\=5.7 Hven C
. 9=
g(x\=flx+‘5 T
. A0
Q@) do you bnow o
i 3 gg&umd-fovn 3()0 b4 %’
yx ='fxa+t . =3X?
—_—r o\ ~
@) do you Ginoto an ik e
3Wc#ow 3()0 5.4 (%ﬁ'
H-y

Cc

%(x\ = (- * = mﬂmj A0 nA
C-e oM %(ﬂ e” luleo
. - a0

b oy bt 1& %(03‘-*3? toen : = = = ‘
ﬁ(x\ = 3.€>< : 3=0C¢ ) C o)

. = J. 'H\MI.):
do g,ou kot wng '
Wd-fon 5()0 b.t. %& =
_._23’7

g(ﬂ =ce” -
- mouw such funcHony



° @me%
L+ %(x) =9X+C — %emxo& holutton

L %(o)zs — onnundﬂmé chlOU-l-?OV)

“ oy (x) = 2x+3 = partt endan  Aolution



® gﬁ% -y ‘e Q?oxmo(aﬂg condifeon : (é(o)=4:
v

lé-': c-e . g:j.e—x

°401WMQ0%
- C,Qwa&gjqajri’om Og DFQ»s Gaed on ondex:

N gt onder DFQ ~ e Kighat deivative i 46e i

]

473

(o

[ nol
2) Aecond - pades DFQ — 4he %ﬂo\ezﬁ- dewvatrve 12 e 2

41

(I ‘é = %’_g
d'\ n
D bogber-omdon pFQ = dx [yl = gCx g, X, . o)

F(x,\é,g_&' ad?‘ ‘ﬁﬂ

~ tecall e meanivg of e necond derivative:

Ly bec_ond dewvatye mesvunes He.e eoncauidy of o SJMQ"‘POVI

t\ ng g < 0: \é 1A Concaue do&m N\ a+4€\a+ pome
W ig % >0 y ia concawe wp —/ of Hat point
.u)g % =0: y=mx+bh —

Py



— ondinary up. parkol DFQa:
Nondinory DFQa —~ usuolly 1 independent voriable x

2) paial DFQa — moolsmg. partiol derivoteves

"fagbkm og DFQA:
= muldtple (pm':%a related) DFQa ond wibinoon functrons

%‘é = 3x+ 4y He  soluleon Juntow x(H) and SCH runt  Goth

dx notafy e eguortons

dt = x-y

*+ Gnear V5. non-Lneon DFQa:
1) Iveas DFQp — no PO n Y OH Lé:

= go(x\- y + g,,(x}g L +cg,.(x\-gm = gKx)
N non- Lias DFQa — é‘?{ *A’m(\é\ =0

T (%‘)a + lél =1 \é=75'm(x\ OH g=Cab(><3

s note : e*- %’ + 7;'m()0- la“ = 0 A& (near



° vnoo\eﬁin@

(@) popwlstton of peld wice elo Hhe predadons.
bypotbenia: mowse populeHon groerth in proposkiorad o He
A1 o& e wmrent populaton: %%O( B(3)
dP .
dt = k- PG) | ewhee P~ populotton of Hme t
k = growtt nate of e population
= oo ot P ogroens .
- eq. 0.5/ month . -0.%[ monté

J

4
 qennol holution o s DF@: PUY=Cee
o exponenttal  groeior

@ Neﬁ,"enlh ngOVlOI Qaﬁu-‘ F=ma o F = m° dE

“!.0" a J&Mlng. OQY}QC‘L F= gﬂalwul% + H nevdleunce

dy
m-db =wm-q - Y- ’QRTYU
witp: kg mt kg R - RR O



< recall: i y(4) =q(), to qur y@):

%(D=fg(ﬂd% +C — FTOC

= gmst - andlen Uneart ODE »: gg—*p(’c)-g =g(t)

“ Aup pahe lé; tpy =¢. ®

- note: (fp3 =p
fp o (o0P) = polP
et m=¢ .  obwewakon: (e ) = p-e .
k | { )
Hwuy - (efp-lé\ =p-ep-%+ep-%.
Lr ig <we varinA& ®  wid e!p '-
fp | f S , ,
e P-% t e Plé = £ P-% wnol nottce e 10[/9,”4-44(& odyove .

= Aolytton de ferat -ondeys  ODE :

fpdt
obere m(t) = e

?



@:% "2y = 4-t p(t)=-1 fp(t)df=—2t (+¢)
~ inlegpuiing gatton: (£ =€

L mulkeply e DFQ By  p(4):
-9t -t -9t
e 0%—"282 y =92 (4-1)

=~ neplace the ot -Gand Aide will e identity (pr- %)1
o

ot (e*y) = e (a-p)
= indegrale w! ARhpect to £

ok ] [(m=4-5 %(73)= re”
e \3=j e (4-8)dn +C {(m=-1 g(h) e ¥

to
- -;5 -
by 1BP: = (a-p) ” * —S+4-%emdb + C
‘ A H=t
g8 -2 1 -2h
=7,(A—ﬂe + 3¢ +C] + C
»=0
-1% A -ot L A
=z(t4\e +a¢ -32(-4a)-7F +¢
-2t A -t -2t 1 -2t 7 2t
e %=2te -92¢ +7+‘€2+T +C l e
C



@) yroy=t+ ¥ p® =3 = [pMit = 3t (+0)
= integrakrg fattert © p(E) =

= mulleply He DFQ By (4 :

e3t%1¢ . beat\é _ 93t£ , Qt

f B
L nqo(aoe He left-tand nide wile e identdy (e’ 14)

( )=€t+e L 3

g(733=73 %(m= 3 @
= indeguole w! ARhpect te £ F) =1 g3 = o>
t

t
it

e.lé__.s 93,3'/5(1734"*09’30175*-(:

to

A 35 A 32 A
=Hn 3¢ —Yn-ge by +e +¢

.b
A » 4 3 A
=30 —g¢€ +€,+C] 0
AH=0
3t A3t 3t & | _3t
e 'é,=31':9, — g€ t+t¢ +7 + ( e




Oy =T =1 [Fd- 200+
L ;nWG#"%‘ gactert: p(2) = ew‘(m) =t

- mulirply Hhe DFQ By p(4):

i*j"ﬁ t2ky = oA

“ neplace the (ot -Gand Aide wil e iolentity (BIP- %)’
i y) = ws(h)

“+ integaode el rerpect do i

thy = [ cn(d dt + ¢

thy = Ain(d) + C

Ain(t) . &
y= 2 £* = aenerod golutéon

by (JOIUIO(HH% conolifon: (A(Tl‘\ =0. +hen:

pn(m) ¢
m* T => C=0. Huwn:

"

Hin(t ,
y= 32 “— pottadan polutton




° numescal (u‘opﬁox]ma‘rf’on
}g you kuoer hot x in
%ﬂ-=g(x,%\ = A%=g(x,tpax d\lﬂlﬂ(]i'\%sﬂ»@“.ngglf”e
out how U 18 Cﬂw\gﬂ\%
X S Yo
% &

0
Ax < E

Ag <« X,(X,g) AX

X €< X+ DX ”we'at

%_<— '%-i-Ag_



° Heuseed

+ pankiod  dedvakives and  chain nule

g Epegl-E B A |
/ \
@y dg= § dx + 3
N/
t Hud (gobn Cibe a DFQ

neewHi e :
9 3
“tet MO, = ax 4G ] and Nix,y) = By [gGa, )] Hen:
M(x ) dx + N(X,\pdﬁ = dg
L’)g dg,=0 => M(X,\d\dX*-N(x,\pd)&‘-’-O. then :
= 20lutton :

g,(x,lcﬂ =C

~Q: bow ob we find v g(x, )



* Aepwiable eguution

“ form: M(x)dx + N(\polxj =0. whene

g(x,\p = ‘[M(ﬂdx + SM(%\dla + C

—— N
Ha (x) Ha (y)
[Cx,y) = Halx) + Ha (y) “ nole:

“gemenall solukon: Ha(x) + Haly) = €

X
® & - 7y
(4-%2301% = x" ox M(x) = -%x*

X
- x2dx + (4—%23(114 =0 H,(,Q:"';,‘x?’
= genwiod  dolutton: Ha(x) +Hn(u) = :

A
_.3_)(3

[
A

o)
M(x) = 55%
anol )
M(té\= a_g

Ha'(x) = M(x) ond
H{(\é\ = N(y)

N(\é\= 4—11,2
{

Hn(%\ = %*%%

“ portreuas solutton - Gowndary  conditon:  y(4) = 0

1 +0+0=C = C==-4 = -x>+3y-y = -1



(@) y + yaink) =0 Goundary conlidion:  y() =4

é% T 'Lf;sin(ﬂ and  undex Yy#0 :

A

Ty ollcxr = Ain(x) dx

A A

? d}d + am(x)dx = 0 M(x) jkin(x\ N(\é\: ‘32 .
= geneiod solutton: Ha(x) = - 002 (x) “2(@ J 'é

“op(N - T ¢ = (O vy = ¢

“ e y=o : %=O=

Ad.ld =0 N(u(p=4 => Hz(g\=l4
y==« s :
con (x) "'_‘ld-: =C , fan y=*0
- Jotal  genviol solutron:
%=C , g,an g=o 7
“ pondeeulan molutton: y(0) =1 we'l 9o over m next
Jny)

corlo) +1 =¢c = (=19, Hwy : Cob(x\+%=2.



%d‘é\ - xdx = 0. M(x) = —x* N(y) =y

¢ }
“ qenenal oludion: () =~ 5 x3 Halyd = 5y
-5+ ’3‘\{ —c -6

9% + 3\37‘ =



° exact eguutony
“ faun: M(x,Ndx + N(x,yldy =0

“ queptton: doer Hee 3 g(x,y) At 5 and

§ ng [g(x,\éﬂ = M(x,g\
@[g(x,\dﬂ =N(x,y)

® # - Hh

%dx +(2\é+x30hd =0
a

Q
X

Y - g(x,@ =léx+(1,1(l&\
Q: doen g(x,\d\?« At

R

= Q\A-\-x -+ g(x)\é\ = %2-\—)(% + 0q(x)
> B0, y) =yt r Yk + 0o
“ genetad Aoludion:  df =0:  f(x,yP=C:

y' +yx =



@) x+y*+ 2xg%=o

2Xy g’% = -ax -y’
oxy oly = - (ax + y*) dx
Qx%dxé +(9x+l&2\olx = 0
a
5}8(«- = 2x+32 — g(x,@ = x? +xg2+64(3)
oloes g(x,%\ 3 a4t a
oY = 2xy - £(x,y) = lﬁzx + Ca(x) .

"'g(x,(p: x2+x%2 +(Cs3.
“qenena& aolukon: df =9 = X(x’@=c;

x24—x(éf2 = C



° Unear eguattonn
1) genwwol Aolukon exiath tl an pabitrany comant C

2) Hene s an oxplivt expnession / oo fon e zolution

P .
—~ note on explitit us. impbat: . 1ot ((,umckon
/'\ /
“ explicit: g=xz+x+/5m(x3 > >
NIV
> implicit : x“-%2+ax=c —

U= :x/?wx—c

x’+}2 = ¢ , ]mp?j(‘ji‘

2) He poirtd of did onkinuiky/ sinquiwiky an be identtied xom Hhe
DFQ

° non - Gpean DFQ »

“ none of the above applien

- Q: g)ven a DFQ, do ewe luwse a solubron and s W u,m'g_we?



o Theguem - Exiztence anol Wﬁguw%fs - Linean
“+ Jor Jjwﬁ—oadm Gnea® ODE b (g,ertm: \4 + p(’c\\4=%(t\\

it unckom p() and g(t) axe contruoun on e indenval A<t<h,
Can+ajnjn%, e ol point t=to Hien:

I o unique noluton y=3(t) Lea all te(L, M)

which olro Aah‘&g@ée}s e intal condiHon g(ta\ = Yo

— intespredation:

- fre geoen initol vadue problem han a solutton (exislence)
and ondiy one 0 lukon Cunigueners )



@ \3‘*' %lé = 4t = gjﬁb-P-oud& Livean ODE
- method o} indeptodng  factens
oD =% — [p&ydt = 2] Fdt =amm(t)

fplvdt 20N (1) Y\
e = (™ ) = £t

=
7~
v‘—
-
n
o
N

L muU-?dta Goth  Aoles q’"& Jﬂ(’c\!
‘1_2‘4’ + th = 41;3
(¢ g\‘ = 44

t

By=[astd +C = & | +c =41l
to %o

T PN B R TO RN
genexal »odutron

v uktal conditeon : lj(ﬂ=2 =

2=4A-A2+C => C=12  Hwus:

A 2
FN =1t -+

B =4+



O use e above Thm o pnd an interval  in whed 463
inHod value problem hon a wu'guz Aolutton :

%(’c\ = 41 — Conkruowd elleﬂld,tu%ene
p(t) =}E — cont nuoWA fon E<o on t=>0.

“ now , given Hhat o=, the intowal Hat containy Hus
intal pomt to s Fhe ntewed t> 0. Hwn:

Theorem 2.4.0 guononiers  Hhat Hup priollem  evill have a
ww'guz »noluteon on toe intenval 0<t < o .

(N =¥+P _ t>0



°F¢»eazuem - @ci?slremoe awnol Wliguu:%& - Non-ﬂmw

=+ Jon oy g,m’r-onolm ODE (g,arum “’-:3(’9,%)\
d
“ :g gxmch‘om ; andl 5§_ ame ConHruowr I AHome Meckingde,

L=<t=<h and ¥ =<y<0, @Heuning He point (to,\éo‘),

Hven:
in pome eyl (to-h) <t < (to+ k) ontained n L<t<p),

1 a wigue poludion y="3(+) of the inital polue paoblem .

“ oaone: i3 Thim AU fogds +Hue Jori G g,wr—oualu ODEA

‘ﬂ’ _ 'P“’)"é f %(t\. g(t,\p = -p(t)’g 1—%(’:7.

o
5&_ = —p($)



x
@ %‘z'g — non- Uineax , neportodsle \é(o\‘—‘%
lid%:—x d x
M(x) =x N(\puc;f
xadx + = ¥ \
%d% i () = T % Ha (y) = ’T\;

x> + %2 = C -— %enenal solutton

Lt @owwlﬂﬂ\j conalidfon : \é(o\ = %

A

—

0+4 =C = 0=74 . Hupr:
9 9. A . .
Xhy =4 «— patHeular  dolutfon
“ nole: Hua d mplat y = o -xtr r

but gven Fhat  ylo) = 7 Cwe @ndidet Hhe posreve
A

otk of 4 y= i



axteax+

@ﬁ__ 2Cy=1) ,3(0\=‘/|

X+ 4X+ 0 B2 _ B edx+2 [ _4_
plx,y) = 2ly-n 57;8_ T 9 (3-4)

_3x2+4x+9.
2(y-4>*

9 both | (x,y) axnol a% e comfruoud everyeshere bes ioler
He Cne y=1. Hwn:

we can oraw o mectangle anound Hhe ol point (0, -1,
we i solve e DFA do 2ee He dimenniom of He Aecl~.

% _ BX. + 4X + O
X 2(%1—/1)
M(x) = 3x* + &x+2

(24 -9) - (3x" +4ax+20)dx = 0 V
% d‘é Ha(x)= x> +2x" + 8x
y -2y -x*-ax" - ax = ¢
H(({P=21<4r-2
1+2=C = C=3. v
Hn(\g\=gz-2‘é_

%2-2%= X +0x% +0x+ 3
'?]2‘234"’ = x2+ox*+ 2x+ 4

2
(lj—ﬂ = xlsox+ Ox+ 4



g=4t«/:<3+2xz+ %X + 4 Gut - %(o\=—4,we
chaone 1€ ne%nwe one,

y=1 - -J;(B+9.xz+ 2X + 4

L+ g %nd e ipterual in ehieh Hea  aolyleon i8 vadid |
x FOX 4 OX + 4 con't We neggd-rwe

><34—2x2 +2x +4 =
x*(x+2) + 2(x+2) =0
(x*+N(x+2) =0
x=-2. Hwn, pH a non-neahe quanttty under e
naobcaﬂ Xz -1,
", howeyor | x=-2 would gl y=1,
£0 te Only choode x>-2.

-------------------------------------------




° necond ondet Gnear DFQ A
S gowm: Yy + Py + gy = g

ot Py + QY + RWy = 6K

° homogenepwy mcond - ondet DFQA  w/ Comvbant cogfacients

ondﬂ +V9g1+ Cy =0 whene a, b, c — Connt.

7

- if we gt an exponuttal noluton , y= g,em‘ Hhen:

U

! MY + Ht t
L ogH € +Q9He" + Ce = Q =2 e”(an’)r@ﬁ*rc)‘—'o.mt)b‘-

-« chotaCrexisléc eguatton: O™ + GH + L = 0

- pom hexe gend e noota K and Ha

1) e 1 He discumnant 0'-4ac > 0. Hen:

> we'll be oble do pind tuo weal , uneguol nootn M na

)

and 4o get Ca omd Co p&g in e kol condideony

t t

"’%%9}109, Ao luteon : l(ll({:\ = cne'“ + C'JEI12



(1) o) fon what valutd of K iA He funcHon ¢ o soludon Lon

ay' + by +Cy =0 , whee 0,6,C we omtantn

9 A4 + At

a-A

OH2+®N+C = 0

-kt b -2ac
N = 20

G) give o gereral fowm of aolukomd fon y'+y -Gy =0
bt : Hin includey comstant patamely Ca amd Qo

Wep-6=0 va=4,b=4,0=-6
K ran-an-6 =0
(h-D(n+3) =0 = H4=) . Ma=-2. Hup:

Az

\g{(ﬂ = (4 't 4 Coe -— gweﬂadl 500uteon

o) ooes He obove method toork fo# 0 non- fomogeneous
equatron: ay’ + By + cy = g(4)

“ nope , Gecune Hien you cant  gacion ¢

H
e + Wb-pe +ce =0 =2 QM-((]HQ'I- b + c) =0



@ end e tolutHon Jou e inidfol value prollem:

lén - 5\4" + 6y =0 wl Q90WIdﬂHld, conoliHond
l(;r(o\=2 and %‘(03 =3

4 chmactedstic equation: ' - gx+ 6 = 0
(L-DY(H-2)=0. A1=2 Hy=3.

 genorol solubion:  y(4) = Cie™ + C2€”
« poskeulan molutton: y (0) = 2 wnd %‘(03 =3

) 2+ +
D= Cat+ Co anol Y () = 2018+ 3C2€ , NO:
2 =2C1 + 3C3

Cat Ca=1 g
2a+3C9 =723
2 5 ko) O 1 -4 O 1 - CQ=_4 M._

lﬁ(ﬂ = 2¢" —e?),c



@ g/"ld e Holutton ggH e mbal volue pHOQ)Q&YM‘

N 3 ) L
M-8y vy =0 | yld=a2, yly=7 |, g=e’“
L chasacteustec quu%r’om: Ap* —BH +2=0.
A
9 A= 2
ap’ -on-+23 =0 — Qu-0DQH-2)=0 - ha= 2
[ 3
| 7t 7t
= genotal polikon: yb) = e+ Cye
= (pownolewny  condiFeonh:
) "'t 3 %‘{: ,
\4(4’\:%@482 + 7 (0 . for %(032%
A 3
E':’;'Cn + 7 Cy ond = Car + Co
Aol | oaf2] | aoaf2| |2 0PRl =13
A AR 0 2[-1 [0 a|"] |0 | co=-7

< pordiculay tolubron :

»lw
‘1—

A
y(H=Fe** - 7e



) e 2: Hhe disvominont 6 -4aC =0. Hem:

“ e hove 4 neal oot , A, Of He chanaclousire eguation.

)

and o get Co amd Ca plug in e inibiod condition

t
“ %menai rolubon: Y(t) = Ca eﬂ + Ca'f'ent



° Complex nwmbon

“ form: o+ bi | where P =-14

— PrOpOH 04

") adoli4on:

> (9431) + (5+6i) = F+9;

2) i kplicodion :

v (94 4)(4+50) = 8+ 400+ 4Gi + J0(-1) = - 12 +26i

+ Hhe eguaHon Oox'+Bx +C =0 ol ey han 2 poluond
m complex numloosn

®X2+/I=Oj X2=.l2




@ a) what could Ge a reanonable aolytion o

%g""ug . 4lo) =4

,'goha=id’c
Vo = §iat

f}/\(\p=lt+ ¢

lj 1 e‘;t +C
it

lé(ﬂ = C-@ “— genetall Aoluteon
~ Boundary condidon: cé(o\ =1 :

Nn=C = lé(‘” = Brk ~—  porkreulan solutton

) atow Hat %(+3= (D) +1-3in(4H) in another wolubton
(% = vy
—ninA) + ega® = i (coa) + i an(4)

L-eed() —an(BD = Can -Aan(H) m



¢) given Pwitd o) and 6) , give o formdla nelaing b
exponenttol funchon and 3 ond pin:

= nokce how 3? -y =0 i a Urey DFQ with
p(H) =-i awol g =0. ninte pl) and g one
contrruowd ¥t hin  guonandeen a ungue aaluton it

W aince e bors e Ge or\ﬁz,& 2 WP solutson (Thm. E2U) :

it

e = @bp(P) + v-An(AY - i i3 called Euleq A ggmuﬂa

d) ewhat oboutr e care ewhen E=T 7



o chpioctountce @uodion el complex noota:

Wy +y +y=0 yo) =0 . ylo) =14
= chanadleuste equaton: H* + 4 +1 =0
-ArtVA-4
“+ nooHs : H = 2
L, 103 4+ _ 103
Tt 5 wd A= T Hwuh :
, S TR T ,
u4<+)=e"t - ¢ ) =¢” il ) by €uler A
forumulo €
-qt (Cmb 1) +Lfbm( )) )
u
|
—at E , U3
= (on BN v F ) g
~~_
|
=i B
o T  (eon(B)-iam(31))
, Mt Hot
- aenoiol omplex  solukion:  Y(H) =Cice +Ca-e

%(H = Cn'lgn(ﬂ + Ca'léz(ﬂ
ld(ﬂ‘ Ch- € -_ﬂ (QQ?D %) + 1 fbm( )) +

b e (a2 ) - iomn (Z1))



+ gonvrol | weal -valued soludton: €1, Co € R

lj(” = Cn'e-ﬂ

A

L 73
(B + Coe TE. g T



Ao+ =0 = H==-4 = Hi=i , M=-1.

b+ geneiod. solutton: ante =0 and m=1:
o 0

y(1) = cae - @r(at) + a0 - Ain (nt)

y (1) = Ca- Con(E) + Car ain(t)



3) e 3: Yhe dinviminwnt G'-4ac < 0. Hem:
- we have 2 omplex Hoota of e dhasacieustee Quakon :
Ha=Q+ M1 Ha= D-mi
“ genenad  aolubion:
td(H = Ca 8”- Cﬂfo(\{vnﬂ * CaeN- ain(pt)

and o get Ca omd Co P&‘ﬂ in e indiod  condideon



° Existence anol Uniqueners Theorem

> Hhe WP oyt p(H)y ¢ gDy = g 5 ylEe) =Yo  y(to) =y,
ban 0 wugue bolukton y=&(1) on wwy open Hme intowol |
ewhene : p(H , g, and g+ axe contimiowds , ko el

b

~+ interphedation :

v ig Junekoms p, g, and g oxe Cowtnuious on an open inderval |
that conteuy Hre point po . Hhen:

1) the VP hoy o solutton

D) dee aolubton id wwgue

3) Hhe poludon & 14 deling Hougfout Hhe wiengal | evbhere e
coefficients (p, g, ond g) ome cont. amol @ i3 at Geant Hewice

difgenenttable H.exe

" A \ ) :
Wy +* T3 y+*3aaYy =0. y=2, yWi=a

“p,g,anol § e comlrauoud fen t#0 and t 3 bun:
te (-0 ,0) v (0, D v (3, ©).
L pince to=41, 1=(0,3). Hun:

Yin VP bus o wugne aolutaon on e interval te(o,3)



° #he Wronnhion
— puppose that y, and y, axe {wo poluttoms of
eyt gy =0 el gl =g, y lre) =y,

“ dnen, ginding o specipic soluton y () = ¢y ya () + Ca-yo(4)
i omﬁj poddible if :

the Wronshian , W = Ya($0) Yo (+0) = yo(10) Ys' (10) ia # 0

1(40) a(+0) ) :
W = d'et ( ‘ :‘1“’0) :21“0) ‘) = gn(i’O\ gz (1‘:0) H lAz('LO)'ga (10\ :

“if we g Gnd a t oAt WFo , we bave a uwgue aolston.



@%1‘4'5%1*’6‘4: 0.

ﬁq+ I +6=0 -— (h+92)(H43) =0 ~ Hr=-2  H1=-3
2t -3t
ya(t) = Ya(£) = 7 .
-2t -3t
-9t -5t -5t
W= 22_2+ Z_af = -3¢ +%¢ = -e #g
1 -3€

b opnte W#0o ¥t we'll e able fo pnd 0 unigue »0oluteon

_ -3t
y(+) = Cae™ 4 e Wt



X § (%)

— § a g,umel-?on
¢ LCH
L | an operaton

“ Unear funchton @ {(xa + xa) = g(xﬂ + f(x2)
g(cx\ = cg(x)

= Gnear oporoter:  LQui+ w) = LCu) + L(ua)
LCeu) = cl(u)

2
() Lu =gﬁ% +c0b(t3'{f% +U. 6 L a Gnean operoton ?

> yer (4o 2 condlibéomd apply)

@) Lu = u'ﬁ%. 5 L a Gnean operortod 7

dua 2
4\ L(uuua\ = (Un+ IM)( dt * gli‘;)

dur d du olu
=W AE F U dE t ou dE * Up OF

d»ul duﬂ
Lua+ Lua= us- ot *uaot ond v Llus+uys) # Lua+ Lug ¢

Yun L id not Gveon.



° non- homogeneous UneaH DFQ A
") %” + pH)y altly = g , where g(4) =0

2) ‘d“ +p(Hy « gtly = 0~ homogeneoup

b

Lot Lu=u + p®u + gDy | Hen:

N Lu = g anol ) Lu = 0

“ anhHme Lu=g han two Holuton : \/-n anol \fg :

L\[A =% ool L\/-2 =%

“ fetn Lok at the difference Yo(H) - Ya (1) :
iy

LOYy =) =LY, - LYy = g-¢ = 0.  Hun:

Yo -Ya (1) ia a nolulson e e homogeneow eguatton Lu = 0.

but we olro bnow how do find e gereiod polidron de o
homogeneows equaion i Yt = Ca-yalH) +Co-yo (41 . Huy:

Ya(H) = Ya(t) = Caya(3) + Cayo(4) . Harerefone:

Ya(H) = Caya(d) + Caryo(4) + YVal4)



° Theonem ~ introduces e method og undeten minedl meggcjeyﬁa

“if Yo and Yy o two solufows of e nonhomogeneous
equotton: Llj = %“ + pH \é’ + qm% = %(ﬂ . +Hhen:

1) e diggosence . Ya- Y2 is a aolutton de e Connerponoling
homoQeneows eguaton: Ly = y”+ p(H)y +g(Hy =0

2) and v we hnow Hat y, and y, axe obvo noluttom do Hae
%omogep@% eguatton lj.”‘l- p(+) l{ +q_(+3% =0

3) e gemoﬂo& nolutton 1o +he non- homogeneoun eguation L u =q
s YD = Caya(D + Caya (D) + Y (1) |, whexe Y& ia o

pwik awlay dolutton
of the n-h. Lu=gq



-h DFQ
» ) 2% . ) n .
() y + 7y v a2y =oe fnd o genenod aolutton Ho Hnin

= find omplememeny  doluttonms of e homogeneoudr eg:
14“4- 7Fl4‘+ 12y = 0

M+ Fa+ 40 =0 = (H+a)(n+3)=0 H1=-2 and mMm=-4

t

y(£) = Ca e+ cae” — genial nolukon Yo Hhe Fomogencouws eg.

2t

L X,md 0 pGH"fUJlQGH bOQM—“OVI &GH e 06 EQ %ﬂ+ ?!4\4-42% = 9.¢

a rolukon witl ke nome u(t) = A-e'* | A+ undetounined cogfpicient

2 2."' b)) .
u(t)=2ne o ou (= 4ne2+ . plugang $ud in:
+ + {
4n-e” + 44n-e’ + /IQF\-o.2 = 392
2t 21 A
¢ (4A + 188 + 19 R) = 9%e - 90A =% - A =10

A ot

Hun , o portadan nolubton: Y (£) = 70-e

= genexod nolukon 48 H6e nom- homogeneous DFQ:

-3t -4t 4 it
%(t3=Cn8 + Coe + 10 ©



= if g(O=Pnlt) = polynomal &/ degree n
+ finding o posdeculan molukon | Y (1), gon ay +by'+cy=g

o)
gorum: Y () = (Ro+Aat+  + Ant" )t p=0,1,21

() OI\Aﬂ + ng’ L QY = 51% ¢ 3t + 9.

bt U ()= Ao+ At + At Maen:

u' () = An+ 2P0t W ()= 2R, pluggera bach in:
a(2R2) + G(Aa+2A2t) + c(Ao+ Ant + A2t?) = 2+3¢ + 547
C-Ry =3 . cAn+ 26Ra=3% . CRo+ GRa+ 20R2 = 2.

- you @n solve ik ayslem of eguakony (3 widknownn % 3eg.n)
- but @R aun ine o gew iABUEY:

§ 1) =0, b#zo we need an  Octia facton of t on e 0%%:
Y ()= (Ro+ Ant +__ + Ont" )£’

2) =0, b=0 ®we need an  &xtra gac+en of taow e QI%‘}:
Y ()= (Ro+ Ant+ _+ Ant" ) £



i gth=Pn(t) et | e de  pordenlan Y(H):

V)= £ (Ro+ Bat+ _ + Ant") e

“ip g = Po(d) - € 0a (B, we e poretun

Y(4) = L:( Ro + Ant +  + Ant") eﬁ: wn(BL) +
12(Bo + Bat +  + Bnt")-e - »n(AHL)

+



y" + p( 14" + gy = o)
“ we have complementeny Aoluttomy fou e homogeneows eq:
yolt) = Ca-ya () + Ca-ya (4)
“ Wob Gou dhe pomdrclan noluteors of e farum:
V() = ualh) gy (1) + ug (1) g, ()
with e  ondidion U - Yo + U - 4y = 0.

o gt Y= uryyt usysy  Hhen:
Y= Ua gyt Uy Uy Uy’ and *0 of e condidon:
= ull'ldn\ + Ul'lég‘

)

\/-n = UA‘- g; + UA'%4“ + UQ\'%Q + Ug- 'dg.n ',

L p@gq}ng Hese nde: Y o+ p\/-' +9Y =g

N

(lh‘,-ldq1 + UA'ld4 + u2"g21 + “2"421)) s
ot p(UIn'\An‘ + UQ'\M‘) +9_(un~ga + UQ'IAQ) - q.

u4(|d4“+ p.g"‘ + an) + UQ(%;"FP.H; +q.%2) +

U YOt U Yy =g



“ now, necall Haat ys and yo r0lve Hw bomogencows . Hun:
ZHTRNTEARE
- wene Geft w/ o myslem of eguadtons:

u,,’-g,,‘ FoUg - g{ = g f voiodblen: U and us

Un1'ldn + UQ1' Yy = 0. e condliteon
-
often Holoing  fax un ono Uy , we obdeun:

"y Y
W = w(\dn,%da) Ug = w(\dn,%‘da) ' W

“Ya- Y
U = Y w(‘“n,%da) Ug =j‘ fuzl\;n?‘da3

e pOH-K’(‘M.QwI 2oluteon :

Ya- Ya-Q
Y = - %4. y w(\dn,%‘da\) ¥ ‘Ao-j' wz\dn,u‘da)

s %@neﬁaﬂ, raluHon : Ld(ﬂ= ldc(’ﬂ b ACE

Ya- v L
g = Cayu () + Ca-ya(£) = Yo j w(un,%\({ﬂ ' %“'Y wz%"’gﬂf’




@ %ﬂ t 4y = 9 - C/JC(D

> gndivg omplementeryy Holutons fou e  homogeneows eq:

y + 4y =0 ra =0 - HRa=+2i, ma=-2i

Y (B = e’ [cr coa(at) + ¢y min(2t)) = Co-coa(t) + Co-ain(2d)

""Y\—’W

A 2
Yya = on(2t) |y, = s (2}) ¢ s

v aHeon Ox panume%'- neplace Ci onol Co ! wa(4+) and wug(4)

= condion : ua'lé,, + Uy yg =0 - ur coa(at) + us an(at) =g
wow potftadon soluton will Ge : y () =ua-ya + us- Yy

%P(ﬂ = us- C0A(2E) + ug- Ainlat)

%p({Y = un Can(at) - 2ua-ain(2k) + ug - Ain(24) + 2u2-con (b)) .

9ug - CoR (L) - 2uwr-An(od)

gp(t\“ = 9Us - () - &uy-Ain (24) - 2Ux - Aln (24) - 4ua - CoB(2})

2 (ua con (04 - ur'nin(at)) = 4 Cug-ain(2+) +ur-copaad)



plugaeng \ép(H“ and yp(+) nte 1Be origmol DFQ:

2 (ua con(04) - ur'nin(a)) = 4 Cug-ain(24) + ur-cpaadd)) + .
L+ 4 (ugain(at) +uncpaad) = aepe(4)

I

sus (1) - 2t ain(at) = 3o (B polse Jon un", Up :

c_ W s s

" VRl Y Ug = 1w

w - |8 | coa(2t)  An(®) | = 9 cpa*(2d) + 28In*(2h) =
g ys| |-22nCad) 200n(et) | 9 (eon®(ad) + a2 (atN = 2.
o). = |4 Of=| coatad) 0 = g0502H) - e (4 =
’ W g -2anat) seac() | = 4000/ Ain (4
wp= |2 e 0 A0 | = - 3400 cac(t) =
9 4| [ooac(d)  2000(%t) | = - 3400 (1) Ain(+) =
= - pan( ) CoA(HY [Am () =
= -6wH(H.
- we hawe:

Ye(tr = Ca-coalat) + Conin(a) 5 Y, =ob(aH) | yo=nin(ad)

W=12 _ Wa=-600AW | wWa= 302N/ Hin(+)

k)

“ e ewant : ldp(ﬂ = Wil + U Yy



- Geon(H
= 9 = - 300n(1)

)
U =

W

U
, s sesloh)/ain(® _ 3 alet)
T w T 2 2 Ain()

Ua

Un = f-?)cob(ﬂ dt = -3fcgb(+\d+ = -3 nin(+) + Ca

3 ( Coal2t) s
ug = ij anh dE = 200 - T (e () rcot () + g

Hpq“%(ﬂ*"\% Ui a"d Uz inde \dp(‘t‘)

Yp(t) = =220 (1) - con(ah) +(9c0n(M - 3 tn (1o () +cot (D)) 2in(24)
+ Ca1-Co3(a4) + Cg-2in (21).



* Gnean odgelina  nevieew
-+ matriix  mud+Hplicatton
D gt woy: AB=L[RB AL AT
a8
[2 i —2] -l 2| = [AEAR&J
-4 2 -3
-1 -3.
2% 3XL 2x2 Ab
] v

S KRR N R R

—

_ Miz
= 2n-2'24__ N R N AR i A N L
Aby= -4 9 -3 ; *-4 -4 9 -3 4 4 g| 1%

NER
ho= [’54 AJ
2) Aecond tay (i,p enty n AB i RLA - CyB;  dof - product

0 -
1 -1-2 - 2L+AA-2F -2A-10423 [ -9 9
-4 2 -3 T e0-g0-73 14+0.94330 |30 4T
T -3
3%X2

XY 2x2



23) Huind ol o own OX n tonh 4 mxn matrCx : CA 2 RB

1 -A -9
-4 2 -)

2%X3

2 =i
- 2| =

* -3

-3)(9_-

RGO

2] 2] [+ o)

LSRR
-3 & -1 & U 9 -0 1T

LR

AXL

%4, X9

— (e Jmmganmaﬁ'onh

A

R

y=RAx
7 N\

>

1 y Ya ! QMQA‘I. XA
| | Ya Qga Q93| | %o




o delermnant
n= Qan Qa2
Qaqa O 22

~ geomel ¢ inferpredatton of det :
= toe [oet(R)| can B thought of an the change of the anea of
e "unit ngure’ afier we apply te Gn. tramgeumatton A
(!bwa}z veedomy <n 0> , <0, A> in m*.
= Hus is iy det (A =0 meany wene lotivg a dimendion
(e.q. prom R, eeryfing i3 squeezed onte a Une —-R")

det (R = on ‘022 — Oz 024

0m O Qi3 i T
( b e G ) Ogg 023 ( Q24 Q93

a2t (g2 23 = . - . 3

det oot g g0 - ana- et (o o b+

0134 (3p 0133 - -
Qa1 Oy

+ : =

.. T 01 dﬂ‘( _0'34 032_)

= QA (022053 - 02303'2\ - 0m (02n033 — Q9 aan\ + a3 (090 032- 0220343



° eigenvetigm | eipenvolup)

s when A-X =0 , Jer X =0 , Hup meam ot X getn
mapped do 40 O - vector . Hun mewms gt He wut dise B
wlapred to o Gne Aegment (ar a redult of a projechon
olorg %)

v s X e Nul(R) .

L-»X’OH &(ampa,g:
Ao & ] - Moo _ |o
S ISR H I
noktce ot odet(R) =0
O 1 O -9 O 1 0 -9 0
A=+ 3 2| X=|0]  AX=(4 3 20| =0
_2 N A _ _2 A A»_

notce oot de+(ﬂ\=0(3-4—2-/\\-4(A-4-9-2\+0 =0,



@) gnd vectoy X and mmbern a at. AR = AX

= egenvolue of A
X = eigenvecton of A comerponding de .

0 3 A . R ol > A2=0. X'Z-'/,
A= MxXs  and ARL = M2X2
. . —x'a =€:
“dia v o B s diogorod M D= [ 0| and T2
0 o X1 = €a

() gnd vectos X and wmberns 2 At RX =2X  R=D:
A= aTx

Az -2T% =0

(A-2TR)% =0 and = X0 :

det(A-2-T3) =0. = uwe s gamwla do gord

T il be w e Nl (A-2Tn)



det(R) = (2-2)(-9-2) +a = A" - -9
p = [3 ’"‘ - aA-a-2=0 =~ (- (n+1) =0 . Houn:
4 -9
=19 Na=-1

L g,'mo\) ng ejgen vecdomy:

/l\g,cm M=2: Nl (A-2-Tn):
A -1 Al A -1
4 -4 0 0
Do Ay=-1: Nl (R+2Tn):

4 -A 00 " |a

0
0

0
0

0
Q

0
0




~ one voruolsle codculun

- when twe eom n on He roph of a smooths JuncHon

we e 0 Une.

el
// — T /
_— /

- o woruole caf el

> when twe 3eom n on He praph of the multnonable
funckon  {: R*—~m*, we pee a lineay trans farmadtton
which approximales 7

lj/\: XA(XA_,XQ\ = Oaqa XA + Qg2 X9+ G
Yo = Ja (xa xa) = agyxa + 0y xa + by

-l ] 4]



9 b\d&em og DFQ» :
= font one v ou asle
t
té" =0y 50 Widrow : ld(+)= C-ea
“ gor Hwo woniodbles:
\—R 0 " Lo \Anzﬂnnan‘l.)(n
§ =Ry, where matHIX, Ys| [Qm O | X

“ fon a pystem:

lﬂ"‘ = QmYs + Om léz
Y2 = Qaes *+ Oy Yo

=~ good: come wp et a phnategy (Unear change of vauabier)
fo twwn amy agxtem Y =AY nle a diagonod forum :

1 M 0 .
Y = OM'%



° gimpt - onder  Unest Bysiems

borm: X = P x + g g %(1‘) =0 - homogeneous
! } l
eR” e[Rmm cR"

Xd‘ = pm('l’\ Xqg ¥ ¥ p/ln(-\'\ ¥n + %n (+)
Xo = Paa()%xa + _ + Pin () »n + g2 (+)

)W\1 =P xat + Pan(®) Xn *+ On (+)

o Wo ayslem bad n Gnaandy independat sobrkiomn (o verlen in R”)

o fimnt-~ oraler | homogencoun Gnear Ayatemy el Compt. coelgicients

b

“fom: x = A x whee A » a comptamt matm x



)] 2t
T Xa = 92X — xa=(Ca €
R —

1 -3
xg =-3%x9 — x2=09-@

oL

.t

- cheching % L dheching xa:
d € 2 of [ [2e"]  glo|_[2 o
t 0 Q -3 0 0 dt e‘a* 9 -3

“ dub, He o veeten  Holutton :

Q.

0
N

21

A .y -3+
0 x“ (D =e

= e Wrombian:

wl X' %] (D

L

)
o oanee WK, X))+ 0 = XD and G form 0

)

deww »t of  soluttony.

v genenod poluon: X ()= C-X'(H) + Cp x*(H)

+ A -3t [ 0
x () = c,a-e“[ ‘ t Cz'ea*[ }
0 |



§

- maume X(H) = ™ § b robion , where §= %:

Ao | |5

0 M| |52
he /au!bfshmma Mg -
A O‘.[gnJ _ emt [4 n}_|§nJ -
¢ ][5 4 1| [52

A-n A ‘[gaJ - 0 e 0,,0;3 f”a;é do bawt O ngn-zero —é
4 N-) | |52 8 if det(A-2aTn) = 0:

Nt
e

(A-J\,\4'4=0 — A=3 and Ng=-1.
") 63=NuQ(F\-3"fl’n\=

2 1ol 4[e] 2o

4 -210 0 0f0

‘ »0: Efbp&hﬂl“
)€, = Nul (A+4Tn):

[i; SIH[AOE gl X =xa [_f] A0 E_Fbpanﬂ-lnu

- pl:




31 -3 ot it 24
w=| & ¢ =2 +26 =4 + 0
3t -t
9¢>  2e
X K

= oanee WK, R 0 = FE amd P foum o
fundamental - et of - Aolutony.

w qeneiold polukon: X ()= G- X'(4) + Co- X2 (H)

-+ n - -4
() = Ca eﬂ[Ql + Cz'et[ﬂ}



(1) npeaad cane

-

0 -1

g o]”"

4) én = \NV&Q (H—Ql-

LA
No-1

i

[-al »
9 -5

Q) E-?.i.= NMQ (n +9.t

-
1

v -9
2 %

Py

L (}QJA%O& polutton:

L

!
A

det (A-n-Tn) = (-2) +4 = 3*+4
Mta=0 —+ (=20, A2=-2i .

?

Tn):

A
i

- 'L

Tn):

[

X=X + C- x2(H) |, evhore :

wr i Mt % 1 oot |2
x(4) = € % , Xl =€ e
IR 9it| 1 -9t | =1
%) =Ca-€ *Ca'emlz}
1| A
Le’“ -1 -2it . o : .
W= Le_m =ie +ie =2 %0
e e

“Hun, K and X ~ gundamental A



o,g,umda!mmaﬂ matHIx of a ydtem

“ fort O Aystem %= Rx | e fudmentel matrix B(H):

B =[ %@ @] - T ame column veclom
=+ now, we'Ae (oohivg gor a Aolutton in ey of modicer:
v B nepreents a matrix solutton o e aysdem
it becaune B(H) ia a "lmewd combrnation’ of X' and X2,
which oe Umeguly moependent —~ W i» weekble on el
“in +he apace of matmiCer , gou now onlly neel do apecify one
bsoundany concifon o Jully deseulbe Hie P of 1> - ondex ag.
> Jor example -
fon  x =ax , polukon: x=¢
fon  x'=Rx , polukon: x=¢

° Jaylon expaunion:

92 n
% x> x

% XX
e = A+t gr tyr v

S



®x<- {0

"0

x  deA(R =T =(-2) £1 = 2241 s
7\'1+4=O = =1 A = —1L

)

‘)El= Nl (A-i-Tn):
Lo -+ Lo WE 4‘_ WE -1 WE -l
A -\ no-L no-u no-u 0 O

Q) E—L= N‘AQ (H + LVJVI\
[ﬂ .L‘ -)-('-—-Xal_i‘
0 O A

Coen| [ T 1o
e -+
[ I AL AL

 generiod, aolukon: X (H)= C-XA(H) + Co x*(H) | ehore:

- mt |2 v oMt |
X‘ (+3 =€ UP({ 5 Xi('l‘) =€ D) .

. d t .
1L B B | ~it |-t LEL _Le-ut
x(H =Cr-€ n‘ + Cq-€ [n} —- P = [e"t e,'i"]

D) i a sdoluteon Yo e matHix equaton x =Ax.

21 # 0

I

. 0 . O
= L6 + 1€

> Hun , B(4) -‘gumdamemlre& Holutton



“ ve)d&% Hhat B n a solukon 6 Hus DFQ:
b g TAR ¥
& -e : -¢ -¢
d(H =1 . i d (H= i 0
[e"t e‘*] [w" ie *]
‘—*pQquym& e ') = A- B

e ¢ 0 -

.ot i
I e e
- .lel't -.le-l.t- - A O e;t e"l'b
[ it b [ ik -it
et e _|-e -e‘] P
L it L -t . it .-t
| 1€ -1e | e -1e

« nistal condli¥on: BO) = Tn: Hwn, wene loking fon

') and %QCH nt iﬁ("):[:)] oind §Q(O3=[2]

o~
-

X' (4) = Caa- X' (+) + Cag X 2 (4) [

2‘7’&2<+) = Coa- X' (+) + C22 X2 (4)

w node: wince 32“(+\=ei’"[;], 32“(0\=[L] anol mmi@m(;é



\ a‘(+) Car- X'(+) + Cag X2 (4) -

el
B




9) %’ka(ﬂ = Coa- X' (#) + Cao X2 (3) ¢

s e

= tmplideno, 3t :

o Tlie* - gt ) = 7(e™ - e ) = 2(w@pd) + ipn ) -
= (oa@® -iaim @) = 7 (2t an ) = - A

0 7T+ e") = 7 iam® + @E - i) = on ()

':’,»2 - -'Z).lﬂ(‘n
% () cob(ﬂ‘
“"'\9\9)@,3,0&81
By = | @O -b'mm} oorulon olueon 6 e
Hin@®  0dp Ve el cond. B0)=Tn .



B) idertify odd)even pateun in e powens of A

o " 0 [ Q0 - 2 -4 Q 3 o 1
n_[o n] H—[AO R—[O—ﬂ R—[-no
" b b v
"Tn A -‘frv\ -
e [1 o s o - 0 =a| [0 - 1 0
n_[o 4‘ R-[a 0 [n o'[n 0 —[o—n
L .
T A
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