
 

motivations

DFQs describe change

change derivative
what is the rate of change of a variable given the state of the
universe right now
Harry Potter adjucting the direction of his broom the slope
leased on his position in the xy plane

jffalformofaDFummmmmmm

some expression in termsof x and y

here

x independent variable e g time of the day
y dependent variable e.g your mood

Dx dx
infinite decimal

by dy

f x y Dy f x y DX

tells you how the change in y is affected by the change in x



y

o
exampletm

a do you know any function y x s.t 2

y x 2x c o many such functions

what if y o 5 then 5 2 o C 0 5 so

y x 2 5

2 do you know any function y x sit 3x

y x Ix C o many such functions

3 do you know any function y x sit y

y x c e on y x etc o
many solutions

what if y o 3 then 3 c e C 3 thus

y x 3 e

4 do you know any function y x s.t ay

y x cé o many such functions



o
teaminologym

My 2 D FQ

yex 2x c general solution

y lo 5 boundary condition

y x 2 5 particular solution



 

1 Idk
y

u boundary condition y o n
H

y c é y a é

o terminologyme

classification of DFQs based on order

a first order DFQ the highest derivative is the 1st

u

y y

2 second order DFQ the highest derivative is the 2nd

u
y y y

3 higher order DFQ In t y fl x y
2

F x y
Mx didnt

y

recall the meaning of the secondderivative
a second derivative measures the concavity of a function
it if y e o y is concave down n at that point
in if y o y is concave up u at that point
iii if y 0 y mx b



ordinary us partial DF Qs

a ordinary DF Qs usually a independent variable x

2 partial DFas involving partial derivatives

system of DF Qs

multiple possibly related DFQs and unknown functions

It 3x ay the solution functions x t and yet must both

satisfy the equations
If x y

linear us non linear DFQs

A linear DF Qs no powers in y ou y

f x y t f x y t fu x y g x

2 non linear DFQs H sin y o

n
ly t y a y sin x or y cos x

note et y sin x y 0 is linear



o modelingm

r population of field mice onto the predators
hypothesis mouse population growth is proportional to the
size of the current population a pct

k Plt where Pet e population at time t
k growth mate of the population

how fast P greens
U e g 0.5 month 0.21month

general solution to this DF Q Plt c
t

exponential growth

2 Newton's second law F m a or F m ft

for a falling object F gravity aim resistance

A
m I m g J V AR Jo

units kg kg I I I
gravity my

U



 

u recall if y t get to get yet

y t I get dt C F to c

first order linear ODES Ht pct y g t

suppose y py g

a note Sp p

let in
esp observation esp

p
P

thus e'P y pekymtmef.my

if we multiply with e'P

Etyltmpely e'P
g and notice the identity above

thus e'P
y

e'P
g and integrating

elp
y

e'P
g

t c

u solution to first order ODE

Y t MI ft pls g s ds where p t espadt
to



1 It z y 4 t p t 2 Spltldt at t c

integrating factor pct é't

multiply the DF Q by guilt

é't g z é't y é't a t

replace the left hand side with the identity e y

é't y é't a t

integrate eel respect to t

é't y e
2s

p g of a
fist a s g s E é

f s A g s e 2s

to

by IBD a s E é
s
f ta I é ds C

Ils a e I é c If c

L It a é't I é't 11 a I t c

é'ty It é't zest I é2t If
1 eat

y It I c et general solution



2 y't 3y t t é't p t 3 Spit dt zt t c

integrating factor j t It

multiply the DF Q by guilt

est If zesty Itt et

replace the left hand side with the identity e y

II esty est t et

f s s g s Ye
integrate eel respect to t f s n g s e's

it y I er s ds f es de C
to

s I e's f r B e's de es t c

I se's I fe'sds es C

I se's f e's test c Iif t c

est y
13 test lgest et g p t c f e

3 t

y It I é't t c é'tFgm solution



3 y't E y 0ft pit I Edt Zen Itt C

integrating factor yn t e
en til 2

multiply the Dfa by guilt

t It at y cos t

replace the left hand side with the identity e y

E It y cos t

integrate eel respect to t

t y cos t dt t c

t y sin t t C

y sing Is e general solution

boundary condition y t o then

lift I c o thus

y Eat particular solution



o nuimmmampproximationm

if you know how x is

f x y Dy f x y Dx changing you can figure
out how y is changing

x X o

BT I É

dy e f x Y D

Y repeatx x DX

y y by



 

o review

partial derivatives and chain rule

f x y Ittf x y 8 I l d
a

x t yet dj 8 dx t Ey dy

t
d

this looks like a DFI

rewrite

u bet M x y É If x y and Nix y Ey If x y then

M x y dx NI x y dy If

if df o M x y dx NI x y dy 0 then

solution

f x y C

Q how do we find this f x y



separableequationsmmmm

form M x dx N y dy o where
Mix
and

N y Ey
f x y Mix dx NCyldy t C

Ha x Haly
Ha lx Mix an

f x y Ha x Haly a note Hz y N y

a general solution Ha x Hz ly C

A 42

a y'tdy x'dx
te te

x'dx y y
2
dy

N y p ya

Ha x 5 3

Haly y By

general solution Ha x Hz y C

5 3
y Yy C x zy y C

particular solution boundary condition y a o

A to 0 C I C A x zy y A



2 y't y'sink o boundary condition yeol n

y'sin x and under y 0

Y dy sin x dx

Ty dy sin x dx 0 Mix sin x N y 42
I b

general solution Ha x cos x Haly y
cos x ty C 3 Cos x thy C

case y o 0

Ady O NLy A Haly y

y c thus

total general solution
cosh Y C for y o

y c for y o

particular solution yea n we'll go over in next
class

cos o A C c 2 thus cos x y 2



3 A

ydy x'd x 0 Mix x N y y
te te

a general solution Holy 3 3
Haly Ey

5 3 L y C 6

2
3

3y C



exactequationsmmm

form M lx y dx N x y dy 0

If ex y M x y
question does there 7 fix y s t and

Fytf x y N x y

p x

ydx ay x dy 0

y e g x y yx Ca ly
Q does f x y F s t

y zy x g x y y't xy Calx

f x y y yx C3

general solution df o f x y c

y t yx C



2 2x y t 2xy O

Ix y 2x y

2xydy 12 42 dx

2xydy t 2x y dx 0

does f x y f g t
2 4 f x y x xy any

y 2x y a f x y y x C2 x

f x y X t Xy C3

general solution df o s fix y c

x x y C



 

lineaueguationmmmm

A general solution exists w an arbitrary constant c

21 there is an explicit expression formula for the solution

Y n

note on explicit us implicit not a function
x I

explicit y x x sin x

implicit x y 2x C

y FFC
x y c implicit

31the points of discontinuity singularity can be identified from the

DF Q

o
non linearDFQsmmmm

none of the above applies

Q given a Dfa do we have a solution and is it unique



o theoremm Existence and Uniqueness Linear

for first order linear ODE s form y t play g t

if functions p t and glt are continuous on the interval Let B

containing the initial point t to then

F a unique solution y 7 t feed te L B

which also satisfies the initial condition y to yo

interpretation

the given initial value problem has a solution existence
and only one solution uniqueness

6



A y't E y at a first order linear ODE

method of integrating factors

p t É f pl t dt 2 Edt Zen t

ga t espadt era t een ti 2

u multiply both sides by plt

t y It y at

Ey at

t y ft as ds C at t c t to C
to to

y t to t c t É 42 To t y
generalsolutioninitial condition y a 2

2 A A C 3 C 2 thus

To t 12 12 I

t t t 12



b use the above Them to find an interval in which this

initial value problem has a unique solution

get at continuous everywhere

pl t É continuous fore t o on t o

now given that to a the interval that contains this
initial point to is the interval t o thus

Theorem 2.4.1 guarantees that this problem will have a

unique solution on the interval o t o

To t E E t 0



o Theoremim Existence and Uniqueness Non Linear

for any first order ODE form y flt y

if functions g and of one continuous in some rectangle
L t B and J y 8 containing the point to yo
then
in some interval to h e t e to th contained in L t B

I a unique solution y to t of the initial value problem

observe this Then still holds true for linear first order ODE

y pl t y t g t flt y p t y get

y p t



a g non linear separable yid I

ydy x dx

dx ydy a

Mix x
te te

H 1 7 4,2

N ly y

H2 y L y
Ex I y C

x y C general solution

boundary condition yid E

Ott C C ta thus

x y I particular solution

note this is implicit y ITE

but given that ylo I we consider the positive
part of y y Fa



2 If 3
2
tax 2

2 Y A y lo A

3
2
Ax 2

gff x y 2 y y
3
2
tax 2

g2

3
2
Ax 2

2 y y

both f x y and ty are continuous everywhere besides
the line y n thus
eve can draw a rectangle around the initial point 10 al
eve'll solve the Dfa to see the dimensions of the meet

If 3
2
tax 2

2 Y A

24 2 dy 3
2

ax g dy q

M x 3
2 4 2

te

Ho x
3 2

2
2x

y zy x3 2
2

2x C
Nly 24 2

A 2 C C 3 H

Ha y y 2y
y zy x 2

2
2x 3

y ay A x 2x t 2 4

Y A x 2
2
2 4



y 9 I x3tzx't2xta but y o a eve

choose the negative one

y y x3t2x't2xt4

to find the interval in which this solution is valid
x 2x t 2 4 can't be negative

x
3
2
2

2x 4 0

x2 x 2 2 x 2 0

x2 2 x 2 0

x 2 thus for a non negative quantity under the
radical X 2

yn however x 2 would yield y o

so eve only choose x 2

A

y
7
x



 

i i iii
or Pla y Q t y Rft y G t

memogeerseendoreseesecstetcescents

ay by t Cy o where a b c const

if we get an exponential solution y yoe't then

u an
t brent cent a emt l am or t c 0 thus

a characteristic equation an am c o

from here find the moots rn and Ma

a case a the discriminant a ta c o then

we'll be able to find two meal unequal roots ma me

general solution yet caen't t caem't

7
and to get Ca and Ca plug in the initial conditions



A a for what values of r is the function e't a solution for

ay t by t cy o where a b c are constants

y e't y r e't y r em
t

a m2eat le ment t cent a eat am t her t c 0

am Am C 0

µ
let galttact

6 give a general form of solutions for y t y Gy a

hint this includes constant parameters Ca and Ca

M M G 0 a p 6 1 C 6

M2 3M 2M 6 0

M 2 Mt 3 0 Ma I M2 3 thus

yet c e t Cré't general solution

c does the above method work for a non homogeneous

equation ay t by t Cy get

nope because then you can't factor et



2 find the solution for the initial value problem

y 5 y't ay o wi boundary conditions

y o r and y o 3

a characteristic equation M 5m 6 0

r 2 M 3 0 Ma D My 3

general solution yet c e't Crest

a particular solution y o 2 and y o 3

2 Ca t C2 and y t 2C e't t 3C eat so

3 2Ca t 362

Cat C2 2

rent 3C 3

p p g p a 2 A

2 3 3 o n p'tto 4
Ca 3

Cz a thus

Y t 3
t est



3 find the solution for the initial value problem

Ay Gy 34 0 ylo 2 y o L y eat

characteristic equation ar 8M 3 0

4M GM 2M 3 0 2M A 2M 3 O
M

My I

general solution yet crett t c
It

boundary conditions

y t Gc ett c ett for y o J

I ECn t Ica and D Ca t Cz

n a 2 n a 2 n a 2 n o 512 ca É
N 3 1 O 2 A 0 A 72 0 A 42 C2 I

particular solution

yet Bett Lett



2 case 2 the discriminant a Aac 0 then

eve have a meal moot M of the characteristic equation

general solution yet cae't t Ca t ent
7

and to get Ca and Ca plug in the initial conditions



complexnumbertmmm

form at bi where it A

properties

a addition

4 2 3 i 5 Gi 7 t g i

2 multiplication

2 t ai a 5 i 8 t do it 16 it 201 at 12 26 i

the equation ax bx t c o always has 2 solutions
in complex numbers

x2 p

X i 2A X A O
f y i xp i and x2 i

2 X x 2 0 a A 6 9 C 2

x
a 1

45 IF a it

xp tgif x
a gift



3 a what could be a reasonable solution to

iy y lo n

ly dy idt

f g dy Si dt

en ly it t c

y pitta

yet c e't general solution

boundary condition y lo n

a C yet
it

particular solution

6 show that y t cos t i sin t is another solution

If i y

sin t i cos t i coset i sin t

i cos t sin t i cos t sin t an



c given pants at and b give a formula relating the
exponential function and cos and sin

u notice how It i y o is a linear Pfa with

pit i and get o since plt and get are
continuous At this guarantees a unique solution at

since there has to be only a IVP solution Thin E U

e't cos t i sin t this is called Euler's formula

d what about the case when t t

pit p e t a 0



o chmmtesticeguationwlcomplexmootsimmmmmm

a y t y t y a yid 0 y o A

characteristic equation m tr A 0

roots m
n I na

2

m I and my I thus

y t eat et ht It ett ett by Euler'sI formula ett
étt cos t t i sin Et

y t e
ht cost Et i sin I É M2

e
It

cos Et i sin Est

general complex solution yet Ca
t
Cz e

t

yet Ca y t Cz Yz t

y t Ca étt cos t t i sin Et

Cz e
tt

cos Et i sin Est



general real valued solution Cr Cr e IR

y it ca e
tt
cos Et co é tt sin Et



2 Y t y 0 A A 6 0 c d thus

M A O M A My i My I

general solution since 1 0 and m o

yet Creo cos at t Creo sin at

y t Ca Coset Ca sin t



3 case 3 the discriminant a ta c o then

we have a complex roots of the characteristic equation

Mr I Mi Mz D pi

a general solution

y t ca e't cos int Cre't sin int

and to get Ca and Ca plug in the initial conditions
7



 

ExisteemadUniquenesstheoremmmmm

the IVP y t p t y alt y g t y to yo y'tto y
has a unique solution y 8 t on any open time interval 1
where pit get and g t are continuous to El

interpretation

if functions p g and g are continuous on an open interval 1
that contains the point po then

a the IVP has a solution
2 the solution is unique
3 the solution to is defined throughout the interval I where the

coefficients p g and g are cont and to is at least twice
differentiable there

r y t t 3 y t It y 0 yea 2 y t n

p g and g are continuous for t 0 and I 3 thus

te f o o u 0 3 U 3 00

since to A 1 10 3 thus
this NP has a unique solution on the interval te lo 3



o theWronshianmm

u suppose that y and y are two solutions of

y t p t y t g t y 0 at yl to yo y Ho yo

then finding a specific solution yet cry t ca yal
is only possible if

the Wronski an W Ya to y to yalta yo to is to

w def
Y to Y to

yalto y to yalta yo to
Yn to ya to

if we can find a t s t W to we have a unique solution



2 Y t 5y t Gy 0

M 5M 6 0 Mt 2 Mt 3 O Ma 2 My 3

g t é't y t est

W e
t

e
3t

ze at ze
at 30

5
2e

st est y o

since W O ft we'll be able to find a unique solution

yet C é't Crest It



 

x
y 8 s

a function

S L
If

an operator

linear function f x x2 f xa t f x2

f Cx C f x

linear operator un t uz un uz

cu CL u

r Lu In cos t dat u is L a linear operator

yes the 2 conditions apply

2 Lu u ddt is L a linear operator

a Ll un ur un us I 942

up I un t uz U2

Lunt Luz un I u ddt and ur uz Lunt Luz

this L is not linear



igetititiititiamen
2 y t p t y alt y o homogeneous

let Lu u t pit u t get u then

a Lu g and 2 Lu o

assume Lu g has two solutions Ya and Ya

LY g and L Yz g

u let's look at the difference Y It Ya t
linearity

2142 Y FLY 2 LY g g 0 thus

Y t Y It is a solution to the homogeneous equation Lu 0

but we also know how to find the general solution to a

homogeneous equation yet ca g t Ca y t thus

42 t Ya H Cn ga t Cz Yz t therefore

42 H Cn ga t Ca Yz t Ya t



0

Item introduces the method of undeterminedcoefficientsmmmmm

if Ya and Ya are two solutions of the nonhomogeneous
equation Ly y t play t gltly g t then

a their difference Ya Y's is a solution to the corresponding
homogeneous equation Ly y t petty t gltly 0

2 and we know that y and y are also solutions to the

homogeneous equation y t p t y gltly 0

3 the general solution to the non homogeneous equation Lu g

is Y t Ca ya t Ca y t Y t where Y It is a

particular solution

of the n h Lu g



n h DF Q
A y t Fy t try 3 e't find a general solution to this

find complementary solutions of the homogeneous eg

y t Fy t try O

M FM 12 0 M a Mt 3 0 Ma 3 and Ma 4

yet c é't t ca é't general solution to the homogeneous eg

find a particular solution for the 06 eg y t Fy t try 3 e

a solution will be some ult A e't A undetermined coefficient

u t 2Ae't u t aAe't plugging this in

4A e't t 44A
t
myA et ge't

e AA a da t or A Be't 30A 3 A Ho

thus a particular solution Y t Ho e't

general solution to the non homogeneous DF Q

yet ca é't t c e
at to eat



if g it Pn t polynomial at degree n

n finding a particular solution It for ay by'tCy g

form Y 1H Ao Ant t Ant t s o d 2

3 ay t by t Cy 51 3t 2

bet u t Aot Ant Azt then

u t An 2 Art u t 2Az plugging back in

a 2A2 61 An 2 Art I Cl Aot Art Azt 2 31 51

C Az 5 CAN 26Az 3 CAO t beAn zaAz 2

you can solve this system of equations 3 unknowns 3 eg s

but we run into a few issues

if a c o b to we need an extra factor of t on the left
Y 1H Ao Ant t Ant E

2 c o b o we need an extra factor of t on the left
Y 1H Ao Ant t Ant t



if g it Pn t est use the particular Y t

Y t t Ao Ant t Ant ett

if g It Pn t est cos Bt use the particular

YH FI Ao Ant t Ant est cos IBE
t Bo Bat t Bnt est sin IBE



















































y t pit y t get y get

we have complementary solutions for the homogeneous eq

yal t Co ya It Ca y t

look for the particular solutions of the form

Y CH Un H ya it us t y t

with the condition un y us y 0

u let Y un yo t uz yr then

Y Un y un y t uz y t uz y and of the condition
Un y t us ya

y un y t un y t uz y t us Y

plugging these into Y t p't t qt g

lui y t un y us y t us ya t

plur y t uz ya q un y ur y z g

trigraited lytgigitegtt o



now recall that y and y solve the homogeneous eg thus

un y t uz y g

eve've left at a system of equations

un y t us y g variables u and un

un y un y o the condition

after solving for un and us eve obtain

un jiffy u's wtyi.gg thus

un f witty uz I wtiity

particular solution

ya I witity yr I wityity

general solution yet y t YH

y t ca ya It ca ya t ya I wigitya ya I wiyi.gg



a y t ay 3 Csc It

finding complementary solutions for the homogeneous eq

y t ay O n t a O Ma 2 i My ri

y t e t ca cos rt ca sin rt ca.cl tltcz
syinlht

y cos rt y sin at

variation of parameters replace ca and ca al un t and ur It

condition un y uz y o un cos rt ur's in 1st o

our particular solution will be yplt un yo t U2 Yr

Yp it un cos at uz sin at

Yp t un cos rt zur sin at us sin at 262 cos rt

zur Cos It run sin rt

yp t 262 cos rt our sin 121 run sin at our cos let

21 ur cos rt un's in at a fur sin at un cos rt



plugging yp.lt and yp t into the original DFG

2162 cos rt un's in at a fur sin at un cos at t

i a uz sin at un cos rt zac

242 cos rt zur's in at 30C t solve for un un

n un Y u Y

y y

Coslett sin 271 2 Cos at 2sinktW Ya Ya
2sin 127 20s rt 21082227 sin 217 2

en Y
COSCIA O 3 cos at csc t

2sin 127 39C t 36s at sin t

O sin 271 3 sin at GC t
Wat Og Yy

zac t 2cos rt zsin rt sin t

65in t cos ti sin t

aces t

eve have

Ya t Ca cos rtl Co sin It y cos at Yz sin at

W 2 Wa 60847 02 3081277 sin t

a eve event Yp It Un Yo t 42 Y



un
Gcos t
2 3Cos t

u E 30812th sin t
3 9,11

un f 3Cos t dt 3 cos1 1 dt 3 sin t Ca

uz B 9 1 dt 3cos t Ben Icsc it cot itll Cr

plugging ur and ur into yp t

Yp t 3sin t cos at 3cos t Ben Icsc it cot 1 11 sin 1st
Ca cos at Cz sin at



 

linearalgelindreviewmmmmm

matrix multiplication

A firstway AB AGT Abi Aten

2 p

Adnate
4 2 3

7 3

2 3 3 2 2 2 AGT
t

2 A 2
n 1 tt t 1 tAfn 42 3

7

a a g
in

AE an 3
0 21 3.3 I t t

ABI

2 second way lij entry in AB is Ria CjB dot product

iz p
2 A 2

2
2.2 1.1 2.7 2.1 1.2 2.3 9 2

4 2 3
y 3

4.2 2.1 7.3 1.4 2.2 3.3 3117

2 3 3 2
2 2



3 third way a sum of n monk a mxn matrices CA x RB

2 p

2
V2

22 A 2
a 2

q I 2 a
3

7 3
A 2 3

7 3
2 3 3 2

4 2 A 2 14 6 9 2

58 4 52 4 521 9 53117
2 2 2 2 2 2 2 2

linear transformations
n n

MY y
y aman x

Y 920922 X2
s



o

deteymindn.tn

Ann902
At.az azz

def A Ann 922 day ay

geometric interpretation of det
u the Idot All can be thought of as the change of the area of
the unit square after eve apply the lin transformation A
Cleasis vectors c n o co a in IR

this is why det A o means we're losing a dimension

e.g from 112 everything is squeezed onto a line IR

Ann Aar913
A22923

det I 921922923 I ann det
a a arr dat

d
t

131933
131932933

Ayp A22
a 13 dat

Az Az

Ann 922933 A23032 902 929033 923930 A03 A2a932 922939



o eighetermeigenvaluelm

when A I 0 for I 8 this means that I gets
mapped to the E vector this means that the unit disc is
collapsed to a line segment as a result of a projection
along I

u this I e Nal A

for example

a I ai

notice that det a O

N
o n o r o n o iz

A A 3 2 AT A 3 2 0 8
a a

o

2 A 4 A O

notice that det A 013 a 2 a a a a 2 2 to 0



2 find vectors I and numbers ns.t At RE

x eigenvalue of A
I eigenvector of A corresponding to a

A I an 2 In 12 3 x2

Axt taxa and Axt 1252

this is A is diagonal thus D fog and
I ed
XT En

3 find vectors I and numbers ns.t At IT A D

AT X JI

AI NIE 0

A X I 5 I 0 and I 0

def A a 95 O use this formula to find a

I will be in the Null A a Tn



det A 13 x 2 x a X X 2

A
3 d x2 x z o e x 2 nta O thus
4 2

Xp 2 12 A

finding eigenvectors

A for xx 2 Nul A 2 Tn

2 for X A Nal At A Tn

so
d



one variable calculus

when we zoom in on the graph of a smooth function
we see a line

I
two variable calculus

when we zoom in on the graph of the multivariable
function f 112 1122 we see a linear transformation
which approximates

Yn galxx x2 are xn are Xa bn

Yz 82 x a X2 Az Xr AzzXa leg

II
amani x

920Azz
i t

Go

62



o systemsofDFQsimmmmm

for one variable

y ay solution y t c eat

for two variables

Y A Y where A matrix
y

am an x

yo any any

for a system

yy azayo t 922 Y2

goal come up with a strategy I linear change of variables
to turn any system y A j into a diagonal form

y
no

yO X2



 

o

first orderlinearsysteensmmmmmm

form x PH x get if g t o homogeneous

elk ept e in

Xn Pan t x t Pan t x n t ga t

x2 Pan t x a t Pan t xn 92 t

xn Pna Hl xa t Pun t x n t gn t

the system has n linearly independent solutions a vector in IR

firtermehammogeemlinumsystemelmountcefficients

form x A x where A is a constant matrix



Xp c
It

I I xn 2x

Xy 3 2 x2 Cy
3T

u checking xn checking x2

É v at

thus the two vector solutions

I CH e't ya et é't
o

N

the Wronski an

wt t ya z
et o
O g't

e
t

I
since Wix I E t o I t and I t form a

fundamental set of solutions

general solution I t ca I t Ca I t

It ca est
n

O
Cz e

t o

A



2 I d N T
A D

assume ICH e't is a solution where
12

12
eat I g gne't

o n 12

substituting this

ext n o g
o n s

e thus
a a is

g

it s
o the onlyway to have a non zero 5

is if det A a Tn o

n at a o e ta 3 and ta A

a E NACA 3Tn

I x2 so es spank

2 E a Null At aTn

in
n

so E
n span



thus so

t ga p

2
and I t e

t p

2

the Wronskian

a
re i
m y

20 2
t
yet o

since wit I E t o I t and I t form a

fundamental set of solutions

general solution I t ca I t Ca I CH

THI ca est
n

t c e
t d

2 2



 

a special case

x I x detca a Int l N a Ita thus

It 4 0 xp 21 12 2 i

a Eri Nal IA Di Tn

iii ii iii ii
i
A

2 E ni Nal A tri Tn

ai n
n
i n

n
n

n
n i

n
n i y xp

i

2 Ii A i A i A i O 0

general solution I t ca I t Ca I t where

t era t g
Yee

I t 822 t 8
YC

H C grit
i

A
Cz e

ziti
A

W
i Zit

grit
ie Zit

e
sit ie t ie zi a

thus I t and I t fundamentals



o fundamentalmatrixofasystemmmmmmmmmm

for a system x Ax the fundamental matrix Elt

8 It I t t 52 H X I ane column vectors

now we're looking for a solution in terms of matrices

To It represents a matrix solution to the system
it's because Fett is a linear combination of I and I
which are linearly independent oct is invertible as well
in the space of matrices you now only need to specify one
boundary condition to fully describe the NP of 1st order sys

for example

for x ax solution x eat

for x A x solution x
At

o Taylomexpansionimmm

e a x I I t t I



P X
O pi
p g

x detla a Jn l N't a I a thus

y't a o ar i X2 i

a Ei Nal IA i Tn

i
n i

2 Et Nal At i Tn

iii exitn i

general solution I t ca I t Ca I t where

t
to t 8

Yea X2 t e'st.gg

CH ca eit.in ca e
it

ji on iight ie
it

e
it

To It is a solution to the matrix equation x Ax

W
ie't ie

it

e
it ie t ie zi o

e
it

thus 8 It funmmmmated solution



verify that alt is a solution to this Dfa

81 1
ie't ie

it

ie
it

e
it

e
it

e
it o H

e't
ie
it

plugging into to It A Ift

e

ie
it I

ie't ie
ie

ie
it

e
it

i

e
it

e
it

ie
it

C
it I it

C

ie
it ie it

e
it

ie it

a initial condition 70101 In thus we're looking for

H and 52 t s t I o and I o
d

N

T t Can I H Coz I 2 t
C

Cna Cn

2 t Car It H C22 I 2 t
C2 C 2

note since it pit
i

d
lo

i

a
and similarly
foil 52 o



a I t Car I H Coz I 2 t

a

O
Can

i

A
Car

a in n n

A A 0 O 2 i

can Caz thus I t I I t I t

Inti gie it tee it e e
it

g it e
it

ieit tie
it

simplifying É H

a Ele't e
it 4 coset i sin t cost i sin t cost

b El ie ie it if eitt e it If cos t is in t coset i sink

51 2 i sin t i sin t sin t thus

t
coset

sink



2 T2 t Car I H 2252 t

Cry
i

a
022 t

I n
n not not cant
O 2 9 0 A L Cay I

thus I t I T IH I I t

et se e

simplifying E t

a Elicit ie
it Ife't e

it
coset i sin t

coset i sink zi sin itll sin t

b Ele't e
it f cositltisin t cost i sin H coset

t
sinh
Coset

therefore

get
coset sink particular solution to the
sink coset Np w cand 8107 9







 

repeatedligenvaluesmmmmm

A det A D Tn n ex a x 21
thus x z e only one eigenvalue

we use eigenvalues and eigenvectors to write the general solution

I t Ca eat t Cz eat

recall each eigenvalue guarantees at least a eigenvector
u when working in A we'll always be able to find n lin ind

eigenvectors h matrices A
bad news if x is a repeated eigenvalue at algebraic
multiplicity 2 it's possible that we have only a eigenvector

geometric multiplicity algebraic

A x 3 X xp An 2

A E Null A 2 In

exit er span i
I It eat n

n
but what about I It



u possible form for I t a combination of two vectors

t t e'tg t eat y

u plugging this into the 06 eg x Ax

x eat rte't S t ze't y e't rn rte't

e't lethal ztet.fm A tents te't nd

a n A n A 2 Tn n
already t since

25 A G A 2 Tn G O G is an eigenvector

eel eigenvalue 2

u span 5 n is a plane
when you apply A to G or n you'll stay within that
plane

y generalized eigenvector associated to eigenvalue x

n is any vector satisfying A R Tn n

solving for n IA 2 Tn n



I
a i
a ni ooo

5

I tha 1 notice how this is so we can

get rid of it won't contribute any
thing new in our x t

I O

thus

I It t e't f t eat y f eat
d

g
te't

n

O

general solution I t Co I CH t Ca T t

It ca eat if ca f te't if eat
O

fundamental matrix

t I te't eat
test

e't It



boundary condition 70 o Tn

Can O

c 22 A

a Ynet Can In car I

O
It A t

t t e't eat
n

t

2 52 t Can It Car I

2 t ert
A

t t
t d

no
eat

t
a

eat
n

A t

particular solution t eat
A t t

t a t



 

o cheemofcordinatefenhomogeneoussystansmun

u to solve I AI we find a linear transformation I T y
such that the system becomes diagonal

I Ty I T y

in new j coordinate I AI becomes T y AT J

T y AT y T T Y T AT y thus

y T A T T eve want t A T to be diagonal

D T AT Y D Y where D
N O

O X2

here Aa and Aa are our 06 eigenvalues of A
these eigenvalues correspond to eigenvectors é and et
elementary vectors since the matrix is D

solution in the g coordinate system

O
Cz Rat O

Ttt care
t

n



back in the I coordinate system

since I T Y

t Caetat
TaaTaz a

Tar722 Io
t Cz etat

TanTaz g

Ian T22 A

F T

t Ca eat
Tan

Tan
Ca eat I
I e these are eigenvectors of

thus the I coordinate system has the same eigenvalues
to and as as in y but different eigenvectors

when making T make it

T g g



 

o thumpmhempnaerlinearsystemsmmmm

a motivation qualitative inspection of systems since many
DF Qs can't be solved analytically

u questions about the stability of a solution

u solution of a system I AF I To t is a vector

function that can be seen as a parametric curve which

represents the trajectory of a moving particle whose
velocity is I

the xoxo plane is called the phase plane and the corresponding
set of trajectories is called a phase portrait

given the system I AI you get a unique trajectory on th

graph given different initial conditions which give you c's

for example if for I AI the initial condition was

o co o you start at the origin then for any A
you'd just stay at the origin why the I tells you
how you move and any A so 07 c o o the origin
thus I so o is a fixed I critical point It and K A

in general points I where I o are called critical pts
and they correspond to equilibrium constant solutions



eigenvalues of A typeof critical point stability
ma ma a node unstable

ma ma o node asymptotically stable

Ma o no saddle point unstable

m iw
red spiral point asymptotically stable
r o spiral point unstable

M O central point
Ma Ma O unstable

man a

Proper impropernode

proper impropernode asymptotically stable

depending on eigenvectors



 

e wealth I
poor d wealthy earning I

I O earning I o spending
I AI

s
a g x

axe taxi person a's spendinglearning

c d x2 x cx t d xz person 2 s spendinglearning

if a o if I'm rich I get richer reinforcing p
if I'm poor I get poorer feedback loop

if a o if I'm rich I spend more balancing B

if I'm poor I spend less feedback loop

if a o if the other person is wealthy I get wealthier

if the other person is poor I get poorer I

if b e o if theother person is wealthy I get poorer
if the other person is poor I get wealthier RB



 

so far our matrices were only constant not changing

now we consider a matrix a t it depends on its
state

o autonomoussystemmmmmmm

the system doesn't depend on time It is the independent uan

1 F xx x2 Ht G xx x2

this time A is not constant

y
F xa X2 F I

G xx x2
OM f I y f IR e p

critical point any point xx xp s t flit 8 i e

F xx x2 0 and G xx x2 0

critical points to correspond to constant equilibrium solutions

of the system we talked about the stability instability
asymptotic stability of these I s



A F lx r x2 3 0 2 2 G xx x2 Xo

this is what we've been doing so far this is a linear

homogeneous system at constant coefficients

I
e critical points

since A is an invertible matrix Idet A to it will only
have one critical point the origin Mank A 2

I I is always a critical point

type of critical point

A 3 y
def A a Tn 3 x C N 2 x2 3 2 so

IF 3 IT In O Ar e O

u and then you find the eigenvectors turns out there's two
lin independent

since the eigenvalues are of the opposite sign and IR the

origin is a saddle point unstable



2 F xx x2 xx x2 A xx x2

G xx X2 Xo I X2

this is no longer a linear system

critical points find all the points exo x2 s.t f I I

xx x2 A xx x2 o xx x2 on xx x2 A

Xn I X2 O XA O OM X2 2

X2 n

critical points

a o.o saddle
xn

2 o d spinal
3 2 2 node
a 3 2 node

the blue and the green must intersect FLI o 6157 0



classifying critical points

F xx X2 Xp Xa X2 t X2

G xx x2 2x xox
I

En Es Lxx a 2x to

2 x2 2 Xo

2x a 82 2 2 a 2 x2 82 XA

1 TO o o near Io y N N

2 O
I D y

g g

th A

Dr 2

o.o is a saddle point unstable

2 TO 0.1 near to y d d p a D p ag
s o 9 3 D 2

10 a is a spiral point asymptotically stable

3 50 1 2 2 neem 50 y
5 5

y p 7 D p Ag
on 9 10 D 39

1 r 2 is a node the asymptotically stable one

a TO 3 2 near 50 y
5 5 p 8 D

g pg
p 4g

O 3 D A

3 2 is a node the unstable one



 

a case g IR IR

4 linear approximation of g near a EIR

gears 94 gun
gialggiated

u if g al o e g x a g la x a

the calc quote if you zoom in on a curve you see a line
and the slope of that line is its derivative

a case 2 F 112 IR vectors to numbers

4 linear approximation of F near la bl e IR

F xx x2 a Fla 6 En la b xx a t Ea la b x2 a

again the RHS is linear



F I
3 case g 112 112 vector to vector flit guy

linear approximation of f near a 6 e IR for f la 67 0

fl xp x2
FCI Er a b xx a E la a x a
G I 89 a b xx a a b x2 b

I iii i it

A consider an autonomous system fix I

fore la b being a critical point i.e fla 67 8

then near a critical point a b the system is

approximately equal to

E la a Egala a xn a

89 a a Ex la es ya ee
near a b



2 linear approximation near critical points of the pendulum

Y FI x y y
y I og w sin x Glx y oy eosin x

g E F o

Ey w cos x o

then near the critical point a b it 01 approx

O n X TÉ Iw cosy o y o

change coordinate system

III x i d I o n I
dt Y er pig

new system

Y O Of ODES

need T

v2 g
P TM A y

O
me A

o p

g det A w

since pro and geo our critical point is a sadde point
which is unstable



 

we wanna find trajectories independent of time un parameterize

A autonomous system

dx dt a ry
dy dt ar 3 2

eliminate time divide the second eg by the first eg

8449ft My 12 3 2

a 2y this is separable

4 2ydy 12 3 2 dx fa rydy for 3
2 dx

ay y arx x t c there's no time involved

a general solution ay y tax x C just the trajectory


