
Homework 4

Problems

P1. Let X = [0, 2) and F0 = { [0, 1), [0, 2) }.

(a) Find the smallest σ-algebra on X containing F0.

(b) Let F be the σ-algebra from part (a). Give an example of a measure µ on (X,F).

P2. Let (X,F , µ) be the measure space constructed in P1, and give R its Borel σ-algebra. Let
f : X → R.

(a) Describe the condition under which f is measurable.

(b) For a measurable f as in part (a), express
∫︁
X f dµ in terms of the values of f and the

measure µ.

P3. In each case, prove that the function f is Borel measurable on the real line. You may use
the fact that f is measurable provided f−1

(︁
(a,∞]

)︁
is measurable for every a.

(a) a Heaviside step function f

(b) f(x) = ex

(c) f(x) = sinx

P4. Let X be a measurable space.

(a) If f, g : X → [−∞,∞] are measurable, prove that h = max{f, g} is measurable.

(b) If {fn}n∈N is a sequence of measurable functions, prove that h = infn fn is measurable.

P5. Let (X,F , µ) be the measure space constructed in P1. Define the solid square

Y = X ×X = { (x, y) : 0 ≤ x < 2, 0 ≤ y < 2 },

and let g : Y → X be given by g(x, y) = x. Describe the smallest σ-algebra on Y that makes
g measurable.
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