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Hyperplane arrangements

A hyperplane arrangement of dimension n is a finite collection of
affine hyperplanes in R".

Example:




Hyperplane arrangements

A hyperplane arrangement of dimension n is a finite collection of
affine hyperplanes in R".

Example:

The complement of the hyperplanes is divided into regions.



Braid arrangement

Def: The braid arrangement of dimension n has hyperplanes
{zi —x; =0}
forall 0 <1 < 7 <n.



Braid arrangement

Def: The braid arrangement of dimension n has hyperplanes

{zi —x; =0}
forall 0 <i< j<n.
Example: n =3
.CClA
5131—5132:0 5131—213320

n! regions




Deformations of the braid arrangement

Def: Fix S C Z finite.

The S-deformed braid arrangement Ag(n) C R” has hyperplanes
{zi —z; = s}

forall 0 <7< 9 <n,andall s € 5.



Deformations of the braid arrangement

Def: Fix S C Z finite.
The S-deformed braid arrangement Ag(n) C R” has hyperplanes

{zi —z; = s}
forall 0 <7< 9 <n,andall s € 5.

Example: S = {0,1} and n = 3.
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Known counting results for S C {—1,0,1}

[Stanley, Postnikov, Athanasiadis, .. .]



Known counting results for S C {—1,0,1}

B(n) = set of rooted binary trees with n labeled nodes.




Known counting results for S C {—1,0,1}

S={-1,0,1}| S={0,1} S={-1,1} :{1} S={0}
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Known counting results for S C {—1,0, 1}
S={-1,0,1}| S={0,1}

. >< \e
N Als
Catalan Shi Semi-order Linial Braid
TeB(n) TeB(n)st. |TeB(n)st |TeBn TeB(n
bﬁf @éﬁ %%
u>v u>v

“Why?”
Ira Gessel

u>v
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Bijection



Bijection for S C {—1,0,1}

Trees: Tg(n)= set of trees in B(n) such that:

f—1¢5 f0¢ S f1¢5

&}}fju>v %{ = US>V é}?jiu<v




Bijection for S C {—1,0,1}

Trees: Tg(n)= set of trees in B(n) such that:

f—1¢5 f0¢ S f1¢5

@}}5:>U>U % = U>v giu<v

Map: &5 : Tg(n) — regions of Ag(n)
Og(T) = ﬂ {z; —z; < s} ﬂ {z; —z; > s}

sesS, 1<i<y<n ses, 1<i<jg<n
(5,4,)ET™T (5,8,5)¢T "

where T is . ..



Bijection for S C {—1,0,1}

Trees: Tg(n)= set of trees in B(n) such that:

If—lgéS IngéS IflgéS
é}?fﬁu>v %{ = U >V é}?{iu<v
Tree order: s

a<rb<rc<Xrd<re---



Bijection for S C {—1,0,1}

Trees: Tg(n)= set of trees in B(n) such that:

f —1¢5 f0 &S f1¢ 5

@}5:>U>v %{ = U>V %}}inu<v

Map: &5 : Tg(n) — regions of Ag(n)
Og(T) = ﬂ {z; —z; < s} ﬂ {z; —z; > s}

sesS, 1<i<y<n ses, 1<i<jg<n
(5,4,)ET™T (5,8,5)¢T "

where (0,4,5) € T if 7« <1 7,
(—1,7,5) € T if right-child(i) <r j,
(1,7,7) e T if ¢ <7 right-child(j).



Bijection for S C {—1,0,1}

Trees: Tg(n)= set of trees in B(n) such that:

f —1¢5 f0 &S f1¢ 5

@}5:>U>v %{ = U>V %}}inu<v

Map: &5 : Tg(n) — regions of Ag(n)
Og(T) = ﬂ {z; —z; < s} ﬂ {z; —z; > s}

sesS, 1<i<y<n ses, 1<i<jg<n
(5,4,)ET™T (5,8,5)¢T "

where (0,4,5) € T if 7« <1 7,
(—1,7,5) € T if right-child(i) <r j,
(1,7,7) e T if ¢ <7 right-child(j).

Thm: ®g is a bijection between 75(n) and the regions of Ag(n).




Example: Linial S = {1}

Ts(n) :

%;Z’{2>U>v
%{ = U >V




Example: Linial S = {1}

Ts(n) :

= U >V

= U >V




Example: Linial S = {1}

7?9(”) : Dg

= U >V

= U >V

Oo(T) = M {a

1<i<j<n 1<i<j<n
i< right-child(5) i~ right-child ()



Generalization S C |[—m..m)|

o 7' = set of rooted (m-+1)-ary trees with labeled nodes.
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Generalization S C |[—m..m)|

o 7' = set of rooted (m-+1)-ary trees with labeled nodes.

e The last node among the children of u is denoted cadet(u).

G, 34 &
3 g (4
& L. O (€
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Generalization S C |—m..m|

o 7™ = set of rooted (1m+1)-ary trees with labeled nodes.

e The last node among the children of « is denoted cadet(u).
Def: 75 = set of trees in 7 ") such that for all v = cadet(u),

e  FHleft-siblings(v) ¢ SU{0} = u<w,
o — Hleft-siblings(v) ¢ S = u>v.

#Ieft—siblings(v) O
U

A4




Generalization S C

—m..m]

Def: S is transitive if it satisfies:

o ifa,bd S, wit
o ifa,b¢ S, wit
o if0,a¢ S, wit

nab > 0, t
nab < 0, t
na >0, t

nena+b ¢ .S,
nena — b ¢ S,
hen —a ¢ S.




Generalization S C |—m..m|

Def: S is transitive if it satisfies:
e ifa,b& S, withab >0, thena+0b¢& S,
o ifa,b¢ S, with ab <0, thena —b ¢ S,
e if0,a ¢ S, witha >0, then —a & S.

Examples of transitive sets:
e Any subset of {—1,0,1}.
e Any interval of integers containing 1.
e S such that [—k..k| € SC|—2k..2k| for some Fk.



Generalization S C |—m..m|

Def: S is transitive if it satisfies:
e ifa,b& S, withab >0, thena+0b¢& S,
o ifa,b¢ S, with ab <0, thena —b ¢ S,
e if0,a ¢ S, witha >0, then —a & S.

Examples of transitive sets:
e Any subset of {—1,0,1}.
e Any interval of integers containing 1.
e S such that [—k..k| € SC|—2k..2k| for some Fk.

Thm: If S is transitive, then ®g is a bijection between 75 (n) and the
regions of Ag(n).




Direct proof for S C {—1,0,1}



Warm up: Braid arrangement

33'1‘

x1 —x2 =20 x1 —x3 =0




Warm up: Braid arrangement

33'1‘

r1 —x9 =0

r1 —x3 =0




Warm up: Braid arrangement

33'1‘
r1 —x2 =0 r1 —x3 =0
¢ (x17x27x3)
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Catalan arrangement 5 = {-1,0,1}

QflA

r1 —x2 =1
x1 —x2 =0 \

r1 —To = —1
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Catalan arrangement 5 = {-1,0,1}

371‘
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r1 —x2 = —1
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Catalan schemes = labeled non-nesting parenthesis systems
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Shi/SO/Linial regions as equivalence classes of schemes
Definition:
e Shi moves (S = {0,1}):

e Semi-order moves (S = {—1,1}):

e Linial moves (S = {1}) = Shi moves + semi-order moves



Shi/SO/Linial regions as equivalence classes of schemes
Definition:
e Shi moves (S = {0,1}):

e Semi-order moves (S = {—1,1}):

e Linial moves (S = {1}) = Shi moves + semi-order moves

Remark: Shi/SO/Linial regions are in bijection with equivalence
classes of schemes under Shi/SO/Linial moves.



Linial regions as equivalence classes of schemes
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Shi/SO/Linial regions as equivalence classes of schemes

Total order on schemes: C' < C" if at first place they differ one has
e \,inCand "in (",
e or ' in both, but label in C < label in C".

Remark: Shi/SO/Linial regions are in bijection with schemes which
are maximal in their equivalence class.



A=Shi max
B=Semi-order max




Shi/SO/Linial regions as equivalence classes of schemes

Lemma: Schemes are Shi/SO/Linial-maximal if and only if they are
locally maximal (cannot increase by a single move).



Shi/SO/Linial regions as equivalence classes of schemes

Lemma: Schemes are Shi/SO/Linial-maximal if and only if they are
locally maximal (cannot increase by a single move).

Corollary:
o are in bijection with schemes such that
2 ]
\ /:> P>
o are in bijection with schemes such that




Bijection: Schemes <— labeled binary trees




Bijection: Schemes <— labeled binary trees

Claim: L

po
Rof



Bijection: Schemes <— labeled binary trees

Corollary:
o are in bijection with trees such that
= U >
o are in bijection with trees such that
= U >0
o regions are in bijection with trees such that

= ¢ >o and = U > v
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General S C [—m..m|?

In general, we obtain surjection ®g : 75(n) — regions of Ag(n)



General S C [—m..m|?

In general, we obtain surjection ®g : 75(n) — regions of Ag(n)

Problem: Not always true that locally-maximal schemes are maximal.



General S C [—m..m|?

In general, we obtain surjection ®g : 75(n) — regions of Ag(n)

Problem: Not always true that locally-maximal schemes are maximal.

But it is true for transitive sets S. In this case ®¢ is bijection.
To prove it, it suffices to show that |7g(n)| = # regions of Ag(n).



Counting results
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Boxed trees

o 7\ = set of (m+1)-ary trees with labeled nodes.
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Boxed trees

o 7\ = set of (m+1)-ary trees with labeled nodes.

e A m-boxed tree is a tree in 7" decorated with boxes
partitioning the nodes into cadet-sequences.
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Main counting result
Let S C 7Z. Let m = max(|s|, s € 9).

Def: S-boxed is m-boxed tree such that in each box

Vi < 7, (ci+civ1+---+cj—1) € SU{0} = v; <y,
—(C¢+Ci+1—|—' : '—|—Cj_1) cS = V; > V.
m+ 1
C; /_\
A on
C;
Yo UJ
C1 /U,L'//
/—\



Main counting result
Let S C Z. Let m = max(|s|, s € 5).

Def: S-boxed is m-boxed tree such that in each box
\V/i<j, (CZ'—I—C¢+1—|—°'°—|—C]'_1) ESU{O} = V; <y,

_(Ci—I_Ci+1—|_. : '—|—Cj_1) cS = V; > V.

Theorem: For any S C [—m..m|
# regions of Ag(n) = Z (—1)n#boxes
TeUs(n)

where Us(n) is the set of S-boxed trees with n nodes.




Main counting result
Let S C Z. Let m = max(|s|, s € 5).

Def: S-boxed is m-boxed tree such that in each box
\V/i<j, (C¢+Ci+1—|—°'°—|—(ij_1) ESU{O} = V; <y,

—(Ci—|—07;_|_1—|—' : '—|—Cj_1) cS = V; > V.

Theorem: For any S C [—m..m|
# regions of Ag(n) = Z (—1)n#boxes
TeUs(n)

where Us(n) is the set of S-boxed trees with n nodes.

Corollary: If S is transitive, then # regions of Ag(n) = |Ts(n)].
Thus, ®g Is a bijection.




Proof of corollary.

For a transitive set S, a tree is S-boxed if
V1, c; € SU {O} = Uy < Uj41,

—c; €85 = U; > Vj41.




Proof of corollary.

Locality: For a transitive set .S, a tree is S-boxed if
V1, c; € SU {O} = Uy < Uj41,

—c; €85 = U; > Vj41.

Rk: For v = cadet(u),
u, v satisfies condition of 7¢ <= wu, v cannot be in the same box.



Proof of corollary.

Locality: For a transitive set .S, a tree is S-boxed if
V1, c; € SU {O} = Uy < Uj41,

—c; €85 = U; > Vj41.
Rk: For v = cadet(u),

u, v satisfies condition of 7¢ <= wu, v cannot be in the same box.

Killing involution:

#regions As(n) — Z (_1)n—#boxes + Z (_1)n—#boxes

TeUg T elUg
satisfying condition T g not satisfying condition T g
Ts(n)] 0
Distinct box Merge/cut the box at v = cadet(u)

for each node. not satisfying condition of 7.



Proof of the counting result
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Zaslavky's formula Cutting and pasting
+ Mayers' theory
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discrete gas model



Lemma 1:  #regions Ag(n) = Z (—D)IEH@ = (@),
G=([n].E)
where ¢((G)=#components, and
Ws(G) ={(z1,...,2n) | x;—z; €8, Y{i,j} € E with i < j,
and x; = 0 if ¢ smallest in its component}.



Lemma 1:  #regions Ag(n) = Z (—D)IEH@ = e (@)
G=([n],E)

where ¢((G)=#components, and

Ws(G) ={(z1,...,2n) | x;—z; €8, Y{i,j} € E with i < j,
and x; = 0 if ¢ smallest in its component}.

Proof:
Zaslavsky formula: For any arrangement A C R",

#regions of A = Z (—1)/BlFdim(1B)=n
BCA, (B0



Lemma 1:  #regions Ag(n) = Z (—1)IEFE = 1174(G)),
G=([n],E)
where ¢((G)=#components, and

Ws(G) ={(z1,...,2n) | x;—z; €8, Y{i,j} € E with i < j,
and x; = 0 if ¢ smallest in its component}.

Proof:
As(n) ZElA xg —xgz =1

e

B
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Lemma 1:  #regions Ag(n) = Z (—D)IEH@ = (@),
G=([n],E)
where ¢((G)=#components, and

Ws(G) ={(z1,...,2n) | x;—z; €8, Y{i,j} € E with i < j,
and x; = 0 if ¢ smallest in its component}.

Proof:

A3 T2 M G: (2131, . ) & Ws(G)
Ts(’n> _ Z (_1)|B|—|—dim(ﬂ B)—n _ Z (_1)|E|—|—C(G)—n.
BCAs(n), (B4 G=([n], B),

(xl,,wn)EWS(G) D



Def: Zs5(n) ={(z1,...,2,) €0]" | ;i —x; €5, Vi < j}.



Def: Zs5(n) ={(z1,...,2,) €0]" | ;i —x; €5, Vi < j}.

Example: (4,13,19,13,15,3,12,21,7) is in Z;_1 2, 22(9).

——O-O—+—+9—+—"F——"F——"F+DQ+-B—+—+—+-3+B



Def: Zs5(n) ={(z1,...,2,) €0]" | ;i —x; €5, Vi < j}.

1
Lemma 2: log(Rg(t)) = lim ——log(Zss(—t)),

)
. t"
where Rg(t) = E #regionsg(n) and Zgs(t) = E ‘ng(n)’ﬁ

4
;Ea
n>0 n>0



Def: Z55(n) = {(z1,..

Lx) €[] | @i - & S, Vi< g},
1

Lemma 2: log(Rs(t)) = lim ——log(Zss(—t)),

Proof:

=00 0

o Zsam)| = > ]]leicaes

r,€[0] 1<J

— Z H(l _ 1337;—2133'65)

rn€[6] 1<y

— Z Z (—1)II H 1, —2jes
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Def: Zs5(n) ={(z1,...,2,) €0]" | ;i —x; €5, Vi < j}.
Lemma 2:  log (Rg(t)) = lim —= log(Zs s(—t)),

=00 0

Proof:

o Zsam)| = > ]]leicaes

T1,...,xn€l0] 1<J

— Z H(l — ]-a:i—:chS)

L1yeees an[(S] 1<

— Z Z (—1)1® H 1o, oes

T1,..,Tn€[0]  G=([n],E) {i,jreE, i<y
= ) (D)@,
G=([n],E)
where Ws s(G)={(x1,...,z,) € [6]" | x;—x,; € S, V{i,j} € E,i < j}

e Exponential formula (log = connected graphs),
and limit 0 — oo.




Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.
Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)

t
where Ug(t) = Z (—1)7boxes __

?J'
S-boxed tree

v

and US(t) =related series.



Def: Zs5(n) = {(z1,...,20) € [6]" | Vi < j, v —x; ¢ S}.

Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)

Proof: o
roof: - OO+—+O—+—+—+—+DQ+06 O+@-+ S ={-1,2}




Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.

Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)
@

Proof: - ®-D—+—+O—+——+—+D+; O—+@-+ S ={-1,2}
P1 P2 P3 P4

>m >m >m



Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.

Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)
@

Proof: HOO+—+O+—+—+—+DO+O+—+—+0+0+ S ={-1,2}
P1 P2 3 [

\:ns



Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.
Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)

Proof: - ®-D—+—+O—+——+—+D+; O—+@+ S ={-1,2}

P1 P2 P3 P4

positi‘oy \Ens

(5 + m — width(pl) — - -+ — Width(pr))

T




Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.
Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)

Proof: Ot 00
: H-OO+—+OQ+—+—+—+0DQ+O0+—+—+0+0+ S = {-1 2}
P1 P2 P3 P4

positi‘oy \Ens

(5 + m — width(pl) — - -+ — Width(pr))

r
polynomial in 0 l&z—m—l—fy <0
(—1)" (7 + r + width(pl) + - - - + Width(pr))

'
HY’"%/ | |

~ ordered trees, 7 nodes with
width(py) 4+ 1,..., width(p,) + 1 children

r



Def: Z55(n) ={(z1,...,2,) € [0]" | Vi< j, x; —x; & S}.
Lemma 3: Zg;5(t) = Ug(t)" ™ 2 U(t)

Proof: Ot 00
: H-OO+—+OQ+—+—+—+0DQ+O0+—+—+0+0+ S = {-1 2}
P1 P2 P3 P4

positi‘oy \Ens

(5 + m — width(pl) — - -+ — Width(pr))

r
polynomial in 0 ldz—m—l—fy <0
(—1)" (7 + r + width(pl) + - - - + Width(pr))

l
o W &

~ ordered trees, 7 nodes with
width(p1) + 1,..., width(p,) + 1 children S-boxed trees! M

r




Summary of the proof

Rs(1)

e

Lemmas 1&‘

log (Rs(t))

/:mma 3
0@ ®

1
lim ——1
vl
1
lim —— log

0 — 00 )

Zgs(t

(Zs,5(=1))

(Us(—

)0 RU

—t))

= log (Us(

—t))




Extensions

Characteristic polynomial, coboundary polynomial of Ag(n):
o0 4n -
Z XAs(n) (Q)_ — R(07 _t) q7
n=>0

n!

00 e )
Z PAS(") (q’ y)ﬁ — R(y7 _t) q)
n=0 ’

tIT! .
where R(y, t) — Z W(_l)#boxesy#S—palrs.
T" m-boxed '



Extensions

Characteristic polynomial, coboundary polynomial of Ag(n):
o0 4n -
Z XAs(n) (Q)_ — R(07 _t) q7
n=0

n!

00 4n B
Z PAS (n) (q7 y) ﬁ — R(yv _t) !
n=0 '

T .
where R 1) = (1 #boxes #S-palrs.
T m-boxed
Bijection and counting results for more general arrangements:
As, )ieio;o, © R™ with hyperplanes {z; —x; € 5; ;}.

.



Thanks.




